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Introduction

® Quark Hadron Duality (QHD) allows translation
of predictions at the quark level to observables at the hadron level
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Introduction

® Quark Hadron Duality (QHD) allows translation
of predictions at the quark level to observables at the hadron level

o(ete™ — hadrons)
R = — 3
o(ete” = ptp™)

Ratio of cross section e+ e- as a function of centre of mass energy,

M. Tanabashi et al. (PDG), 2019
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Motivation

® Quark Hadron Duality (QHD) allows translation
of predictions at the quark level to observables at the hadron level

® QHD lies at the heart of the Operator Product Expansion (OPE)

® Inthe quest of sub-percent |V.p| precision QHD Violation (QHDV) might become the
limiting Factor

e Develop a model of QHDV in the context of the Heavy Quark Expansion (HQE)

® Apply our model to observables of Semi-leptonic inclusive B decays [ — Xc /7



Modelling Duality Violation

Agep

e Asymptotic behaviour of the OPE expansionin ~ ¢ resultingina
non-converging series (like the perturbative case)

Chibisov et al. 1996, hep-ph/9605465
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Modelling Duality Violation

Agep

e Asymptotic behaviour of the OPE expansionin ~ ¢ resultingina
non-converging series (like the perturbative case)

N 1 /=
e Forexample due to Instanton H(Q2) ~exp| —— Q2
contributions, W

with o inverse instanton size -
Q° = ¢
1
e Cannot be expandedin @ but are suppressed

e Wouldinduce factorial growth of HQE coefficients

Chibisov et al. 1996, hep-ph/9605465
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Modelling Duality Violation

e Function with Factorial growth - 5
Only converges if A2y suppresses F()\) — E CLQn(Qn)!()\ )n
the factorial n—0
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Modelling Duality Violation

e Function with Factorial growth - 5
Only converges if A2y suppresses F()\) — E CLQn(Qn)!()\ )n
the factorial n—0

o

® Borel Transform to kill B[F] (M) . Z a2nM2n

the Factorial
n=0
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Modelling Duality Violation

Function with Factorial growth - 5
Only converges if A2y suppresses F()\) — E agn(Qn)!()\ )n
the Factorial n—0

o
Borel Transform to kill 2
the Factorial B[F](M) o Z Qon M="
n=0
Inverse Bgrel to re-obtain F()\) _ / dM G_MB[F] ()\M)
the Function
0]
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Modelling Duality Violation

e Asymptotic function! ~ o0 n
BIF|(M) =32, M

a2n21

® One hasto deal with the poles

1

1 1

1+M 1-M
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Modelling Duality Violation

e Asymptotic function! ~ o0 n
BIF|(M) =32, M

aon — 1
® One hasto deal with the poles

Im
e Choiceintroduces an ambiguity

1

1 1

1+M 1-M
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Modelling Duality Violation

Asymptotic function!  ~ 00 m 1 1 1
—1 B[F|(M) = Zn:OM — 1-M2 — 1I+M1-M
A2n —
One has to deal with the poles
Im
Choice introduces an ambiguity
(0] M Re
: : : SN 1 1 :
We identify this ambiguity with QHDV — 2@%5(1 — M)

1—M+i€_1—M—’ie
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Modelling Duality Violation

e Asymptotic function! ~ 00 m 1 1 1
=1 B[F](M) :Zn:OM :1—M2:1—|—M1—M
A2n —
® One hasto deal with the poles
Im
e Choiceintroduces an ambiguity
(0] M Re
1 1

e We identify this ambiguity with QHDV

. — 2ins(l — M
T kil )

e Why does this identification make sense?

18



lllustrative example

o
: 1 '
e Example fourier transform — ' QT
f(Q) /332—|—T2
0
e Singularity T = :|:Z7“

Chibisov et al. 1996
hep-ph/9605465 19
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lllustrative example

. i 1 ,
e Example fourier transform f(Q) :/ QT
x2 + r2
0
e Singularity e j:f”a
1 i
e Exact solution HOE 216—@“ + o [e_QTEi(QT) _ eWr Ei(—QT)}
r r

Chibisov et al. 1996
hep-ph/9605465 20
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lllustrative example

. I
— 1Q
e Example Fourier transform f(Q) = / T 7«26 Z Jo
0
e Singularity T = +1ir
1 S
e Exact solution HOE 216—@“ + 7 [e_QTEi(QT) _ eWr Ei(—QT)}
r r
e Naive expansion is missing the P (Qk)!
exponential term f(Q) = ; Z (QT)%'H
k=0

Chibisov et al. 1996
hep-ph/9605465 21
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Modelling Duality Violation

e Ambiguity as DV 1 1

1—M+ie_1—M—ie

= 2imo(1 — M)
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Modelling Duality Violation

- 1 1
e Ambiguity as DV _ — 71 — M
[ M4ie T=M—ze 2 )

® Insertinginto the inverse Borel gives us the missing exponential
© @)

v LT 1
= Um 1 — -
ApvF(A) = 2i /dMe ] M)\(S( AM) \ exp ( )\)

0



Modelling Duality Violation

- 1 1
e Ambiguity as DV _ — 71 — M
[ M4ie T=M—ze 2 )

® Insertinginto the inverse Borel gives us the missing exponential

T 1 - |
F(\) =27 [ dMe ™M S5(1 — \M) = — A
Aol ”/ © T ) /\eXp< A)
0

e Now let'sturn to the use case of the HQE...
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Q=myv—q

° V= p/MB
Setting up the HQE
e Differential rate from leptonic tensor and
hadronic correlation Function via optical dl’ LMVIm[le (UQv QQ)]

theorem

T (vQ, Q%) = / d*z e (B(p)|T{by ()T uc(x) 2(0)T, b, (0) } B(p))
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Q=myv—q

° V= p/MB
Setting up the HQE
e Differential rate from leptonic tensor and
hadronic correlation Function via optical dl’ Luylm[Tlﬂ/ (UQv QQ)]

theorem

T, (vQ, Q%) = / d*z e ¢ *(B(p)|T{by(z)T uc(x) &(0)T, b, (0)}| B(p))

® Decomposein 5scalar Functions

A o ,,B
B0 Ty (s )
_TQ.g,LLI/ _’_ T3UMUV _|_ T4 (QHUVU_ZQQV'UM) _|_ T5 aﬁb%g
T, = T;(vQ, Q%)
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Q=myv—q

° V= p/MB
Setting up the HQE
e Differential rate from leptonic tensor and
hadronic correlation Function via optical dl’ Luylm[Tlﬂ/ (UQv QQ)]

theorem

T, (vQ, Q%) = / d*z e ¢ *(B(p)|T{by(z)T uc(x) &(0)T, b, (0)}| B(p))

e Obtained by taking the Forward matrix element

00 1 k+1 B N
1,Q =Y (i)  (BOBL, @1 P) QPT.b,0)Bw)
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Setting up the HQE

® Scalar Hadronic Structure functions

Y I+1
Ty(t, @) = D, (LQE> PO(1)

- AnoE — Q?

[+1
PZ(Z) (t) _ Z tl—l—l—na?(;j,n—kl)

n=0

- Apor

28



Setting up the HQE

® Scalar Hadronic Structure functions

Y I+1
Ty(t, @) = D, (LQE> PO(1)

_ AHQEl:O Q*
' [+1
PZ(Z) (t) _ Z tl—l—l—na?(;,,n—kl)
n=0

(,n+1) T
Q,, can in principle be calculated from HQE parameters

AroE

PAS



Duality Violation model

® Factor out the expected

Factorial growth Pl(z) (t) —

[+1 :
G R

n=0
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Duality Violation model

e Factor out the expected . [+1 (4,n+D)
Factorial growth Pl(z) (t) — (2[)' Z tl_l_l—nbn’
n=0
e |If purely Factorial b(()i’O_H) ~ bgi’l_H) ~ b(i,n—l—l)
n

b%i,n—i—l) i ag’n—i_l)/(ﬂ)!
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Duality Violation model

e Factor out the expected (4) [+1 (4,n+D)
Factorial growth Plz (t) — (2[)' Z tl_l_l—nbn’
n=0
e |If purely Factorial b(()i’O_H) ~ bgi’l_H) ~ b(i,n—l—l)
n

e For the model we assume bg,f’"’“) ~ 1
except coefficients missing from the HQE i.e.

b%i,n—i—l) i ag’n—i_l)/(ﬂ)!
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Duality Violation model

® Model ansatz polynomials (1, 4)
based on the HQE parameters® P

*Similar models for P 2,3 and 5

[+1

(21)! Ztm

t—t—|—2

Il =

33



Duality Violation model

[+1
e Model ansatz polynomials 1,4 t — T2
based on the HQE parameters* P( ) — 2l Z A 1 —¢
® Model scalar hadronic structure functions
2 _ Angr
Tia(t,\) = - (F1(\) — tFa(N)) A==
Fi(A) = 32,2D)12) Fy(\) =527, (20)!(tA2)!

*Similar models for P 2,3 and 5 34



Duality Violation model

® Use optical theorem to obtain DV contribution to hadronic tensor

Aoy Wh,4(vQ, Q%) = —— ApvIm [T1.4(vQ, Q)] =

1 Ver\ e
78 (0 ()

35



Duality Violation model

e OPE + DV model Wz — Wi(OPE) + 0.25 CD\/AD\/WZ'(S, QAQ, AHQE)
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Duality Violation model
e OPE + DV model W; — Wi(OPE) + 0.25 CD\/AD\/WZ'(S, qAQ, AHQE)

e Default scale choice Apgr = 0.5GeV
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Duality Violation model
e OPE + DV model Wz — W;OPE) + 0.25 CDvADVwZ' (S, QAQ, AHQE)
e Default scale choice Apgr = 0.5GeV

e Normalised so that partonic and DV contributions
are equal for C =1 (=100% Duality Violation)

r
= = 0.657 + 0.657 Cpy — 0.025],2 — 0.026],5,2 + 0.0003],3 + 0.007],,5
0

me = 1.092 GeV my = 4.573 GeV
LLSA: arXiv:1407.4384 38



g’ moments

Non centralised > moments
DV most pronounced at low cut

DV cut dependance differs slightly
from power corrections

Higher moments show a similar
picture (see backup slides)

- Partonic/10

.= l/m}

—_— ] v.-"ln,f
—_— ] v:"ln,’,
L/m}

—== Cpy =01

cut g moments using LLSA values with DV
contribution For/\HQE =0.5GeVandC, =01
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B Ln(Egut)

Lepton energy moments = Fsen =7 G

Non centralised moments
DV most pronounced at low cut

DV cut dependance does not differ
significantly from power corrections

Higher moments show a similar
picture (see backup slides)

0.4 0.6

DV may be difficult to disentangle ’ - ES™ [GeV]
Ffrom power corrections

Cut lepton energy moments using LLSA values with
DV contribution For/\HQE =0.5GeVand C, =01

40



DV sensitive observables

2
e g’ moment decomposition 677, = CZ(O) —+ M—GC(Q) — p—DO(S) —+ R;

2

7

3 1 v

R, = Rpv + Z ng+n

n=0

4



DV sensitive observables

2
e g’ moment decomposition  (@; = C(O) + M—GC(Q) + p_DC(S) + Rz

e Construct observables depending only on R,
by cancelling lower order contributions

OR) — R
mb mb mb mb

R; = RDV+ZR o

n=0

5(2..4) (qguta 51)
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DV sensitive observables

2
e g’ moment decomposition  (@; = C(O) + M—GC(Q) + p_DC(S) + Rz

e Construct observables depending only on R,
by cancelling lower order contributions

01(33\)/: :11 —l—fz -|-f3 +§4—8

b ”% 7nb my,

® No contribution from lower orders HQE O(k)

i\

R; = RDV+ZR o

n=0

5(2..4) (qguta 51)

k+1 k+1
HQE/”L
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Data used from Belle collaboration, 2021
arxiv 2109.01685

QHDV from Belle data

q°> moment data from Belle
electron channel (2021)

0.002 -=- 1/m}
L/my
5 l;"‘”hl, + l,n"m,'j
=== Cpy=-0.1
o0t Total

X Belle

0.000

5
A
Q

—0.001

—0.002

0,, (qzcut) obtained from Belle data compared to theory and

model predictions
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Data used from Belle collaboration, 2021
arxiv 2109.01685

QHDV from Belle data

e g>moment data from Belle
electron channel (2021)

e Comparison with theory
(LLSA)

Ofy = (5.182 Cpy — 0.546],,,s
+0.519],,5) x 1077

(g%, = 3.0 GeVQ)

LLSA: arXiv:1407.4384

0.002 - 1.‘,:,,,’}
Lfmy
— l/mi+1/m}
=== Cpy=-0.1
0.001 el

X Belle

0.000

5
A
Q

—0.001

—0.002

0,, (qzcut) obtained from Belle data compared to theory and

model predictions
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QHDV from Belle data

e Determine C_ from data Cpyv = —0.10£0.11
using LLSA values Cov = —0.16+0.17
Cpv = —0.30+0.30

(g% = 3.0 GeVQ)
(¢ = 4.0 GeV?)
(¢, = 5.0 GeVZ)

46



QHDV from Belle data

Determine C_, from data Cpv
using LLSA values
Cpv
Cpv

Strongest constraint at low cuts

Results consistent with CDV= 0

— 0.10+£011 (g2, = 3.0 GeV?)
= —0.16+£0.17  (¢2, = 4.0 GeV?)
= -030£030 (g%, =5.0 GeV?)

Combining different cuts and Eg moments could further constrain

47
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Conclusion and outlook

e The HQE is expected to be an asymptotic series, at some point
e Noindications of QHDV in semileptonic inclusive decays
® Inour quest to sub-percent precision extraction of |V.,|DV demon might show its Face

® Developeda DV model with 2 parameters

® New DV sensitive observable build from kinetic moments can help constraint DV
O Procedure could also constraint higher order

® Time fFor a Full Fit? ...

52
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lllustrative example

7 oo e 2 o
e Expandatx’=0toforma — Z — 1) ——— "%
kind of “OPE" (@) / = r2k+2
e Clearly missing the f(Q) i — (Qk)l
: -1y
exponential term " £ (QT)Qk"H

e Symmetric combination

captures the uncertainty of fQ)+ f(—Q) 1 /Oo 1 10w

the expansion coming from a dr———> 2 2°
the singularity 2 2) 00 T AP

e We found the lost exponential! Bl 9 Chibisov et al. 1996
P hep-ph/9605465


https://arxiv.org/abs/hep-ph/9605465

Duality Violation model

[+1
® Anzats model polynomials (1,4) (t) . tm e t—tl+2
based on the HQE [ o =
parameters m=1

e |dentifying the ambiguity through Borel
transform

® Use optical theorem to obtain DV contribution to hadronic tensor

ADVW1,4(’UQ, Q%) = _lADVIm T14(vQ,Q%)] =

AHQEl—UQ \/_2<Sm<\/Q_Z>_ or (\/m Q2)>

56



Duality Violation model

. (41
® Choose polynomials based [+2
on calculating the pl(lA) (t) — Z t = t_lt "
parameters m=1 B
up to I=5 and 1/mb> l
(2,3) m _ 1=ttt
[ (t) I t 1—¢
i -
(5) e
p ) =0 pi)= 2.t
m=2
(5) £2 —pi+2
= P;>o(t) 1—¢

57



Duality Violation model

oy Wh,4(vQ, Q%) = —— ApyIm [T1.4(vQ, Q)] =

| Y
AHQE—‘UQ \/72<8m< a

ADVWQ,S(’UQ, QQ) — —;ADVIm [T2,3(UQ7 Q )] :

(e

A . AAHQE —vQ V@
AD\/W5(”UQ, QQ) = _;ADVIm [T5(an QQ)] —

! (vQ)* <sm <
Arge —vQ  AnesV@®

AugE

)

58



Differential rate

°r
dg2dsdy

2 ~2 ~2
48my Ty | 25=Y 1__2;1 YW, + G2 W + % (Zys — % — 62) W

2 A2 2 _ 52 ~ ~
+2y3138 LW, + 2y23(138)2q Ws| 6 <q2) 0 (2y3 — y2 — q2)

2
GoVal’mi o _ 4 Vg
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Our DV model

e OPE+ DV model (OPE) A ~2
W; — W, + NApyWi(s,q", Anor)
® Scale of HQE chosen by taking
the average of the HQE parameters AHQE = 0.5GeV
: : . T
e Normalised so that partonic and DV contributions N — P Cov — 0.95 Oy

are equal for C =1, depends on scale ['pv

e Breakdown of the normalised rate (using LSSA values)

r
= = 0.657 +0.657 Cpy — 0.025],,2 — 0.026],,,2 + 0.0003],5 + 00075
0]

me = 1.092 GeV my = 4.573 GeV
60



Instanton-like contribution

e Comparison with instanton terms
motivates to keep the scale as a free
Fit parameter

1/mj

— 1/m} & Cpy =0.1

e Choosing a small scale produces
the expected‘wiggle’around the OPE

® Forlarger scale the period increases

2 .
beyond the g~ interval Differential spectrum up to 1/mb? with DV for

_ -4 . -
ADV= 107" GeV using N=02508C,

61



Kinematic moments

e g’moments 9 e 1 2 2 dl
Qi) =5 [, 4@
0 qgut q
® |epton Energy moments
1 dI’
0 JEgut , 14
e Normalised and re-expanded Gn, = <(q2)n> - — Qn(qCUt)
in1/mb and C_, neglecting Ny 9" 24eur — QO(qut)

CDV/mb terms




Effect of the scale parameter

Apge =01
1.3 GeV

Ldr N 1dr
Ty dg? S Tody
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g’ moments

Partonic/10
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g’ moments

3000
Partonic/10

2000

L/mp
1000 = Cpp=r01

—1000

—2000

—3000




Lepton energy moments

0.100
=== Partonic/100

Iy |
/MMy 0.075
fmg
A
o 0.050
[y

0.00 e .

0.025

0.000

| o
=~ —0.025

—0.050
—0.075

—0.100
0.6 8 0 ).2 0.4 0.6

E™ [Gel ES" [GeV]

0.8




Lepton energy moments

=== Partonic/100

bl
fmg

my,
fm}
fmy

=== Cpy =0.1

0.6

ES™ [GeV]
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1 =5 | 0.00001

0.026
0.003
0.0003
0.00002
0
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Heavy Quark Expansion

® Redefinition heavy quark field

b(x) = exp(—impv - )by ()

® Operator Product Expansion of the Charm Propagator with m_c=0

1 - %

YEQ, +ivD, o

k+1
(é) ) VMQ/L[_ (W“DM)WMQM}k

70



The model in HQE

71



(B(v)]by(—
(B(v)[b,I" Q(i

(B(v)[b,I" @Tb,
1)L (i ) Rrb,
P) @i p) Rrb,
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Setting up the HQE

® Scalar Hadronic Structure functions

R p— fj (i)m P(t)

- Ange =\
' [+1
PZ(Z) (t) _ Z tl—l—l—na?(;,,n—kl)
n=0

(,n+1) T
Q,, can in principle be calculated from HQE parameters
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Model expressions

Aoy W1,4(0Q, Q) = —— Apvm [T1,4(vQ, @%)] =
1

Apgr —v@ \/@ (Sm (
ADVWQ,S(’UQ, QQ) — —%ADVIm [T2,3(UQ7 Q )] :

! Ange (sin(
A AAHQE —vQ V@2
AD\/W5(”UQ, QQ) = _;ADVIm [T5(an QQ)] —

VQ?

QE

! (vQ)* sin
ApQe —vQ  Auery/@?

VvV Q? ) _ [AHeE o < 1 Q

AHGQE
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Opy = (5.182 Cpy — 0.546],1 + 0.519),,5) x 103
Oy = (2.166 Cpy — 0.494],,1 + 0.499],5) x 1073
Ofv = (0.751 Cpy — 0.447|,ps + 0.487],,5) x 103

(g%, = 3.0 GeV2)
(¢2,, = 4.0 GeV?)
(g2, = 5.0 GeV?)
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Input values

Input values

me(2 GeV)
mpg

€1/2

€3/2

(uz)™
(u&)

4.573 GeV
1.092 GeV
5.279 GeV

0.390 GeV
0.476 GeV
0.477 GeV?
0.306 GeV?
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LSSA

LLSA approximation
Historical basis

0.232 GeV?
-0.161 GeV?
0.126 GeV*
0119 GeV*
-0.062 GeV*
0.397 GeV*
0.081 GeV*
0.062 GeV*
-0.039 GeV*
1.1% GV
-0.393 GeV*

LLSA approximation
Historical basis

0.049 GeV®
-0.106 GeV®
-0.027 GeV®
-0.043 GeV?®
0.00 GeV?®
0.00 GeV?®
0.00 GeV?®
-0.039 GeV?®
0.074 GeV®
0.068 GeV?
0.0059 GeV?
0.010 GeV?
-0.055 GeV?®
0.039 GeV?
0.00 GeV?®
0.00 GeV?®
0.00 GeV?®
0.00 GeV?®

LLSA approximation
RPI-basis

0.477 GeV?
0.290 GeV?

s

0.098 GeV*
0.16 GeV*
-0.074 GeV*
40.14 eVt
.50 e
0.049 GeV®
0.00 GeV?®
0.094 GeV®
041 gsy°
J10.089 GeV®
0.00 GeV?®
0.091 GeV?®
-0.0030 GeV?
0.27 GeV?®
0.025 GeV®
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