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A model-independent parameterization of
semileptonic B decays with two final-state hadrons

Based on 2311.00864, in collaboration with Erik Gustafson, Ruth Van de Water, Raynette van Tonder & Mike Wagman
WIP, in collaboration with Bastian Kubis, Ruth Van de Water & Raynette van Tonder



https://arxiv.org/abs/2311.00864
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Why do we care about more than one hadron?

Theoretical fundamentals

A new form factor parameterization

Outlook



= Semileptonic decays comprise more than 10% of
all B-meson decays

“ ldeal laboratory to determine |V _, | with multiple
complementary approaches

= Allows for precise tests of lepton flavour
universality

“ Important background for B — X v decays and
other rare processes, such as B — Kvv

= More than a quarter contain more than one final-
state hadron (see Raynette’s talk for issues

regarding D* and Dx pheno in general)




Why care about more hadrons!

Internal fit uncertainties

OR(p+)(*x107%)

JR[U“)( Xlﬂ-z)

Statistical uncertainty 1.8 6.0
Simulated sample size 1.5 1.5
B — D" DX template shape ().8 < &
B — D" ¢~ form-factors 0.7 2.1
B — D**u~ v, form-factors 0.8 1.2
B (B— D*D; (= 777,)X) 0.3 1.2
MisID template 0.1 (.8
B (B— D*17,) 0.5 0.5
(Combinatorial < 0.1 0.1
Resolution < (.1 0.1
Additional model uncertainty OR(D+)(x107%)  Ogpoy(x1072)
B — D' DX model uncertainty (.6 0.7
B - D7, model uncertainty 0.6 2.4
Barvonic backgrounds 0.7 1.2
Coulomb correction to R(D*+)/R(D*") 0.2 0.3
Data/simulation corrections 0.4 (.8
MisID template unfolding 0.7 1.2
Normalization uncertainties or(p+)(x107%)  or(poy(x107%)
Data/simulation corrections 04AxR(D*) 0.6xR(D")
r~ — u~vw branching fraction 0.2xR(D*) 0.2xR(D")
Total systematic uncertainty 2.4 6.6
Total uncertainty 3.0 8.9

e ——

LHCb Collaboration, PRL 131 111802 (2023)

Relevant for R(D") & R(X) measurements

Uncertainty [%]

Source . i ¢

Experimental sample size 8.8 12.0 7.1
Simulation sample size 6.7 10.6 o7
Tracking efficiency 2.9 S 3.0
Lepton identification 2.8 5.2 2.4
X v My shape 73 6.8 Gl
Background (p,, Mx ) shape 5.8 11.5 Dil
X /v branching fractions 7.0 10.0 7.7
X 1v branching fractions 1.0 1.0 1.0
X.7(£)v form factors T4 8.9 7.8
Total 151 25.6 173

—

Belle |l Collaboration, PRL 132 211804 (2024)



http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.111802
https://doi.org/10.1103/PhysRevLett.132.211804

Why care about more hadrons!

Situation worse for b — ufv transitions

The exclusive modes we know only make up a
third of all semileptonic decays

Separating B — pZv from other B — nntv
decays highly model dependent

Lattice QCD results for B — anfv on the
horizon (see L. Leskovec et al. 2403.19543)



https://arxiv.org/abs/2403.19543

Why care about more hadrons!

BT — p% Ty,

Source qgl q2 g3 g4 q¢5 g6 q7 q8 q9 ql0
Detector effects 28 20 16 1.1 1.7 19 24 14 14 1.6
Beam energy 21 19 19 15 13 1.1 1.0 09 0.8 0.5
Simulated sample size 141 78 74 63 63 52 64 56 6.2 7.3
BDT efficiency 1.6 16 16 16 16 16 16 16 1.6 1.6
Physics constraints 2.8 28 28 28 28 28 28 28 28 2.8
Signal model 0.7 02 02 02 03 04 05 03 18 24
p lineshape 1.7 16 20 10 19 18 14 09 16 1.7
Nonresonant B — vy, 5.6 6.3 6.7 86 93 10.7 10.1 7.0 7.8 11.8
DFN parameters 3.6 55 41 35 1.1 12 27 1.7 19 2.3
B — X, flvy, model 1.7 30 38 50 58 6.1 63 19 7.2 124
B — X vy model 1.8 19 1.7 1.1 14 1.7 09 09 19 26
Continuum 31.5 24.3 17.0 19.6 13.2 14.8 16.0 16.6 15.2 18.7
Total systematic 30.6 27.5 21.0 23.5 18.8 20.5 21.6 194 20.2 27.0
Statistical 30.0 17.5 20.8 14.4 124 13.6 14.1 104 12.2 11.8
Total 46.6 32.6 29.6 27.6 22.6 24.6 25.8 22.0 23.6 29.5

Belle Il collaboration, 2407.17403

Continuum & Simulated sample
size can be improved in the future
(see Jochen’s talk?)

Modelling itself does not simply
get better

Lineshapes generally process-
dependent

What on earth is nonresonant
B — nntf'u?


https://arxiv.org/abs/2407.17403

VWhat do we need going forward?

Model-independent parameterizations like BGL and its modifications such as BCL have played a
crucial role in the past three decades

Surprisingly simple form (although issues with truncation, see Talks by Florian, Stefan, Andreas)
Allow to connect theoretical & experimental information from different kinematical regions
General, but still allow to impose symmetry constraints (e.g. HQET, see Nico’s Talk)

In use beyond semileptonic B-decays: Pion VFFE Lepton-Nucleon scattering, ...

We want a model-independent parameterization for two-hadron final
states that has the same strengths as the BGL expansion




[ heoretical fundamentals: Unitarity bounds

Starting point: once and twice subtracted

H(L})T (@) =i|d*x e'7* (O‘ JUT () JL/T(O)‘()) dispersion relations [Boyd, Grinstein, Lebed; Caprini; ...]
oI1f " ImlIlf(g* e |

JL (0 = — _ ! dg> milay @™ Susceptibilities perturbatively computable for

- AU) a2 T (g2 — Q2)2 : 2 g -
9 lg=0> *Jo q large space-like O° or at O~ = 0 if heavy quarks

B a2H(TJ) 1 [ 2ImH(Tj)(q2) involved; also on the Lattice! (Martinelli, Simula,Vittorio;

Xn(Q7) = =—| dg i
- AJ) ) a(qz)z i ), (qz - Q2)3 Harrlson)

Optical theorem allows to write the imaginary
part as sum over all possible final states

1 - | : : :
TIL _ 9 4 Neglecting a final state leads to an inequalit
mI1ff == ' (dPS Py, <0 .| X> <X J, 0> 5@(g — py) glecting quality
e
ImIT/

e = K@) fulgd) | - |Ingredient |: Unitarity bounds



https://doi.org/10.1103/PhysRevD.104.094512
https://doi.org/10.1103/PhysRevD.110.054506

[ heoretical fundamentals: Unitarity bounds

Mapping ¢* to the dimensionless variable 7

) Subthreshold poles . . . e
/| q2 transforms integration region to unit circle
— > —
SL region BD production In this form it is evident that our FFs live in the
Hardy space H?
2 2 2 2
2% ) = Ve -a - yei-a Insert Blaschke products to get rid of

Vi =@+ fai - subthreshold poles and zeroes in kinematic
factors

1> % B .

e zm-ﬂg - BR®OESG)| _ Series expansion (or orthogonal polynomials)

"

Semileptonic region: |z| < 1

Ingredient 2: Convergent expansion

Q)

1 . =
— 21 |12
1) = Gom@ & 7 zg;laA

=0




Theoretical Fundamentals: 2 — 2 scattering

(pspicb | § = 1| pipya) =0 (X p,) My ip)

My, — M, = i2m)* Y [dcbc/%ca./%jb

C

d, - o =iQn* Y [dcpc/%;kaﬂc

Simplest scattering process with nontrivial
kinematic dependence

Described by unitary operator &

Scattering amplitude .# depends on 2
independent Mandelstam variables

A real below lowest threshold, imaginary part
constrained by Unitarity above

Two-particle production amplitude &f shares

phase with ./, e.g. pion production in lepton
collisions



Partial-wave expansion for dummies

Resonances have well-defined spin, their poles
1 1 only occur in a specific partial wave of ./
Myo(5:1) = ) PcosON /D, fo\/Pa

l Partial-wave expansion conveniently separates
different resonances, e.g. in pion scattering:

l s p. f(500), £,(980), £(1270)
— Partial-wave expanded amplitudes have left-
handed branch cuts which are remnants of
branch cuts in other Mandelstam variables

2i5(s) _ 1 Diagonal elements can be expressed through
2 (8) = , scattering phase §; and inelasticity 7,

21
Ingredient 3: Left-hand cuts




Partial-wave expansion for dummies
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Resonances have well-defined spin, their poles
only occur in a specific partial wave of ./

Partial-wave expansion conveniently separates
different resonances, e.g. in pion scattering:

0, £y(500), £(980), f3(1270)

Partial-wave expanded amplitudes have left-
handed branch cuts which are remnants of
branch cuts in other Mandelstam variables

Diagonal elements can be expressed through
scattering phase 0, and inelasticity 7,



Phase-shifts are everything

Below the first inelastic threshold, the elastic

In Q/(s) = 2 st, 0Ls) scattering phase is universal
s'(s"—5)

U

Omnes function is a model-independent way to
transport this information

- Common treatment of lineshapes in
— l
F(s) = £2(s) Z a.z(s, s;,) ete™ - nta,t > 1%, K > nnty,
b oY a R

. Works best for light mesons, zr, Kr, but also S-
1 J’ T#(s)Z(s)Q(s") i e D

Im€(s + i) = — : :
r), S —s—le

Extensions beyond first inelastic threshold clear



Phase-shifts are everything

Below the first inelastic threshold, the elastic

1200 e
LHCD data —— scattering phase is universal
1000 r Q FIT] —— -
FIT IT ----- : et :
200 | R _ Omnes function is a model-independent way to
! transport this information
__ 600 _
=
< 400k Common treatment of lineshapes in
ete” > n,to>nnv,K— nnt,
200 i
b oY a R
O -
Works best for light mesons, zr, Kr, but also S-
0.2 03 04 05 06 07 08 09 1.0 1.1 1.2 wave D
Vs [GeV]

Ingredient 4:- Omnes functions for Iineshapes Extensions beyond first inelastic threshold clear



[ heoretical fundamentals: | hree-body decays

" Amplitudes relevant for Unitarity bounds are
O> 0"4=prx) | 1 - n amplitudes of particle with mass ¢>

JI/

1 r
| /L U
: ImH(] — —2 E dPS P%L <O |Jﬂ| X> <X
X °

Khuri-Treiman formalism already has 2 of our
ingredients built in (PR 119 1115-1121 (1960))

Fs.tuy= ) ) FOx)P(cosb,)

xE{stul | Write decay amplitude as sum of 3 partial-

wave expanded amplitudes

Fixed s, f & u dispersion-relations lead to
coupled system of integral equations

5" J dx sin8)(s)F(x)

Dy = OO () _—
F(S)(S) T Q(S)(S) Q(S)(S) + T

: " The two other channels enter via hat
X" QES))(X) | (x —5) functions



https://doi.org/10.1103/PhysRev.119.1115

[ heoretical fundamentals: | hree-body decays

/ Amplitudes relevant for Unitarity bounds are
\ | @ | + ... 1 — n amplitudes of particle with mass g*

Khuri-Treiman formalism already has 2 of our

ingredients built in (PR 119 1115-1121 (1960))

—& : ] i Write decay amplitude as sum of 3 partial-
‘ wave expanded amplitudes

Taken from: EPJC 83 (2023) 6,510 Fixed s, r & u dispersion-relations lead to
coupled system of integral equations

5" J dx sin8)(s)F(x)

Dy = OO () _
F(S)(S) T Q(S)(S) Q(S)(S) + T

® The two other channels enter via hat

X" Q%Q(X) [ (x —5) functions (here we could use B* — D) FFs)



https://doi.org/10.1103/PhysRev.119.1115
https://doi.org/10.1140/epjc/s10052-023-11665-x

A new parameterization

TmTT7L — lz ndPS pHv <O |Ju| X> <X Amplitudes implicitly depend on mass

h=s2 p J, 0> 5 (g = py)
. s-dependence not polynomial above inelastic
thresholds
F (5.1, 1) = Z Z F(()g(x, qz)Pl(cos 0,) ]E(Igdql,zl)nltal’lt)’ bound and parameterization for

xe{s,tu} |

The hat functions now depend on B* — /D" FFs

¢ [ dx sin80)FO(x, ¢?)
(5) (s) (s) p.

FOs %) = 0ol 105, g2 £ 2
(S q ) (S) f (S q )+ X7 ‘Qgs)()C)‘(X—S)




A new parameterization

(\/q°—m,)’ K( 2
| 2 _ \q ,X) () I\ 12
ImIl(g~) = ZJ dx ) o7 | Fo®a)]
MM, M; x X4 [
Unitarity bounds in general off-diagonal
_ 2
. l JOO dqu»s (q )ds K(S,ZZ ) | Q(s)f(s, ¢2) ‘2 C?(ff—diagonal terms small, ignore for derivation

, 728 IS ‘. q of parameterization

Similar to KT treatment: ighore left-hand cuts
- and add them back later

R g2" Crucial: change integration order!
- g5 (s)

In NWA: K(s) = 8(s — M)



A new parameterization

g*-integration as in standard BGL

A (42 2
- J(s,97) = > ). Z a(s)z(q~, qi(s)) If gZ(s,) larger than lowest two-body threshold:

Now we can treat every qg; as an s-dependent FF

1 A »
X2 ; Z J dsK(s) | a;(s)| Follow Caprini’s treatment of pion VFF, (EP/.C 13
i U8t 7 471-484 (2000))

Alternative: BCL-like expansion

\/Sin_s_\/sin

y_
\/Sl'n—S+ Sin

1 |
() = —— by’
o B(s)qb(s); "



https://link.springer.com/article/10.1007/s100520000308
https://link.springer.com/article/10.1007/s100520000308

Putting it all together

A model-independent parameterization of | — 2 decays is possible, building on 60+ years of dispersion theory

Bound on bl%c) quadratic, but not diagonal

In heavy-to-heavy decays the left-hand cuts are far from the semileptonic region, so we can ignore integrals
over hat functions

Simplified application to B — DnZv successful and B — nav including implementation in EOS underway (—
Raynette’s Talk)

Powerful framework for many future phenomenological applications

5" J dx sin 8($)F(x, g%
/A

1
D¢ 2 — O Wz
Fios.4%) = Q(6) m D (s) Z R0 T | abml e

B, (qz)B(S)(S)qb(l)(qu(s)
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O (s) O (s)
FO(s, ¢?) = “s) (5

b(l i y b(l)Z
; 7 Xs) (5)
; B<s><q2>B§§§<s>¢é3<q2>¢E§§<s>%: OO B (P 2 S

YT
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(D) (1)
gV FY (s, rpw) 1
FO(s, g?) = 2 Al —— Z
(s = Mg ;) + iMg [1'g(s) B, (q*) (g%

(D)
(s) b. Z(s)

1,(5)




