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Fluctuations vs. Correlations
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• Fluctuations  Correlations 
• Two facets of the same thing. 

• Tools  
• Integral Correlations (Fluctuations) 

• Moments, Factorial Moments of 
discrete & continuous 
observables.  

• Cumulants, Factorial Cumulants of 
discrete & continuous observables. 

• Differential correlation functions. 
• Number correlations  

• Pt Correlations ,  
• Balance Functions 

↔
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Motivations

Dynamical fluctuations in Heavy Ion Collisions
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•Two QCD Transitions: 
• Confinement/Deconfinement 

• Change in Charge Fluctuations 
• Change in susceptibilities  net 

charge, strange, baryon fluctuations 
• Temperature fluctuations 

• Chiral Symmetry  
• Broken in hadron phase/partially 

restored in QGP state. 
• Consequence: Disoriented Chiral 

Condensates (DCC)  
• Search for DCCs. 

• Collisions Dynamics 
• Initial state fluctuations  
• pT fluctuations 
• pT vs vn correlations 
• And more …

→
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• Expect number of charged particles (  vs. ) 
to fluctuate event-by-event 

• Fluctuations of  in A-A 
collisions (in volume/acceptance). 

• Hadrons:      Quarks: , .

•  At equal number of particles, a quark phase 
should feature smaller net charge 
fluctuations than a hadron phase. 

• QGP Signature:  suppression of net charge 
fluctuations (variance). 

• Koch et al. [1,3,4]: 

N+ N−

Q = N+ − N−

±1 ±1/3 ±2/3

Net-Charge Fluctuations

Theoretical Predictions
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ωQ ≡
ΔQ2

NCH

Q = N+ − N−

NCH = N+ + N−

D ≡ NCH ΔR2R = N+

N−

D ≡ 4
ΔQ2

NCH

= 4ωQ

[1] S. Jeon, et al, Phys. Rev. Lett. 85, 2076 (2000). 
[2] M. Asakawa, et al., Phys. Rev. Lett. 85, 2072 (2000). 
[3] M. Bleicher, et al, Phys. Rev. C 62, 061902 (2002). 

[4] S. Jeon, et al., Phys. Rev. Lett. 83, 5435 (1999). 
[5] E. V. Shuryak, M. A. Stephanov, Phys. Rev. C 63, 064903 (2001). 
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Net-Charge Fluctuations

Suppression of fluctuations
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Q = N+ − N−

Process 

Thermalized QGP 
w/ Fast Hadronization <0.25 ~1

Hadron Gas 
(Resonances) ~0.7 ~2.8

Poisson Emission
i.e. no correlations 1 4

ωQ ≡
ΔQ2

NCH
D ≡ NCH ΔR2

R = N+

N−
NCH = N+ + N−

Nominally provides a 
clean cut distinction 
between QGP and HG!!!

D ≡ NCH ΔR2

[1] S. Jeon, et al, Phys. Rev. Lett. 85, 2076 (2000). 
[2] M. Bleicher, et al, Phys. Rev. C 62, 061902 (2002). 
[3] S. Jeon, et al., Phys. Rev. Lett. 83, 5435 (1999).
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Net-Charge Fluctuations

Nu-Dyn Observable
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⟨Nch⟩νdyn = D − 4

Process 

QGP w/ Fast 
Hadronization <0.25 ~1 -3
Hadron Gas 

(Resonances) ~0.7 ~2.8 -1.2
Poisson Emission
i.e. no correlations 1 4 0

ωQ ≡
ΔQ2

NCH

D ≡ NCH ΔR2 ⟨Nch⟩νdyn

Definition (as fluctuations) 
 

     

   in the absence of correlations 

Definition as Correlator (Normalized Cumulants) 
 
     

                     

               

                      

Scaling vs. Multiplicity

     

νdyn =
⟨N+(N+ − 1)⟩

⟨N+⟩2
+

⟨N−(N− − 1)⟩
⟨N−⟩2

− 2
⟨N+N−⟩

⟨N+⟩⟨N−⟩

νdyn = 0

νdyn = R++
2 + R−−

2 − 2R+−
2

Rαβ
2 =

⟨Nα(Nβ − δαβ)⟩
⟨Nα⟩⟨Nβ⟩

− 1

⟨Nα⟩ = ∫Ω
ρα

1 ( ⃗p)d ⃗p

⟨Nα(Nβ − δαβ)⟩ = ∫Ω
ραβ

2 ( ⃗p1, ⃗p2)d ⃗p1d ⃗p2

νAA
dyn =

1
N

νpp
dyn
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Net Charge Fluctuations

Trivial Scaling
Dilution

ALICE Results: Pb—Pb  @  TeVsNN = 2.76
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ALICE, Phys. Rev. Lett. 110 (2013) 152301 

Monotonic decrease w/ increased  
From dilution of the correlation 

function.

Npart

8

In the analysis, we have considered events with a ver-
tex |vz| < 10 cm to ensure a uniform acceptance in the
central pseudo–rapidity region. The minimum bias trig-
ger consisted of a coincidence of at least one hit on each
of the two VZERO scintillator detectors, positioned on
both sides of the interaction point, while at the startup of
data taking period an additional requirement of having
a coincidence with a signal from the SPD was also in-
troduced. The background events coming from parasitic
beam interactions are removed by a standard offline event
selection procedure, which requires the VZERO timing
information and hits in the SPD.
We present the results as a function of centrality that

reflects the collision geometry. The collision centrality is
determined by cuts on the VZERO multiplicity [21]. A
study based on Glauber model fits [22–24] to the multi-
plicity distribution in the region corresponding to 90% of
the most central collisions, where the vertex reconstruc-
tion is fully efficient, facilitates the determination of the
cross section percentile and the number of participants.
The resolution in centrality is found to be < 0.5% RMS
for the most central (0-5%) collisions, increasing towards
2% RMS for peripheral (70-80%) collisions [21].
We require tracks in the TPC to have at least 80 re-

constructed space points with a χ2 per TPC cluster of
the momentum fit less than 4. We reject tracks with dis-
tance of closest approach (dca) to the vertex larger than
3 cm both in the transverse plane and in the longitudi-
nal direction. We have performed an alternative analysis
with tracks reconstructed using the combined tracking of
ITS and TPC. In this case, the dca cuts were 0.3 cm in
the transverse plane as well as in the longitudinal direc-
tion. The results obtained with both tracking approaches
are in agreement.
The data analysis has been performed for Pb–Pb colli-

sions at
√
sNN = 2.76 TeV and pp collisions at the same

centre–of–mass energy. An identical analysis procedure
has been followed for both the data sets. We calculate the
ν(+−,dyn) from the experimental measurements of posi-
tive and negative charged particles counted in ∆η win-
dows, defined around mid–rapidity (for example, ∆η = 1
corresponds to −0.5 ≤ η ≤ 0.5) and in the pT range from
0.2 to 5.0 GeV/c. Consistency checks had been per-
formed for another pT window, viz., 0.3 GeV/c < pT <
1.5 GeV/c. The differences in the fluctuation results are
small, and included in the systematic errors. In Figure 1,
we present the ν(+−,dyn) as a function of centrality, ex-
pressed in terms of the number of participating nucleons.
Moving from left to right along the x–axis of the figure
corresponds to moving from peripheral to central colli-
sions. The results are presented for ∆η = 1 and 1.6, for
both Pb–Pb and pp collisions. In all cases, the magni-
tude of ν(+−,dyn) is observed to be negative, indicating
the dominance of the correlation term in Eq. 2. The
absolute values of ν(+−,dyn) for pp collisions are larger
compared to those measured for Pb–Pb collisions. When
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FIG. 1. Dynamical net–charge fluctuations, ν(+−,dyn) and
their corrected values, νcorr

(+−,dyn), for charged particles pro-
duced in Pb–Pb collisions at

√
sNN = 2.76 TeV as a function

of centrality, expressed as the number of participating nu-
cleons. νcorr

(+−,dyn) points are shifted along x-axis for better
representation. Superimposed are the results for pp colli-
sions at

√
s = 2.76 TeV. The statistical (bar) and systematic

(box) errors are plotted.

going from peripheral to central events, the absolute val-
ues of ν(+−,dyn) are seen to decrease monotonically.
The values of ν(+−,dyn) have to be corrected for global

charge conservation and finite acceptance [17]. If all
charges were accepted, the global charge conservation
would lead to vanishing fluctuations. This will yield
the minimum value of ν(+−,dyn) to be -4/⟨Ntotal⟩, where
⟨Ntotal⟩ is the average total number of charged par-
ticles produced over full phase space. The corrected
ν(+−,dyn) is

νcorr(+−,dyn) = ν(+−,dyn) +
4

⟨Ntotal⟩
. (4)

The values of ⟨Ntotal⟩ for Pb–Pb collisions have been es-
timated from the experimental data [25], whereas for pp
collisions, it is taken from PYTHIA [26] event genera-
tor. As a reference, ⟨Nch⟩ for ∆η=1 and ⟨Ntotal⟩ val-
ues are 1637±61 and 17165±772 for most central (0-5%)
Pb–Pb collisions, and 4.8±0.2 and 36.0 for pp collisions.
These are systematic errors, statistical errors are neg-
ligible. The corrected values, νcorr(+−,dyn), are plotted in
Figure 1 as a function of the number of participating nu-
cleons for Pb–Pb and pp collisions. The absolute values
of νcorr(+−,dyn)are smaller compared to ν(+−,dyn)in all cases.
The differences are more apparent for pp and peripheral
Pb–Pb collisions than for central collisions.
Taking the above corrections into account, we obtain,

D′ = ⟨Nch⟩νcorr(+−,dyn) + 4. (5)

Alternatively, corrections to D-measure may also be ob-

Predicted QGP range

Predicted HG range

Decrease of  vs.  possibly due to radial flow vs. 

Alternatively: diffusion of charged hadrons in rapidity. 


D Npart Npart

;  |η | < 0.8 0.2 GeV/c < pT < 5.0 GeV/c
NCH νdyn = D − 4

ν(m)
dyn =

νdyn

⟨Nch⟩

 minimum-bias collisions13 × 106

No smoking gun for deconfinement!
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Relative particle yield fluctuations 

Motivations/Method
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ALICE, Eur.Phys.J.C 79 (2019) 3
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 , : multiplicities of species  and  in a 
specific measurement acceptance. 
Nα Nβ α β

Rαβ
2 =

⟨Nα(Nβ − δαβ)⟩
⟨Nα⟩⟨Nβ⟩

− 1

• QCD:  At sufficiently high-energy density nuclear matter transforms into a deconfined 
state — Quark-Gluon Plasma (QGP) [1, 2].  

• Signatures: 
• Enhancement of fluctuations of the number of produced particles in the hadronic 

final state of relativistic heavy-ion collisions [3–5].  
• Event-by-event fluctuations and correlations may show critical behavior near the 

phase boundary, including the crossover region where there is no thermal singularity  
• A correlation analysis of event-by-event abundances of pions, kaons and protons 

produced in Pb–Pb collisions at LHC energies may provide a connection to fluctuations 
of globally conserved quantities such as electric charge, strangeness and baryon 
number, and therefore shed light on the phase structure of strongly interacting 
matter [6]. 

• Method: 

• Measure    

• , : Particle species of interest: e.g., , ,  
• Vs. collision centrality.

νdyn = Rαα
2 + Rββ

2 − 2Rαβ
2

α β π± K± pp̄
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Relative particle yield fluctuations 

Results: Centrality Dependence

9

ALICE, Eur.Phys.J.C 79 (2019) 3

Relative particle yield fluctuations in Pb–Pb collisions ALICE Collaboration

Table 1: List of contributions to the systematic uncertainty of the particle ratio fluctuations.

Uncertainty source ndyn[p,K] (%) ndyn[p,p] (%) ndyn[p,K] (%)
Inclusive dE/dx fits 10–15 4–7 8–12
Detection efficiency 0.5–6 0.5–4 0.5–5
DCA to vertex 1–4 1–2 1–3
Vertex z position 0.5–2 0.5–1 0.5–2
TPC c2/d.o. f . 1–3 1–2 1–3
Min. TPC space points 0.5–3 0.5–2 0.5–3
B-field polarity 0.5–2 0.5–1 0.5–2
Total systematic uncertainty 10–17 4–9 8–14

5 Results

5.1 Centrality dependence and comparison to models

In this section, the results are presented as a function of collision centrality and compared to calculations
with the HIJING [22, 23] and AMPT [25] models. The unscaled values of ndyn for different combina-
tions of particles in each centrality class, together with the final statistical and systematic uncertainties,
are given in Table 2. Due to the intrinsic multiplicity dependence of ndyn, discussed in Refs [26, 27], the
values of ndyn were scaled further by the charged-particle multiplicity density at midrapidity, dNch/dh .
The fully corrected experimental dNch/dh values were taken from Ref [18]. Figure 3 shows measured
values of ndyn scaled by dNch/dh as a function of the collision centrality expressed in terms of dNch/dh .
The values for ndyn and dNch/dh for HIJING and AMPT were calculated by using corresponding
particle multiplicities at the generator level within the same experimental acceptance. A flat behaviour
is expected in this representation if a superposition of independent particle sources is assumed, as in the
Wounded Nucleon Model (WNM) [28].

Table 2: Numerical values of ndyn results for different particle pairs. The first uncertainty is statistical and the
second systematic.

Centrality (%) hdNch/dh i ndyn[p,K] (10�3) ndyn[p,p] (10�3) ndyn[p,K] (10�3)
0–5 1601±60 1.35 ±0.08 ±0.25 0.59 ±0.08 ±0.13 0.59 ±0.08 ±0.13

5–10 1294±49 1.22 ±0.08 ±0.22 0.19 ±0.08 ±0.06 0.46 ±0.10 ±0.11
10–20 966±37 1.35 ±0.08 ±0.21 0.38 ±0.08 ±0.12 0.98 ±0.10 ±0.17
20–30 649±23 1.69 ±0.09 ±0.21 0.29 ±0.09 ±0.15 1.76 ±0.13 ±0.34
30–40 426±15 2.27 ±0.11 ±0.25 0.01 ±0.18 ±0.18 2.39 ±0.24 ±0.40
40–50 261±9 3.52 ±0.16 ±0.37 -0.49 ±0.18 ±0.22 3.64 ±0.32 ±0.57
50–60 149±6 6.43 ±0.26 ±0.96 -1.38 ±0.24 ±0.29 6.54 ±0.47 ±0.92
60–70 76±4 11.91 ±0.53 ±2.1 -4.90 ±0.58 ±0.56 10.34 ±1.0 ±1.8
70–80 35±2 29.99 ±1.2 ±4.0 -16.02 ±1.5 ±1.1 17.93 ±2.0 ±3.3

Measured values of ndyn[p,K] and ndyn[p,K] are positive across the entire centrality range,
while ndyn[p,p] is negative for the most peripheral collisions and changes sign at mid-central collisions.
The centrality dependencies observed in ndyn[p,K] and ndyn[p,p] are similar in shape, being flat
from central to mid-central collisions and systematically decreasing for the most peripheral ones. In
contrast, ndyn[p,K] is almost independent of centrality from most peripheral to mid-central collisions
and rises as the centrality increases. A similar qualitative behaviour is also observed for ndyn[p,K]
within the kinematic range of |h | < 1 and 0.2 < p < 0.6 GeV/c as measured in Au–Au collisions atp

sNN = 200 GeV by the STAR collaboration. The difference in the absolute values is, to a large extent,
due to the increase in dNch/dh by almost a factor of two between the two collision energies. The same
argument holds true for the most central STAR data at 62.4 GeV, although the centrality dependence is

7

Always > 0 Always > 0Changes sign!

ναβ
dyn = Rαα

2 + Rββ
2 − 2Rαβ

2

Always positive means:     Rαα
2 + Rββ

2 > 2Rαβ
2

Changes sign:    in mid to most  central collisions  
                            in mid to peripheral collisions  

“Anomalous behavior”in : Strongly violates 1/N scaling. 

Rαα
2 + Rββ

2 > 2Rαβ
2

Rαα
2 + Rββ

2 < 2Rαβ
2

π, p

π, KBased on  in 
V0 detectors

Nch π, p p, K

Pb—Pb collision at  TeV sNN = 2.76

Based on 

 in TPCNch
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Relative particle yield fluctuations 

Results: Scaled Centrality Dependence
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ALICE, Eur.Phys.J.C 79 (2019) 3

Relative particle yield fluctuations in Pb–Pb collisions ALICE Collaboration
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Fig. 3: Results for ndyn[p,K], ndyn[p,p] and ndyn[p,K] scaled by the charged-particle density dNch/dh . The
ALICE data are shown by red markers while the coloured lines indicate the HIJING [22, 23] and AMPT [25]
model calculations. The data are shown as a function of the collision centrality, expressed in terms of dNch/dh .

rather flat in this case [27]. The overall behaviour is defined by the interplay between correlation and
fluctuation terms encoded in the definition of the ndyn observable. To disentangle these terms, one needs
a dedicated study focusing on separate charge combinations, which also makes it possible to investigate
contributions from resonance decays and global charge conservations.

An important characteristic of HIJING is that it treats nucleus-nucleus collisions as an indepen-
dent superposition of nucleon-nucleon interactions. As such, it does not incorporate mechanisms for
final-state interactions among the produced particles and therefore phenomena such as equilibrium
and collectivity do not occur. The AMPT calculations are performed with three different settings
including (i) string melting, (ii) hadronic rescattering, and (iii) string melting and hadronic rescattering.
All three versions of the AMPT model presented here use hard minijet partons and soft strings from
HIJING as initial conditions. Partonic evolution is described by Zhang’s parton cascade (ZPC) [29]
which is followed by a hadronization process. In the last step, hadronic rescattering and the decay of
resonances takes place. In the default AMPT model, after minijet partons stop interacting with other
partons, they are combined with their parent strings to form excited strings, which are then converted to

8

Always positive:      
Nearly constant from peripheral to  mid-central, rises in 
central collisions

RAA
2 + RBB

2 > 2RAB
2

 vs. π± pp̄

 vs. π± K±

  vs. pp̄ K±

Always positive:      
Nearly constant from peripheral to  central collisions

RAA
2 + RBB

2 > 2RAB
2

Changes sign:    
                             
in peripheral to mid central collisions 

RAA
2 + RBB

2 > 2RAB
2

RAA
2 + RBB

2 < 2RAB
2

HĲING and AMPT do NOT match the observed values.

Significant Anomaly! Is the measurement correct?

ναβ
dyn ×

dNch

dηScaled values:

More comprehensive models required - to be studied!
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Net Charge/Baryon/Strangeness Fluctuations

QCD at High Temperature
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RHIC, Au-Au @ 200 GeV 

HRG Model w/ parameters T, , V 
W/ “feed-downs”: E&M, Strong Decays:  e.g.,   ,  ,../  
Fit to ratios: Volume V cancels out

μB
Δ → p(n) + π ρ → π + π

wroclaw2020 printed on January 15, 2021 3

importantly, also non-resonant components [18]. In this approach, currently
implemented only for µB ' 0 (and here for the non-strange sector), the ef-
fect of multi-pion-nucleon interactions is estimated using LQCD.

2. Statistical hadronization of light quarks

In practice, TCF , µB, and V , the parameters at chemical freeze-out are
determined from a fit to the experimental data. For the most-central (0-
10%) Pb–Pb collisions at the LHC, the best description of the ALICE data
(see [19] and ref. therein) on yields of particles in one unit of rapidity
at midrapidity, is obtained with TCF = 156.6 ± 1.7 MeV, µB = 0.7 ± 3.8
MeV, and V = 4175 ± 380 fm3 (corresponding to a slice of one unit of
rapidity, centered at mid-rapidity) [18], shown in Fig. 1. The standard
deviations quoted here are exclusively due to experimental uncertainties
and do not reflect the systematic uncertainties connected with the model
implementation.
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Fig. 1. Left: Hadron yields dN/dy measured in central Pb–Pb collisions at the LHC
and the best fit with SHM. The lower panel shows the ratio of data and model with
uncertainties (statistical and systematic added in quadrature) of the data. Right:
Mass dependence of hadron yields divided by the spin degeneracy factor (2J + 1).
For SHM, plotted are the “total” yields, including all contributions from high-
mass resonances (for the ⇤ hyperon, the contribution from the electromagnetic
decay ⌃0

! ⇤�, which cannot be resolved experimentally, is also included), and
the (“primordial”) yields prior to strong and electromagnetic decays.

Very good agreement is obtained between the measured particle yields
and SHM over nine orders of magnitude in abundance values and encom-

Thermal HG models predict observed abundances with spectacular precision

A. Andronic, et al., PLB 792 (2019) 304

Particle density

GCE Partition Function: 

 

, w/  : System Temperature 
 : Hamiltonian 
: Chemical potentials 
: Conserved number operators

Z(V, T, μB, μQ, μS) = Tr [e−β(H − ∑i μiNi)]
β = 1/T T
H
μi
Ni

LHC, Pb-Pb @ 2.76 TeV 
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To avoid ambiguities associated with 
the unknown volume V, consider 
ratios of cumulants:
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Net Charge/Baryon/Strangeness Fluctuations 

QCD at Finite Temperature 
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Susceptibilities:        w/   , 


Diagonal/Non-diagonal Cumulants:   

χBQS
ijk =

∂i+j+k[P/T4]
∂ ̂μi

B∂ ̂μj
Q∂ ̂μk

S
̂μq ≡ μq /T q = B, Q, S

CBQS
ijk =

∂i+j+k

∂ ̂μi
B∂ ̂μj

Q∂ ̂μk
S

ln [Z(V, T, μB, μQ, μS)] = VT3χBQS
ijk (T, μB, μQ, μS)

Diagonal Cumulants:

 

 

 

 

Skewness____:  

 

Kurtosis____: 

Mq = ⟨Nq⟩ = VT3χq
1

σq
2 = Cq

2 = ⟨(ΔNq)2⟩ = VT3χq
2

Cq
3 = ⟨(ΔNq)3⟩ = VT3χq

3
Cq

4 = ⟨(ΔNq)4⟩ − 3⟨(ΔNq)2⟩2 = VT3χq
4

Sq =
⟨(ΔNq)3⟩

⟨(ΔNq)2⟩3/2
=

Cq
3

(σq
2)3/2

κq =
⟨(ΔNq)4⟩
⟨(ΔNq)2⟩2

− 3 =
Cq

4

(σq
2)2

Measurements of  nominally 
yield ratios of susceptibilities. 

Should provide ability to prove 
properties of QCD matter near 

QGP-HG phase transition

Cq
n
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Goals and RHIC Results
• (Ultimate) Goal: 

• Experimental test of Lattice QCD (LQCD) predictions on 
second and higher order cumulants of net-charge, net-
strangeness, net-baryon distributions to search for critical 
behavior near the QCD phase boundary. 

• At RHIC, search for critical point — end point of 1st order 
transitions 

13

STAR: arXiv:1709.00773STAR: arXiv:1402.1558 STAR: arXiv:1309.5681
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more than 50 years ago, by Hagedorn [34] that hadronic matter cannot
be heated beyond this limit. The parametrizations shown in Fig. 2 are:
TCF = T lim

CF /(1 + exp(2.60 � ln(
p
sNN)/0.45)), µB = a/(1 + 0.288

p
sNN),

with
p
sNN in GeV and the ’limiting temperature’ T lim

CF = 158.4± 1.4 MeV
and a = 1307.5 MeV.

To illustrate how well the thermal description of particle production in
central nuclear collisions works we show, in Fig. 2 (right), the energy de-
pendence (excitation function) of the relative abundance of several hadron
species along with the prediction using the SHM and the parametrized evo-
lution of the parameters. In particular, the maxima (occuring at slightly
di↵erent c.m. energies) in the K+/⇡+ and ⇤/⇡+ ratios are naturally ex-
plained [33] as the interplay between the energy dependence of TCF and µB

and the consequence of strangeness conservation.

1 10 210 310
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B
µ
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 (M
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)
T

Nuclei

Quark-Gluon Matter

Hadronic Matter

CFTPoints: Statistical Hadronization, 

cTBand: Lattice QCD, 

Fig. 3. Phenomenological phase di-
agram of strongly interacting matter
constructed from chemical freeze-out
points for central collisions at di↵er-
ent energies, extracted from experi-
mental data sets in our own analy-
sis (squares) and other similar analyses
[35, 36, 37, 25] are compared to predic-
tions from LQCD [10, 11] shown as a
band. The inverted triangle marks the
value for ground state nuclear matter
(atomic nuclei).

Since the statistical hadronization analysis at each collision energy yields
a pair of (TCF ,µB) values, these points can be used to construct a T vs. µB

diagram, shown in Fig. 3. Note that the points at low temperature seem
to converge towards the value for ground state nuclear matter (µB = 931
MeV). As argued in [38] this limit is not necessarily connected to a phase
transition. While the situation at low temperatures and collision energies is
complex and at present cannot be investigated with first-principle calcula-
tions, the high temperature, high collision energy limit allows a quantitative
interpretation in terms of fundamental QCD predictions.

3. Statistical hadronization of charm quarks

An interesting question is whether the production of hadrons with heavy
quarks can be described with similar statistical hadronization concepts. We

Net Charge/Baryon Fluctuations

Motivations
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• Vanishing light quark masses (LHC): 2nd order phase transition: HG  QGP 
[3]. 

• Realistic quark masses: smooth cross over [4, 5]. 
• Can still probe critical phenomena at LHC (vanishing baryon chemical 

potential) [6]. 
• LQCD calculations [4, 5] exhibit strong signal for pseudo-critical chiral 

temperature T ~156 MeV 
• w/ T in agreement with the chemical freeze-out temperature extracted from 

analysis of hadron multiplicities [7, 8] measured by ALICE. Strongly interacting 
matter created in central collisions of Pb nuclei at LHC energies freezes out very 
near the chiral phase transition line!?! 

• Hence, the singularities arising from the second order phase transition could 
be captured by measuring fluctuations of conserved charges such as the net-
baryon number. 
• Evaluated within Hadron Resonance Gas (HRG), net-baryon distributions coincide 

with the Skellam distribution [9, 10].
• LQCD also predicts a Skellam distribution at T~156 MeV for the second cumulants of 

net-baryons.
• Fourth cumulants of net-baryons from LQCD are significantly below the 

corresponding Skellam baseline [11, 12]. Investigate QCD phase transitions w/ 
measurements of fluctuations of conserved charges s(e.g., electric charge, baryon 
number, etc) [1, 2]. 

↔
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ALICE, PLB 807 (2020) 135564

[1] Gorenstein et al. Phys. Rev. C83 (2011) 054907 
[2] Pruneau, Phys.Rev. C 96 (2017) 5, 054902

Number of baryons & anti-baryons in a given event:  ,  
Net baryon number:   
Probability of , :  
Net baryon cumulants:   
       . 

       

       

        in absence of correlations. 
For vanishing correlations: 
     
Using net-proton fluctuations as a proxy to net baryons. 
Protons identified based on dE/dx and TOF w/ Identity Method [1,2]

nB nB̄
ΔnB = nB − nB̄

nB nB̄ P(nB, nB̄)

κ1(ΔnB) =
∞

∑
ΔnB=−∞

ΔnBP(ΔnB) = ⟨ΔnB⟩

κ2(ΔnB) =
∞

∑
ΔnB=−∞

(ΔnB − ⟨ΔnB⟩)2 P(ΔnB) = ⟨(ΔnB − ⟨ΔnB⟩)2⟩

κ2(ΔnB) = κ2(nB) + κ2(nB̄) − 2 (⟨nBnB̄⟩ − ⟨nB⟩⟨nB̄⟩)
Cov[nB, nB̄] = ⟨nBnB̄⟩ − ⟨nB⟩⟨nB̄⟩ = 0

κ2(ΔnB) = κ1(nB) + κ1(nB̄)
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• Cumulants are extensive quantities, 

• i.e., proportional to the system volume. 


• Explains the centrality dependence of all cumulants, 

• Consider normalized cumulants to suppress system size 

dependence. 

, 

. 


R1 = κ2(np − np̄)/⟨np + np̄⟩
R2 = κ2(np)/⟨np⟩

Net Proton Fluctuations

Results
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Global baryon number conservation encoded in net-proton fluctuations ALICE Collaboration

momentum and 0.1 units of h bins.

In the upper panel of Fig. 1 the centrality dependence of the efficiency-corrected second cumulants of net-
protons is compared with the sum of the mean multiplicities (first cumulants) of protons and antiprotons.
Also included are the first and second cumulants of protons and antiprotons. The efficiency correction
for the cumulants is performed by using proton and anti-proton efficiencies in analytic formulas derived
in [28, 29] assuming binomial efficiency losses. The characteristics of the ALICE detector response
and applied analysis procedure ensures that this assumption is fulfilled. The accuracy of the correction
procedure was estimated to be on the percent level and is included in the systematic uncertainties. We
note that possible corrections for volume fluctuations such as discussed in [30, 31] were not applied to
the data since, at LHC energies, second cumulants of net protons, our main observable, are free from
such effects [32].
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1
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Figure 1: Measured second cumulants of net-proton distributions (red solid boxes) compared with the sum of
the mean multiplicities (open squares). The second cumulants of single proton and antiproton distributions are
presented with the filled and open circles, respectively. The first cumulants of protons and antiprotons are hardly
distinguishable because of the nearly equal mean numbers of protons and antiprotons at LHC energy. In the middle
and bottom panels the normalized cumulants R1and R2 are presented. The band visible in the bottom panel is the
prediction for R2 in the presence of volume fluctuations [32].

The subsample approach was chosen to estimate the statistical uncertainties of the reconstructed cumu-
lants [21, 33]. In order to evaluate systematic uncertainties stemming from track selection criteria, the
applied selection ranges were varied around their nominal values. Other sources of systematic uncer-
tainties originate from the parameters of the r j(xi) functions, entering Eq. 5. The latter was estimated
by hypothesis testing using the Kolmogorov-Smirnov (K-S) statistics. For this purpose the parameters

4

Deviations from unity

Deviations from unity twice as large as for R1
Results are compared with predictions from a model 
constructed recently [1], in which participant fluctuations 
are included following the analysis of the ALICE 
centrality selection. Within uncertainties, the model 
predictions are consistent with the measured  values, 
lending support to the interpretation that volume 
fluctuations are largely at the origin of the observed 
deviation. 

R2

[1] PBM et al, Nucl. Phys. A960 (2017) 114–130 
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Authors: 

Linear behavior predicted based on the assumption 
of global baryon number conservation (?!?) [1, 2, 3], 
which induces correlations between protons and 
antiprotons leading to the following dependence on 
the acceptance factor .


            ,


where    ,      


 measured

 estimated from HIJING, AMPT simulations


But one can also show that baryon conservation 
dominates the strength of the cumulant [4]. 

α

R1 = 1 − α

α = ⟨np⟩/⟨N4π
B ⟩

⟨np⟩
⟨N4π

B ⟩

Net Proton Fluctuations

Results vs. Acceptance

17

ALICE, PLB 807 (2020) 135564

Global baryon number conservation encoded in net-proton fluctuations ALICE Collaboration

η∆
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Figure 2: Pseudorapidity dependence of the normalized second cumulants of net-protons R1. Global baryon
number conservation is depicted as the pink band. The dashed lines represent the predictions from the model with
local baryon number conservation [35]. The blue solid line, represents the prediction using the HIJING generator.

ment is expected because of the small acceptance window as discussed above. For Dh > 0.8, deviations
from the Skellam distribution are observed. The amount of deviation is small but significant and in good
agreement with the prediction assuming global baryon number conservation. The observed deviation is
therefore consistent with the assumption of global baryon number conservation, i.e. conservation within
the full phase space.

On the other hand, local baryon number conservation may induce additional correlations between protons
and antiprotons, which would lead to a further reduction of the measured k2(np �np) [35]. In Fig. 2 the
data are compared to the predictions from an analysis of effects of local baryon number conservation
for different values of correlation width Dycorr between protons and antiprotons.Within the experimental
uncertainties the data are best described with the assumption of global baryon number conservation,
which corresponds to the correlation width Dycorr = 2|ybeam| but, within one standard deviation (1.56 for
the last point at Dh = 1.6), the data are also consistent with a large correlation width of Dycorr = 5 [35].
We find that for Dycorr = 4.5, with a 5% significance level, the last point is not consistent with the
experimental data. The results from the HIJING event generator (cf. blue solid line in Fig. 2), which
can be described with Dycorr = 2, and from a recent study reported in [41] would imply much stronger
correlations between protons and antiprotons, not consistent with the experimental data. We note here
that correlations arising from baryon or charge conservation have also been analyzed in the framework of
balance functions [42, 43]. Such an analysis could also shed interesting light on global vs. local baryon
conservation.

From the present results it is concluded that effects due to local baryon number conservation are not
large, if present at all in second cumulants of net-protons. The large correlation length observed in the
data implies that the normalized second cumulant R1 is determined by collisions in the very early phase
of the Pb–Pb interaction [44]. We note that long range rapidity correlations were investigated in other
contexts in [45, 46]. The search for critical behavior, as predicted for higher cumulants of net-baryon
distributions [12, 47], will be the topic of future investigations.

6

[1] PBM et al, Nucl. Phys. A960 (2017) 114–130, 
[2] S. Mrowczynski, Phys. Rev. C66 (2002) 024904 
[3] A. Bzdak,et al., Phys. Rev. C87  (2013) 014901
[4] Pruneau, Phys.Rev.C 100 (2019) 3, 034905

R1 = κ2(np − np̄)/⟨np + np̄⟩
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3

order to shed light on these observations we have re-154

constructed second cumulants of single proton and anti-155

proton distributions which are depicted in Fig. 3 with the156

solid and open blue circles, respectively. We observe sig-157

nificant di↵erences between second and first cumulants158

of single protons and anti-protons. The latter however159

does not necessarily indicate deviation of single proton160

and anti-proton distributions from the underlying Pois-161

son baseline. Indeed, within the recently proposed model162

it was demonstrated that dynamical fluctuations are sig-163

nificantly modified by unavoidable fluctuations of partic-164

ipant nucleons [9] (see also Ref. [21]). The model uses165

several inputs such as mean number of protons and anti-166

protons and the centrality selection procedure which de-167

termines the fluctuations of participants. Using the ex-168

perimentally measured mean values of protons and anti-169

protons presented in Fig. 3 and the same centrality se-170

lection as used in this analysis we calculated second cu-171

mulants of protons and net-protons in the presence of172

participant fluctuations.173

These results are presented with the dashed and solid174

lines in Fig. 3 for protons and net-protons respectively.175

Both calculations are consistent with the experimentally176

measured second cumulants of protons and the Skellam177

distribution, correspondingly. In the model, particles are178

produced from the independent Poisson distributions, i.e,179

the di↵erence between the dashed line and the mean val-180

ues of protons is completely driven by participant fluctua-181

tions. We therefore conclude that the observed deviation182

between the second and first cumulants of protons and183

anti-protons stems from participant fluctuations.184

On the other hand, the consistency between the solid185

line and the Skellam distribution shows that second cu-186

mulants of net-protons at LHC energies are not a↵ected187

by participant fluctuations because the net-proton num-188

ber vanishes. Indeed, in [9] it is demonstrated that partic-189

ipant fluctuations entering into second cumulants of the190

net-proton (single proton) distributions scale with the191

mean number of net-protons (protons). Another support192

for this interpretations is a small structure observed in193

the second cumulants of protons and anti-protons in the194

third centrality class, where the centrality bin width dou-195

bles, hence increasing the contribution from participant196

fluctuations. On the other hand, the centrality depen-197

dence of net-protons is rather smooth, indicating that, in198

case of vanishing net-baryon densities, participant fluc-199

tuations do not contribute to the measured second cumu-200

lants of net-protons. According to Eq. 3 the only reason201

for the deviation of the experimentally measured second202

cumulants of net-protons from the corresponding second203

cumulants of the Skellam distribution can be due to the204

correlation term.205

For second cumulants the correlation term arising from206

global baryon number conservation depends only on the207

acceptance factor ↵ = hnpi /
⌦
N4⇡

B

↵
with hnpi and

⌦
N4⇡

B

↵
208

referring to the mean number of protons inside the accep-209

tance and the mean number of baryons in the full phase210

space respectively [9]:211
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FIG. 3. Experimentally measured second cumulants of net-
proton distributions (red solid boxes) compared to Skellam
baseline (open squares). The second cumulants of single pro-
ton and anti-proton distributions are presented with the filled
and open blue circles, correspondingly. The green solid and
open circles represent first cumulants of protons and anti-
protons, respectively, which are hardly distinguishable be-
cause of the nearly equal mean numbers of protons and anti-
protons. The model predictions with the underlying indepen-
dent Poisson distributions for protons and anti-protons are de-
picted with the solid (net-protons) and dashed (protons) lines.
In the bottom panel the ratio of the experimentally measured
second cumulants of net-protons to the Skellam baseline is
presented.
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2 (p� p̄)

2 (Skellam)
= 1� ↵. (6)

We performed our analysis in 8 di↵erent pseudo-rapidity212

ranges from |⌘| < 0.1 up to |⌘| < 0.8 in steps of 0.1.213

The obtained results for the second cumulants of net-214

protons, normalised to the Skellam baseline, are pre-215

Baryon Number Conservation
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rΔNp
≈ 1 − aΔη

C.P., Phys.Rev.C 100 (2019) 3, 034905

Trivial result:  

Correlations exist: non Poisson behavior obtained from   vs. …νdyn Δη

Second order cumulant : 


Poisson limit (Skellam) : 


Ratio of  to Skellam :      

 

 

LHC:  :    


Consequently :     


κ2(ΔNp) = Fp
1 + Fp̄

1 + Fp,p
2 + Fp̄,p̄

2 − 2Fp,p̄
2

κSkellam
2 (ΔNp) = Fp

1 + Fp̄
1 = ⟨Np⟩ + ⟨Np̄⟩

κ2(ΔNp)

rΔNp
≡

κ2(ΔNp)
κSkellam

2 (ΔNp)
= 1 +

Fp,p
2 + Fp̄,p̄

2 − 2Fp,p̄
2

Fp
1 + Fp̄

1
.

⟨Np⟩ ≈ ⟨Np̄⟩ rΔNp
= 1 +

Fp
1

2 [Rp,p
2 + Rp̄,p̄

2 − 2Rp,p̄
2 ],

rΔNp
= 1 +

1
4

dNT

dη
Δηνp,p̄

dyn,
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Vs. Balance Functions (BF)

• BF: Near-side peaked -> Not enough time to diffuse and “randomize” 

•  is related to the integral of Balance Function [1], determined by… 

• width of the acceptance
• collision dynamics

• Exercise caution in the interpretation of cumulants and their ratios…

νp,p̄
dyn

19

ππ KK pp

ALICE, Phys. Lett. B 833 (2022) 137338

Bp,p(Δy) = −
Δη
4

dNT

dη {Rp,p
2 (Δy) + Rp̄,p̄

2 (Δy) − 2Rp,p̄
2 (Δy)} Ip,p̄(Ω) = −

1
4

dNT

dη
Δη × νp,p̄

dyn(Ω)
Integral of the 

Balance 
Function

[1] C.P., Phys.Rev.C 100 (2019) 3, 034905
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Disoriented Chiral Condensate (DCC)

Sigma Model - Pion & Kaon Sectors

Ahh

20

K.L. Kowalski, C.C. Taylor, hep-ph/9211282  
K. Rajagopal, F. Wilczek, Nucl.Phys. B399 (1995) 395For 2nd order phase transition in QCD:  

Landau-Ginzburg free energy w/ 2 massless quarks 

       

Rewritten in terms of  and  fields (“Mexican-hat” potential).

F = ∫ d3x [ 1
2

∂iϕα∂iϕα μ2

2
ϕαϕα

λ
4 (ϕαϕα)2]

σ ⃗π

 : renormalized mass ( ) 
: strength of coupling

μ T
λ

• Condensates: 
• 2 flavors:  
• 3 flavors:  

• “Normal Vacuum”:  
• , ,  equally probable. 
• , , ,  equally probable 

•  Chiral symmetry restored at high-  
•  Quenching to low- :  

• New field “orientation” 
• Disoriented Chiral Condensate (DCC)

σ ∝ ⟨ūu + d̄d⟩
σ ∝ cos θ⟨ūu + d̄d⟩ + sin θ⟨s̄s⟩

π+ π− π0

K+ K− K0 K̄0

T
T

https://arxiv.org/abs/hep-ph/9211282
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Kaon Isospin Fluctuations
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[1] Randrup et al, PRC 59 (1999) 3329

[2] J. Kapusta, S.M.H. Wong PRL 86 (2001) 4251

• Condensate w/ 3 light flavors (u,d) [1,2]:  
 
        

• Neutral Kaon Fraction:       
 

        

• Model Expectations
• Normal Vacuum:    Binomial distribution 

  
        — “Normal” 

• Strange DCC: Uniform distribution 
 
         

σ ∝ cos θ⟨ūu + d̄d⟩ + sin θ⟨s̄s⟩

f =
NK0 + NK̄0

NK0 + NK̄0 + NK− + NK+

P( f ) = B(1/2; N)

P( f ) = 1
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Search for DCCs

Kaon Isospin Fluctuations
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A

 ,  : Number of particles of types  
within acceptance
Nα Nβ α, β

•  and  are robust observables (approx. independent of efficiencies) 
• Measure relative strength of charged-charged (cc), neutral-neutral (00), and 

charged-neutral (c0) kaon correlations. 
• Independent source scaling (n sources): 

• Proposed as indicator of anomalous production of kaon isospin fluctuations - a signal 
of DCCs [3] 

•  Shown to be sensitive to small or multiple DCCs [4] 

Rαβ ναβ
dyn

Integral 
correlators:

R(n)
αβ =

1
n

R(1)
αβ

ν(n)
dyn =

1
n

ν(1)
dyn

ναβ
dyn = Rαα + Rββ − 2Rαβ

Nu-dyn:

Rαβ =
⟨Nα(Nβ − δαβ)⟩

⟨Nα⟩⟨Nβ⟩

Charged Kaons: νK+K−

dyn = RK+K+ + RK−K− − 2RK+K−

[1] C.P., S. Gavin, S. Voloshin, PRC 66 2002) 044904
[2] C.P., S. Gavin, S. Voloshin, Nucl.Phys.A 715 (2003) 661.
[3] Gavin, Kapusta, PRC 65 (2002) 054910
[4] R. Nayak, S. Dash, C.P., PRC 004900 (2020).

Neutral vs. Charged 
Kaons: νK0

s K±

dyn = RK±K± + RK0
s K0

s
− 2RK±K0

s
= Rcc + R00 − 2Rc0

ALICE, Phys. Lett. B 832 (2022) 137242
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Search for DCCs

Kaon Isospin Fluctuations
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0
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n
ν

) < 1.5c (GeV/
T
p: 0.2 < ±K

) < 1.5c (GeV/
T
p: 0.4 < 0

SK

| < 0.5η = 2.76 TeV, |NNsPb −ALICE, Pb

±K0
SK

(a)
•   

• Data: 

• . 

• “Flattening behavior” in central  
collisions  

• HIJING/AMPT/EPOS:  

νdyn[K0
s K±]

Rcc + R00 > 2Rc0

•   
• Data: 

•  
• Pair creation dominance 

• HIJING/AMPT/EPOS:  
• “Similar” centrality dependence 
• HIJING (1/n) Close to data

νdyn[K+
s K−]

R++ + R−− < 2R+−
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Search for DCCs

Kaon Isospin Fluctuations
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ALICE
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n

ν
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p: 0.4 < 0

SK
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±K0

SK
(b)

•   
• Data: 

• Strong correlation (excess) in 
central  collisions  

• Strong 1/N scaling violation 
• “Anomalous” fluctuations 

• HIJING/AMPT/EPOS:  
• (Nearly) Flat as expected from 1/N 

scaling.

νdyn[K0
s K±]/α

•   
• Data: 

• Very small dependence on 
centrality 

• Approximate 1/N scaling 
• HIJING/AMPT/EPOS:  

• Very small dependence on 
centrality 

• (Expected) approximate 1/N scaling 
— no rescattering, no significant 
radial flow. 

• Magnitude slightly off relative to 
data — “decent” agreement. 

νdyn[K+
s K−]/α

α = ⟨NK0
s
⟩−1 + ⟨NK±⟩−1
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 vs.  fluctuationsK± K0

 Range Dependence ??pT
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•   

• Data: 

•Scaling violation in both   
ranges  

•Marginally weaker at “higher”  

•  dependence within 
systematic errors. 

• HIJING:  
• Amplitude exhibits small (finite) 

dependence on  range 

• No evidence for a DCC 
“surge” at low .

νdyn[K0
s K±]

pT

pT

pT

pT

pT

DCC expected to be more prominent at lower  
Study  dependence of 

pT
pT νdyn[K0

s K±]

ALICE, Phys. Lett. B 832 (2022) 137242
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 vs.  fluctuationsK± K0

Rapidity Range Dependence

0 0.5 1 1.5
η∆

0.006

0.008

0.01

]±
,K0 S

[K
dy

n
ν

) < 1.5c (GeV/
T

p: 0.2 < ±K
) < 1.5c (GeV/

T
p: 0.4 < 0

SK

| < 0.8η = 2.76 TeV, |NNsPb −ALICE, Pb

 18)×(

(a)

ALICE HIJING
5%−0 5%−0
10%−5 10%−5

 correlation features “narrow” peak atop broad distribution.
Not readily compatible with DCC production.
Δη

26

ALICE, Phys. Lett. B 832 (2022) 137242
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Source of  vs.  fluctuations scaling anomalyK± K0

DCC & DIC Theoretical Models

27

J. Kapusta, S. Pratt, M., Singh, Phys.Rev.C 107 (2023) 014913. 

• DCC: Disoriented Chiral Condensate Model

• Examined several scenarios of kaon production, e.g., charge 

conservation effects, Bose symmetrization, resonance decays, 
degenerate kaons from condensates. 


• Concluded condensates provide the only way to explain ALICE results.


J. Kapusta, S. Pratt, M., Singh, 2306.13280 [hep-ph] 
• DIC: Disoriented Isospin Condensate Model


• “If the scalar condensate, which is typically associated with chiral 
symmetry, is accompanied by an isospin=1 field, then the 
combination can produce large fluctuations where . 

• Hadronizing strange and anti-strange quarks might then 
strongly fluctuate between charged ( ,  ) and neutral (  or 

) kaons” 

⟨ūu⟩ ≠ ⟨d̄d⟩

us̄ sū ds̄
sd̄
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Summary

28

Thank you for your attention

• Presented studies of integral correlations — particularly fluctuations of 
conserved quantities. 

• Models typically fair poorly relative to the measured data —need for 
increased focus and ideas from the theory community.

• Many possible extensions to these studies 

• Based on more recent data, new collision systems and beam 
energies

• Higher moments, 

• Identified particles, including weakly decaying particles

• Also consider more differential measurements — correlation 
functions and balance functions. 
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Dynamical fluctuations in Heavy Ion Collisions

Summary

29

Thank you for your attention

•Presented several studies of integral correlations — including 
fluctuations of conserved quantities. 

•Models typically fair poorly relative to the measured data 
•Need for increased focus and ideas from the theory community.
•Need to check w/ more modern models (e.g., EPOS4)

•Many possible extensions to these studies 
•Lots of new data, new collision systems and beam energies
•Higher moments, 
• Identified particles, including weakly decaying particles
•Also consider more differential measurements — correlation 

functions and balance functions. 
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Additional Material

30
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Disoriented Chiral Condensate (DCC)

DCC in Kaon Sector Detectable w/ ]νdyn[K0
s , K±

31

Kaon isospin fluctuations measurable with  observable. νdyn

S. Gavin, J. Kapusta PRC 65 (2002) 054910 
S. Gavin, et al., Nucl.Phys.A 715 (2003) 657, J.Phys.G 30 (2004) S271

4
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M

νdyn

M
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0K−
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HIJING
20% dcc
10% dcc

Figure 2. (left) Dynamic isospin fluctuations of KcK0
s and K+K0

s are respectively com-
pared to solid and dashed curves computed using a wounded nucleon model normalized
to pp simulations (Kc = K+ +K−). (right) Effect of DCC.

WNM curves in fig. 2 agree with HIJING and HIJING/BB (the upper sets of points),
but disagree with central UrQMD (the lower points). These trends may stem from the
inclusion of rescattering in UrQMD but not in HIJING.
To illustrate the possible scenario for the onset of DCC effects, we estimate νdyn by

adding DCC and wounded-nucleon contributions to the kaon variance and using (3) to
find νdyn = β2νdcc + (1− β)2νwnm. We assume that the fraction of DCC kaons β exhibits
a threshold behavior above an impact parameter b0, β = β0[1− (b/b0)2], where b0 and β0

are ad hoc constants. In fig. 2, we show estimates assuming that 10 domains contribute
kaons in the range −0.5 < y < 0.5 for b0 ∼ 6 fm, taking the dcc fraction β0 ∼ 20%.
In summary, we have argued that measurements of K0

sK
± correlations may probe

a variety of interesting phenomena, especially 2+1 flavor DCC. The robust statistical
variable νdyn is sensitive to DCC even if domains are small. In addition, we have estimated
νdyn in the absence of DCC using HIJING and UrQMD event generators. We find that
isospin fluctuations distinguish between these models, while charge fluctuations do not.
We thank J. Kapusta for collaboration on [ 1], and R. Bellwied, C. Pruneau and S.

Voloshin for discussions. This work is supported in part by the U.S. DOE grant DE-
FG02-92ER40713.
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Net Charge Fluctuations

ALICE Results: Pb—Pb  @  TeVsNN = 2.76

32

Primordial 
fluctuations???

Charge Conservation!
Scaled nu-dyn vs. beam energy 

trends towards  with increasing  ?? 
QGP or some other (trivial) effect ??

D ∼ 1 s

ALICE, Phys. Rev. Lett. 110 (2013) 152301 

• Opportunities for new measurements?
• PbPb at 5.02 TeV, XeXe at 5.4 TeV, etc
• My take: Consider differential measurements instead —> balance functions.
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Experimental method

, K ,  identification/classificationπ± ± p, p̄

33

 method:nσ

TPC:  vs dE/dx p TOF velocity vs p

Identity method:
[1] M. Gazdzicki et al., Phys. Rev.C 83 (2011) 054907

[2] M.I. Gorenstein, Phys.Rev.C 84 (2011) 024902

[3] A. Rustamov, Phys.Rev.C 86 (2012) 044906

[4] C. Pruneau, Phys.Rev.C 96 (2017) 5, 054902

[5] C. Pruneau, Alice Ohlson, Phys.Rev.C 98 (2018) 1, 014905

• Event-by-event Counting 
• Candidates:  method 

•
 

• Similarly w/ TOF signal. 
• Contamination 1-3 %

nσ

nσ =
1

σ ( dE
dx )

dE
dx

measured

−
dE
dx

particle
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 vs.  fluctuation analysisK± K0

 identification & selectionK0
s

• Standard ALICE topological (V0) 
selection criteria, 
• See backup for details. 

• Invariant mass selection,  
• Kinematic selection: 

• < 0.5,  
• 0.4 <  < 1.5 GeV/c.

|y |
pT

34

Prim Vtx

⃗pπ+ + ⃗pπ−

V0 Vtx

⃗B
π+

π−

DCA V0 +ve

DCA V0 -ve
DCA V0

DCA V0 +ve to -ve

K0
s

V0 Decay Length

• Event-by-event Counting: 
• Candidates:  

• 0.48 < (𝝅+𝝅-) < 0.515 GeV/  
• Contamination 1-4 % 

• Background (fluctuations) estimate:  
• From side bands

Minv c2

ALICE, Phys. Lett. B 832 (2022) 137242
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Experimental method — one more thing…

Combinatorial background and correction
Single yields: 

 : Number of K  

 : Number of signal  

 : Number of background pairs 

;    

Nc
±

Ns K0
s

Nb

N0 = Ns + Nb fb = Nb /N0

νcorrected
dyn =

< Nc(Nc − 1) >
< Nc >2

+
< Ns(Ns − 1) >

< Ns >2
− 2

< NcNs >
< Nc > < Ns >

Corrected  based on side mass windowsνdyn

Use “side windows” to estimate yield of background in the signal region. 
Example:

Ns Nb

Pair yields
 

 

N00 = Nss + Nbb + 2Nsb
Nss = N00 − Nbb − 2Nsb

Nsc = N0c − Nbc

35

< Ns(Ns − 1) >
< Ns >2

=
< N0(N0 − 1) >

< N0 >2
−

2f

(1 − f)2

< N0Nb >
< N0 > < Nb >

+
f 2

(1 − f)2

< NbNb >
< Nb(Nb − 1) > < Nb >

ALICE, Phys. Lett. B 832 (2022) 137242
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Experimental method

Closure test

• Test performed with 
HĲING + ALICE/GEANT 

• Analysis done at 

• Generator level (Gen) 

• GEANT processed + full 
reconstruction (Reco)

36

PoS(EPS-HEP2019)308

Kaon Fluctuations Ranjit Nayak

2. it measures the relative strength of charge-charge, neutral-neutral and charge-neutral corre-
lations

3. it serves as an indicator of any anomaly in the production of kaon fluctuation which might
signal the existence of kaon DCCs

3. Analysis Details

The measurement is based on ALICE data from Pb-Pb collisions at
p

sNN = 2.76 TeV acquired
during Run 1 in 2010. 13 M minimum bias events are selected for data analysis. Two Monte-
Carlo (MC) event generators, HIJING and AMPT are considered to study the sensitivity of ndyn

to different particle production dynamics. In this work, 3 M HIJING events are used. We have
considered 3 different tunes of the AMPT event generators, (i) string melting ON, rescattering
OFF (39 M), (ii) string melting OFF, rescattering ON (53 M), (iii) string melting ON, rescattering
ON (38.94 M).
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Figure 2: Top: ndyn vs centrality for HIJING model calculations for K0
S K±. Bottom: The ratio of recon-

structed to generated values of ndyn as a function of centrality.

This analysis is based on minimum bias (MB) events. The MB trigger was based on a combi-
nation of information of the hits from SPD and two sides of V0 detectors. The collision centrality
was determined using the V0 multiplicity. We have considered various centralities for this analysis:
0–10%, 10–20%, 20–40%, 40–60% and 60–80%. Charged kaons (K±) are selected based on the
signals measured from the combined information of TPC and TOF detectors. The K± are selected
in the kinematic ranges: |h | < 0.5 and 0.2 < pT <1.5 GeV/c. The measurement of neutral kaons
is carried out based on the weak decay K0

S ! p++p�. These decays are identified from the decay
topology of V0 particle and the invariant mass of K0

S . The decay vertex of K0
S is reconstructed

and calculated from pairs of detected p+p� tracks. Standard ALICE topological cuts are used to
obtain the neutral kaons. Neutral kaons with a transverse momentum within 0.4 < pT <1.5 GeV/c
measured in the pseudo-rapidity range |h |< 0.5 are selected with a invariant mass cut 0.48 GeV/c2

3

ALICE, Phys. Lett. B 832 (2022) 137242
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 vs.  fluctuationsK± K0

Where is the excess (scaling violation) from?

•Variance terms have little to no 
centrality dependence. 

•Approx.1/N scaling. 

•Covariance term varies by more 
than 20% with centrality. 

•Excess of  in central 
collisions from the covariance 
term. 

•Expected from fluctuations 
caused by DCC 
fluctuations. 

νdyn

37

Exploit HĲING approximate 1/N scaling  
Study ratios of data to HĲING for three terms of νdyn
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ALICE, Phys. Lett. B 832 (2022) 137242

νK+K−

dyn = R00 + Rcc − 2Rc0
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Net-Charge Fluctuations

Measurements & Observables

• : S. Mrowczynski, Phys.Rev.C 66 (2002) 024904. 

•  methods Paper - C.P., S.G., S.V. - PRC 66, 
44904 (2002). 

• Some key Measurements…  
• PHENIX (130 GeV) - K. Adcox, et al., Phys.Rev.Lett. 

89, 082301 (2002). 
• STAR

• AuAu @ 130 GeV, PRC68, 044905 (2003). 
• AuAu @ 20, 130, 200 GeV, Phys.Rev.C 79 (2009) 

024906. 
• Higher-moments: Nucl.Phys.A 830 (2009) 

555C-558C. 
• NA49 (20, 30, 40, 80, 158 A GeV), Phys.Rev.C 70 

(2004) 064903. 
• CERES  J.Phys.G 30 (2004) S1371-S1376. 
• ALICE, Phys. Rev. Lett. 110 (2013) 152301. 

Φq

νdyn

38

ωQ ≡
ΔQ2

NCH

νdyn

Φq

νdyn
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Mathematical Foundation
• Consider ``identical" systems characterized by a 

discrete or continuous observable . 
• Assume  fluctuates event-by-event  according 

to a probability distribution function 
(discrete) or a probability density function:  

.
• Moments of  of order    defined as 

expectation value

    

mean of . 

 

 

etc

X
X

p(x)
X n = 1,2, …

m′ 1 ≡ E[x] ≡ ⟨x⟩ = ∫
∞

−∞
x p(x)dx

X

m′ 2 ≡ E[x2] ≡ ⟨x2⟩ = ∫
∞

−∞
x2 p(x)dx

m′ 3 ≡ E[x3] ≡ ⟨x3⟩ = ∫
∞

−∞
x3 p(x)dx

39

• Centered moments, for :

 

variance  of : Var[X] or .

 

,  related to skewness and 
kurtosis…

n ≥ 2
m2 ≡ ⟨Δx2⟩ = ∫

∞

−∞
(x − ⟨x⟩)2 p(x)dx

X σ2

m3 ≡ ⟨Δx3⟩ = ∫
∞

−∞
(x − ⟨x⟩)3 p(x)dx

m4 ≡ ⟨Δx4⟩ = ∫
∞

−∞
(x − ⟨x⟩)4 p(x)dx

m3 m4

p(x) p(x) p(x)
Dispersion Asymmetry Shape
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Net-Charge Fluctuations

• Poisson Distribution (Fluctuations w/ no correlations) 

• Poisson Limit for the variance and covariance of  , : 

• Poisson Limit of “nu”

Nα Nβ

40

Var Nα[ ]≡ ΔNα
2 = Nα

P(n | µ) = µne−µ

n!

Cov Nα ,Nβ⎡⎣ ⎤⎦ ≡ ΔNαΔNβ = 0

ΔR2

R 2 =
Nα

Nα
2 +

Nβ

Nβ

2 − 2 × 0

Finite but “trivial” because 
it is devoid of correlations 

and information

νPoisson =
1

⟨Nα⟩
+

1
⟨Nβ⟩

⟨n⟩ = μ

Var[n] = ⟨Δn2⟩ = μ
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• Also convenient to introduce a 
cumulant generating function 
according to : 

    

• Cumulants, often denoted , are then 
computing according to  
 

       

• One similarly defines joint cumulants 
of multiple variables and joint 
generating functions.    

G(t) ≡ log (E[etx]) = log M(t)

Cn

Cn =
∂nG(t)

∂tn
t=0

Mathematical Foundation

Generating Functions

• Method to systematically compute 
moments in terms of a moment 
generating function  : 

    

• Expressing  as Taylor series, one 
verifies: 

 

     Derivatives are first calculated at 
order  and then evaluated at .

M(t)

M(t) ≡ E[etx] = ∫
∞

−∞
etxp(x)dx

etx

m′ n =
∂nM(t)

∂tn
t=0

n t = 0

41
See my textbook for details.
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Mathematical Foundation

Cumulants

42

• Given , it is 
straightforward to express 
cumulants in terms of moments 
(and conversely) : 

    

 

 
 

… and so on …

G(t) = log[M(t)]

C1 = m′ 1

C2 = m′ 2 − m1′ 
2

C3 = m′ 3 − 3m′ 2m′ 1 + 2m1′ 
3

C4 = m′ 4 − 4m′ 3m′ 1 − 3m2′ 
2 + 12m′ 2m1′ 

2 − 6m1′ 
4

• Measurements of fluctuations of 
net quantum numbers
• Cumulants  of Net Charge, 

Strangeness, Baryon number. 
• Related to QGP susceptibilities 

.
• Search for critical point of 

nuclear matter.
• Measurements of particle 

multiplicity fluctuations 
• Cumulants  of  . 
• Nominally related to the 

compressibility of nuclear 
matter.

Cn

χn
q

C2 Nch
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Mathematical Foundation

Generating Functions
• Densities  

         , …

• Factorial Moments are denoted ,
• Integrals of n-particle densities  
 

             

 
            Average number of particles  
 

      

 
            Average number of pairs 
 
    

 
            Average number of triplets 
And so on…

ρα
1 ( ⃗p) =

dN
d ⃗p

ραβ
2 ( ⃗p1, ⃗p2) =

d2N
d ⃗p1d ⃗p2

fn
ρn( ⃗p1, …, ⃗pn)

f α
1 ≡ ∫Ω

ρα
1 ( ⃗p)d ⃗p = ⟨Nα⟩

→

f αβ
2 ≡ ∫Ω

ραβ
2 ( ⃗p1, ⃗p2)d ⃗p1d ⃗p2 = ⟨Nα(Nβ − δαβ)⟩

→

f αβγ
3 ≡ ∫Ω

ραβγ
3 ( ⃗p1, ⃗p2, ⃗p3)d ⃗p1d ⃗p2d ⃗p3 = ⟨Nα(Nβ − δαβ)(N γ − δαγ − δβγ)⟩

→

43

• Factorial moments generating 
functions: 
 
     

 

•  represent  distinct auxiliary 
variables associated with the  
stochastic yields ,   

• Introducing , one verifies 
 
        

 
  corresponding to mixed factorial 
moments of order  for 
species 1 to K.

Gf( ⃗s ) ≡ ⟨
K

∏
α=1

sNα
α ⟩ = ∑⃗

N
(

K

∏
α=1

(sα)Nα) P( ⃗N )

sα K
K

Nα α = 1,…, K
∂sα

= ∂/∂sα

fν1ν2...νK
= ∂νK

sK
⋯∂ν1

s2
∂ν1

s1
Gf

⃗s=1

ν1, ν2, …, νK
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Mathematical Foundation

Factorial Cumulant and Generating Functions
• Provide another tool to characterize particle 

production 
• Directly related to differential correlation 

functions
• Definition of the factorial cumulant generating 

function: 
 
  

, 

• Factorial cumulants are defined and  computed 
according to  
 
      

GF( ⃗s ) ≡ ln Gf( ⃗s ) = ln∑⃗
N

(
K

∏
α=1

(sα)Nα) P( ⃗N )

Fν1ν2…νK
≡ ∂νK

sK
⋯∂ν2

s2
∂ν1

s1
GF

⃗s=1
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Singles:

 

Pairs: 

  

Triplets:

        

             

                
 
And so on…

Fα
1 = ∂sGF ⃗s=1

= ⟨Nα⟩

Fαβ
2 = ∂sα

∂sβ
GF

⃗s=1
= f αβ

2 − f α
1 f β

1 = ⟨Nα(Nβ − δαβ)⟩ − ⟨Nα⟩⟨Nβ⟩

Fαβγ
3 = ⟨Nα(Nβ − δαβ)(Nγ − δαγ − δβγ)⟩

−⟨Nα(Nβ − δαβ)⟩⟨Nγ⟩ − ⟨Nα(Nγ − δαγ)⟩⟨Nβ⟩
−⟨Nβ(Nγ − δβγ)⟩⟨Nα⟩ +2⟨Nα⟩⟨Nβ⟩⟨Nγ⟩

• Factorial Cumulants are of interest 
because they identically vanish in the 
absence of correlations.

• Simple cumulants do not have that 
property.
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Normalized Factorial Cumulants
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• Measurements of fluctuations of relative 
species abundances. 

• e.g.,  vs.  . 
• With  :           

•  
• Related to the proximity of phase 
boundary and critical point.

• Measurements of  vs.  and  vs.  
fluctuations. 

• With  :           
 

• Possible signatures of the production 
of disoriented chiral condensates. 

• Measurements of average (event-wise) pT 
fluctuations. 

• Related to temperature fluctuations 
and the specific heat of nuclear 
matter.

K± π±

νdyn

νπK
dyn = Rππ

2 + RKK
2 − 2RπK

2

π± π0 K± K0

νdyn

νK±K0
s

dyn = RK±K±

2 + RK0
sK0

s
2 − 2RK±K0

s
2

It is also useful to define normalized 
factorial cumulants 

          

 

               

And similarly for higher orders:   

… 

Normalized Factorial Cumulants 
also identically vanish in the 
absence of correlation (Poisson 
statistics)

Rαβ
2 =

Fαβ
2

Fα
1 Fβ

1
=

⟨Nα (Nβ − 1)⟩ − ⟨Nα⟩⟨Nβ⟩
⟨Nα⟩⟨Nβ⟩

Rαβ
2 =

⟨Nα (Nβ − 1)⟩
⟨Nα⟩⟨Nβ⟩

− 1

Rαβγ
3 =

Fαβ
3

Fα
1 Fβ

1 Fγ
1



C. Pruneau, WWND 2024 — Jackson, Wyoming,

Dynamic Fluctuations

1/N Scaliing

By construction, the factorial  cumulants  scale in 
proportion to the number m of (non interacting) sources. 
With  sources of particle and non interacting particle from 
these sources, one has 
 
              
 

 : factorial cumulants for a single source 
: factorial cumulants for a superposition of  

independent sources. 
By construction of , one gets:                

 

1/m referred to as dilution of the correlation strength in 
the presence of a superposition of  independent and 
identical sources (on average). 
By construction,  obeys the same scaling:             

              

Fn

m

F(m)
n = mF(1)

n

F(1)
n

F(m)
n m

R2

R (m)
2 =

F(m)
2

F(m)
1 F(m)

1
=

1
m

R (1)
2

m

νdyn

ν(m)
dyn =

1
m

ν(1)
dyn
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A

γ ∼100   at RHIC
γ ∼1000   at LHC

participan
tsspectator
s

Impact parameter: b

A

R (m)
2 =

R(1)
2

⟨Nch⟩

ν(m)
dyn =

νdyn

⟨Nch⟩
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Source of  vs.  fluctuations scaling anomalyK± K0

DCC or DIC?

47

J. Kapusta, S. Pratt, M., Singh,  2306.13280 [hep-ph]

•  iso-singlet: 


• Lowest excitation:  or  meson.


•  iso-triplet:   , , 


• Lowest excitations: , , , i.e,  


• If only  field were present, 

• It should couple equally to charged and neutral kaons. 


• If both ,  and ,  contribute in similar amounts, 


• They could combine to form nearly all  or all  condensates.

• Provides seed for the formation of charged and neutral kaons, respectively… leading to 

isospin kaon fluctuations. 

• Authors given concrete estimates of number of DIC needed to explain measured values 

given the  observed number of kaons.

• “Although the DIC mechanism investigated here is speculative, it seems 

to be the least questionable explanation for the ALICE measurement of 
 thus far”.

I = 0 (⟨ūu⟩ + ⟨d̄d⟩)/ 2
f0(500) σ

I = 1 ⟨d̄u⟩ (⟨ūu⟩ − ⟨d̄d⟩)/ 2 ⟨ūd⟩
a+

0 a0
0 a−

0 a0(980)

I = 0

I = 1 I3 = 0 I = 0 I3 = 0
⟨ūu⟩ ⟨d̄d⟩

νdyn

https://arxiv.org/abs/2306.13280
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Historical context

Past theoretical and experimental studies

• Found 138 publications on DCCs in inspirehep.net
• Mostly theoretical works on DCCs in the pion sector 

• Evidences for New Type of Cosmic Ray Nuclear Interactions Named CENTAURO, M. Tamada, Nuovo Cim 
B41 (1977) 245. 

• Explosive Quark Matter and the CENTAURO Event, J.D. Bjorken and L. McLerran, PRD 20 (1979) 2353. 

• Baked Alaska, J.D. Bjorken et al. SLAC-PUB-6109. 
• Few theoretical works on strange DCCs

• Is anomalous production of Omega and anti-Omega evidence for disoriented chiral 
condensates?, J. Kapusta, et al., PRL 86 (2001) 4251. 

• Kaon and pion fluctuations from small disoriented chiral condensates, S.Gavin, J. 
Kapusta, PRC 65 (2002) 054910. 

• Strange disoriented chiral condensate, S. Gavin, 18th WWND (2002). 

• Very few experimental searches  — All with negative or non-
conclusive results: 
• Minimax @ Tevatron: J.D. Bjorken et al., PRD 55 (1997) 5667; T.C. Brooks et al., PRD 61 (2000) 

032003. 
• WA98 @ SPS: T. K. Nayak, Nucl.Phys. A 638 (1998) 249c; M.M. Aggarwal, PLB 701 (2001) 300. 
• STAR @ RHIC: S.M. Dogra et al., J. Phys.G 35 (2008) 104094. 
• E864 @ AGS: P. Fachini (Thesis, Wayne State), et al., APS Meeting, (1999). 
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http://inspirehep.net

