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Mass and radii of observed neutron stars and data from neutron star collisions give 
an excellent determination of the equation of state of strongly interacting matter

Such equations of state must be hard
The sound velocity squared is greater than or of the order of  1/3 at only a few times nuclear matter density

This is NOT what one expects from a 1st or 2nd order phase transition
Relativistic degrees of freedom appear to be important

After a short review, will discuss a field theoretical method to include both quark and nucleon degrees of freedom in 
a consistent field theoretical formalism



From observations of neutron stars masses and radii, one gets very good information 
about the zero temperature equation of state of nuclear matter

One equates the outward force of matter arising from pressure inward force of gravity.  
This gives a general relativistic equation of hydrostatic equilibrium.

For a specific equation of state, one obtains a relationship between radii and neutron star 
masses

Equations of state may be characterized by two dimensionless numbers

Sound velocity:
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and the trace of the stress energy tensor scaled by the energy density

Neutron Star Matter and Some Conjectures on Scale Invariance



In a scale invariant theory  at zero temperature:

<latexit sha1_base64="y/8u4wWQjb9+BfZ4ID3ixG6EGEA=">AAACFnicbVDLSgMxFM3UV62vUZdugkVwY5nRom6EogguK9gHtEPJpJk2NJMMSUYow3yFG3/FjQtF3Io7/8ZMO4i2HggczjmXm3v8iFGlHefLKiwsLi2vFFdLa+sbm1v29k5TiVhi0sCCCdn2kSKMctLQVDPSjiRBoc9Iyx9dZX7rnkhFBb/T44h4IRpwGlCMtJF69lEdXsAEurArTAyepDC5znkzzawfB6aQ9OyyU3EmgPPEzUkZ5Kj37M9uX+A4JFxjhpTquE6kvQRJTTEjaakbKxIhPEID0jGUo5AoL5mclcIDo/RhIKR5XMOJ+nsiQaFS49A3yRDpoZr1MvE/rxPr4NxLKI9iTTieLgpiBrWAWUewTyXBmo0NQVhS81eIh0girE2TJVOCO3vyPGkeV9zTSvW2Wq5d5nUUwR7YB4fABWegBm5AHTQABg/gCbyAV+vRerberPdptGDlM7vgD6yPb6szm/g=</latexit>

P =
1

3

E

V
=

1

3
e

<latexit sha1_base64="v+nSfFu1Gce9kbUCKx9QTA+ICLU=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKikVsCBVsDAWiT6kNkSO47RWHSeynUpVlE9g4VdYGECIlZGNv8FpM0DLkSwdnXOuru/xYkalsqxvY2l5ZXVtvbRR3tza3tk19/bbMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vFGN7nfGRMhacTv1SQmTogGnAYUI6Ul1zwZu/KhBq9gmvrNDPYjHYapT7IM5qI9U84y16xYVWsKuEjsglRAgaZrfvX9CCch4QozJGXPtmLlpEgoihnJyv1EkhjhERqQnqYchUQ66fSgDB5rxYdBJPTjCk7V3xMpCqWchJ5OhkgN5byXi/95vUQFl05KeZwowvFsUZAwqCKYtwN9KghWbKIJwoLqv0I8RAJhpTss6xLs+ZMXSbtWtc+r9bt6pXFd1FECh+AInAIbXIAGuAVN0AIYPIJn8ArejCfjxXg3PmbRJaOYOQB/YHz+AESrm30=</latexit>

v2s =
dP

de
=

1

3

<latexit sha1_base64="pblhzPRoQ6lo1NBxBMt3kVP0tWo=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxY5nRom6Eoi5cVrAP6Awlk95pQzMPkoxQhvkDN/6KGxeKuHXrzr8xbWehrQcCJ+ecS3KPF3MmlWV9G4WFxaXlleJqaW19Y3PL3N5pyigRFBo04pFoe0QCZyE0FFMc2rEAEngcWt7weuy3HkBIFoX3ahSDG5B+yHxGidJS1zx0boArgi9xamMn0lF8muFjnMb5DTLtWV2zbFWsCfA8sXNSRjnqXfPL6UU0CSBUlBMpO7YVKzclQjHKISs5iYSY0CHpQ0fTkAQg3XSyT4YPtNLDfiT0CRWeqL8nUhJIOQo8nQyIGshZbyz+53US5V+4KQvjREFIpw/5CccqwuNycI8JoIqPNCFUMP1XTAdEEKp0hSVdgj278jxpnlTss0r1rlquXeV1FNEe2kdHyEbnqIZuUR01EEWP6Bm9ojfjyXgx3o2PabRg5DO76A+Mzx+n+Znm</latexit>

� =
1

3
� p

e
= 0

<latexit sha1_base64="GpjC0fhzhY0LwCODKj0I22gm0Qo=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyxCFWxntF6WRRFclQr2Au20ZNJMG5rJDElGKEPfwY2v4saFIm7duPNtTNsRtPWHwJf/nENyfjdkVCrL+jLm5hcWl5ZTK+nVtfWNTXNruyqDSGBSwQELRN1FkjDKSUVRxUg9FAT5LiM1t381qtfuiZA04HdqEBLHR11OPYqR0lbbPLyGTUl9mC3lqwetuJA/GcLqxCr9XFvxka2hbWasnDUWnAU7gQxIVG6bn81OgCOfcIUZkrJhW6FyYiQUxYwM081IkhDhPuqShkaOfCKdeLzTEO5rpwO9QOjDFRy7vydi5Es58F3d6SPVk9O1kflfrREp78KJKQ8jRTiePORFDKoAjgKCHSoIVmygAWFB9V8h7iGBsNIxpnUI9vTKs1A9ztlnudPbQqZ4mcSRArtgD2SBDc5BEdyAMqgADB7AE3gBr8aj8Wy8Ge+T1jkjmdkBf2R8fANUUJq0</latexit>

E ⇠ (N/V )4/3V ⇠ N4/3V �1/3

<latexit sha1_base64="njSvl2i93/kQ7A2gspgLAIdYD2Q=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lEV8boSiCywr2AW0ok8m0HTrJhJmJUEI2/oobF4q49TPc+TdO2yy09cDA4ZxzuXOPH3OmtON8W4WFxaXlleJqaW19Y3PL3t5pKJFIQutEcCFbPlaUs4jWNdOctmJJcehz2vSHN2O/+UilYiJ60KOYeiHuR6zHCNZG6tp7NXSFjlGaBrcZ6ggTRWnQyLKuXXYqzgRonrg5KUOOWtf+6gSCJCGNNOFYqbbrxNpLsdSMcJqVOomiMSZD3KdtQyMcUuWlkwMydGiUAPWENC/SaKL+nkhxqNQo9E0yxHqgZr2x+J/XTnTv0ktZFCeaRmS6qJdwpAUat4ECJinRfGQIJpKZvyIywBITbTormRLc2ZPnSeOk4p5Xzu5Py9XrvI4i7MMBHIELF1CFO6hBHQhk8Ayv8GY9WS/Wu/UxjRasfGYX/sD6/AHfiJVY</latexit>

P = �dE

dV



The trace of the stress energy tensor is taken to be a measure of scale invariance.  It is anomalous in QCD.

In this equation, the beta function of QCD is negative, and the 
fermion term is from quarks.  The fermion term vanishes in the  

chiral limit.

If we take matrix elements of single particle states
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In the chiral limit,  this implies E > B, as we expect for massive 
quarks, except for the pion, which is very tightly. bound 

For dilute systems, the trace anomaly is positive, as it is at high density for 
a quark gas.  In general, we expect it to be positive, except possibly for 

small effects due to pion condensate, if they exist
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As a result of LIGO 
experiments, and more 
precise measurement of 
neutron star masses and 

radii, the equation of state of 
nuclear matter at a few times 

nuclear matter density is 
tightly constrained

Sound velocity approaches 
and perhaps exceeds 

v2s = 1/3
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Also, the trace anomaly is approaching zero at highest densities in neutrons stars, 
where also the sound velocity squared approaches 1/3

Matter is strongly interacting and conformal:
Probably some form of quark matter



Work with Y. 
Fujimoto, K. 

Fukushima and M. 
Praszalowicz

Peak in sound velocity is 
because system rapidly 

approaches scale 
invariant limit

The rapid rise of the 
energy density signals 
the transition between 

nucleon and quark 
degrees of freedom

Quarkyonic matter has the properties needed to describe this behavior



Sound velocity of order one has important consequences
For zero temperature Fermi gas:

�µB

µB
⇠ v2s

�nB

nB

nB

µBdnB/dµB
= v2s

where the baryon chemical potential includes the effects of nucleon mass

So if the sound velocity is of order one,  an order one change in the baryon density 
generates a change in the baryon number chemical potential of order the nucleon mass

For nuclear matter densities

µB �M ⇠
⇤2
QCD

2M
⇠ 100 MeV

Large sound velocities will require very large intrinsic energy scales, and a 
partial occupation of available nucleon phase space because density is not 

changing much while Fermi energy changes a lot



µquark >> ⇤QCD

⇠ ⇤QCD

Fermi Surface
Interactions sensitive to 

infrared
Degrees of freedom: 
baryons, mesons and 

glueballs

Fermi Sea:  Dominated by 
exchange interactions which 

are less sensitive to IR.  
Degrees of freedom are 

quarks

Fermi Surface is Non-perturbative



Relation between quark and nucleon Fermi momenta 
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mq = mN/Nc
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µq = µN/Nc
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k2q = µ2
q �m2

q = µ2
n/N

2
c �M2

N/N2
c = k2N/N2

c

For 2 flavors of nucleons For two flavors of quarks

To get any baryons from the quarks at the bottom of the shell of nucleons, need the quark fermi 
momentum to be of the order of the QCD scale, so that the nucleons in the shell are relativistic.  

Naturally driven to the conformal behavior.  The chemical  potential of the quarks must jump up from 
a small value to a typical QCD scale

<latexit sha1_base64="/AiofR25jkoDzmJB310WXYE89MQ="></latexit>
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If there is a continuous transition then the baryon density will have to remain 
fixed, so the chemical potential will change by of order N_c.  The sound velocity 

is changing for a very non-relativistic system to a very relativistic one.  

✏Q ⇠ ⇤QCDnq ⇠ Nc⇤
4
QCD
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The pressure on the other hand  
must jump by order N_c squared

Energy density and density fixed, but pressure and chemical potential jump.

A first order phase transition has pressure and chemical potential fixed, but energy 
density and density jump

<latexit sha1_base64="JzeT9j5R0XPHt+CAs1G+XQk12fw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiZi1WVREDdKBfuANobJdNIOnUnCzKRQQv/EjQtF3Pon7vwbp4+Fth64cDjnXu69J0g4U9pxvq3c0vLK6lp+vbCxubW9Y+/u1VWcSkJrJOaxbAZYUc4iWtNMc9pMJMUi4LQR9K/HfmNApWJx9KiHCfUE7kYsZARrI/m2XUVtxQTq+zdP5ZM7/963i07JmQAtEndGijBD1be/2p2YpIJGmnCsVMt1Eu1lWGpGOB0V2qmiCSZ93KUtQyMsqPKyyeUjdGSUDgpjaSrSaKL+nsiwUGooAtMpsO6peW8s/ue1Uh1eehmLklTTiEwXhSlHOkbjGFCHSUo0HxqCiWTmVkR6WGKiTVgFE4I7//IiqZ+W3PNS+eGsWLmaxZGHAziEY3DhAipwC1WoAYEBPMMrvFmZ9WK9Wx/T1pw1m9mHP7A+fwCR35JW</latexit>

P ⇠ k5F /MN



An Explicit Quantum Mechanical Theory of  Quarkyonic Matter

Let occupation number density for nucleons and quarks be

T. Kojo; Y. Fujimoto., LM and T. Kojo

<latexit sha1_base64="P0HKx+kfwr2KTD7h3TEVABYQQKU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8egF08SwTwgWZbZyWwyZHZmMzMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFSacaeO6387S8srq2npho7i5tb2zW9rbb2iZKkLrRHKpWiHWlDNB64YZTluJojgOOW2Gg9uJ33yiSjMpHs0ooX6Me4JFjGBjpVYUDE9RFNwHpbJbcadAi8TLSRly1ILSV6crSRpTYQjHWrc9NzF+hpVhhNNxsZNqmmAywD3atlTgmGo/m947RsdW6aJIKlvCoKn6eyLDsdajOLSdMTZ9Pe9NxP+8dmqiaz9jIkkNFWS2KEo5MhJNnkddpigxfGQJJorZWxHpY4WJsREVbQje/MuLpHFW8S4rFw/n5epNHkcBDuEITsCDK6jCHdSgDgQ4PMMrvDlD58V5dz5mrUtOPnMAf+B8/gApko9p</latexit>

fq, fN
<latexit sha1_base64="30wh4hhMvIZKJ4a9gZ51QCaYDhA=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwIWVGfC2LblxJBfuAdhgy6Z02NJMZk4xQh+KvuHGhiFv/w51/YzrtQlsPJJyccy/35gQJZ0o7zrc1N7+wuLRcWCmurq1vbNpb23UVp5JCjcY8ls2AKOBMQE0zzaGZSCBRwKER9K9GfuMBpGKxuNODBLyIdAULGSXaSL696+A2Bxz690fmuskfrm+XnLKTA88Sd0JKaIKqb3+1OzFNIxCacqJUy3US7WVEakY5DIvtVEFCaJ90oWWoIBEoL8u3H+IDo3RwGEtzhMa5+rsjI5FSgygwlRHRPTXtjcT/vFaqwwsvYyJJNQg6HhSmHOsYj6LAHSaBaj4whFDJzK6Y9ogkVJvAiiYEd/rLs6R+XHbPyqe3J6XK5SSOAtpD++gQuegcVdA1qqIaougRPaNX9GY9WS/Wu/UxLp2zJj076A+szx9xppNN</latexit>

0  fq, fN  1

A duality relation (nucleons are composed of quarks)
<latexit sha1_base64="GmDxC5uKX6LkoTWv8EUjEJFNLFo=">AAACEHicbVDLSgMxFM3UV62vqks3wSK2C+uM+NoIRTeCUCrYB7TDkEkzbWgmE5OMUEr7B278FTcuFHHr0p1/Y/pYaOuBC4dz7uXee3zBqNK2/W0l5uYXFpeSy6mV1bX1jfTmVkVFscSkjCMWyZqPFGGUk7KmmpGakASFPiNVv3M19KsPRCoa8TvdFcQNUYvTgGKkjeSl9wPvPtvJwQvYoFwPYL0pXDiAN9nOgTgsejgHA6+YFTkvnbHz9ghwljgTkgETlLz0V6MZ4TgkXGOGlKo7ttBuD0lNMSP9VCNWRCDcQS1SN5SjkCi3N3qoD/eM0oRBJE1xDUfq74keCpXqhr7pDJFuq2lvKP7n1WMdnLs9ykWsCcfjRUHMoI7gMB3YpJJgzbqGICypuRXiNpIIa5NhyoTgTL88SypHeec0f3J7nClcTuJIgh2wC7LAAWegAK5BCZQBBo/gGbyCN+vJerHerY9xa8KazGyDP7A+fwAEz5oQ</latexit>

fq(k) =

Z
[dp] K(k � p/Nc)fN (p)

<latexit sha1_base64="UcqTsVRwLoYQhiON5OimghJMfKM=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiTiayMU3QhuKtgHpKFMJtN26GQSZm7EUtpPceNCEbf+iDv/xmmbhbYeuHA4517uvSdIBNfgON/W0vLK6tp6biO/ubW9s2vvFeo6ThVlNRqLWDUDopngktWAg2DNRDESBYI1gv7NxG88MqV5LB9gkDA/Il3JO5wSMFLbLrS4hLEX9v3xXal/jK+w27aLTtmZAi8SNyNFlKHatr9aYUzTiEmggmjtuU4C/pAo4FSwUb6VapYQ2idd5hkqScS0P5zePsJHRglxJ1amJOCp+ntiSCKtB1FgOiMCPT3vTcT/PC+FzqU/5DJJgUk6W9RJBYYYT4LAIVeMghgYQqji5lZMe0QRCiauvAnBnX95kdRPyu55+ez+tFi5zuLIoQN0iErIRReogm5RFdUQRU/oGb2iN2tkvVjv1sesdcnKZvbRH1ifP0EQk0g=</latexit>Z
[dk] K(k) = 1

First: Free theory of nucleon and quarks (except for duality relation)

This is a solvable theory with non-trivial solution with two phases:
A nucleonic phase and a quarkyonic phase



Solution looks like:

Low density:

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k

1 1

Width of quark 
distribution determined 
by intrinsic confinement 
scale of quarks inside of 

nucleons
<latexit sha1_base64="8u0pJL26LbMjalTggmQOp2efk9w=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrviqwzaWFhEMA9IljA7e5MMmZ1dZmaFsOQjbCwUsfV77PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHmfM2qs1Ore22hIe+WKW3VnIMvEy0kFctR75a9uGLM0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m6E3JilZD0Y2WfNGSm/p7IaKT1OApsMqJmqBe9qfif10lN/9rPuExSg5LNP+qngpiYTG8nIVfIjBhbQpnidlfChlRRZmxDJVuCt3jyMmmeVb3L6sXDeaV2k9dRhCM4hlPw4ApqcAd1aACDETzDK7w5ifPivDsf82jByWcO4Q+czx8O5Y9n</latexit>

⇤

<latexit sha1_base64="WkUKYIxCCrOc3GLl+O6aSvSIaS8=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiS+l0U3LkQq2Ac0aZhMJu3QySTMTIQSiht/xY0LRdz6Fe78GydtFtp64MLhnHu43OMnjEplWd/G3PzC4tJyaaW8ura+sWlubTdlnApMGjhmsWj7SBJGOWkoqhhpJ4KgyGek5Q+ucr/1QISkMb9Xw4S4EepxGlKMlJY8c5d7t90MC6pG0JE0gs6NDgeoe+yZFatqjQFniV2QCihQ98wvJ4hxGhGuMENSdmwrUW6GhKKYkVHZSSVJEB6gHuloylFEpJuNXxjBA60EMIyFHq7gWP2dyFAk5TDy9WaEVF9Oe7n4n9dJVXjhZpQnqSIcTw6FKYMqhnkfMKCCYMWGmqC8Booh7iOBsNKtlXUJ9vTLs6R5VLXPqqd3J5XaZVFHCeyBfXAIbHAOauAa1EEDYPAInsEreDOejBfj3fiYrM4ZRWYH/IHx+QONnpbl</latexit>

ncrit
N ⇠ ⇤3

<latexit sha1_base64="IW4W2DMOo7pGuXScvoEHJNHXwew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9ILe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFTFI3X</latexit>pf
<latexit sha1_base64="8u0pJL26LbMjalTggmQOp2efk9w=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrviqwzaWFhEMA9IljA7e5MMmZ1dZmaFsOQjbCwUsfV77PwbJ8kWmnhg4HDOucy9J0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHmfM2qs1Ore22hIe+WKW3VnIMvEy0kFctR75a9uGLM0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9m6E3JilZD0Y2WfNGSm/p7IaKT1OApsMqJmqBe9qfif10lN/9rPuExSg5LNP+qngpiYTG8nIVfIjBhbQpnidlfChlRRZmxDJVuCt3jyMmmeVb3L6sXDeaV2k9dRhCM4hlPw4ApqcAd1aACDETzDK7w5ifPivDsf82jByWcO4Q+czx8O5Y9n</latexit>

⇤

<latexit sha1_base64="DFjW9vqCLlKWewVaq4bb1YZNITI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpNtkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW09UaSbFg5nE1I/wQLCQEWys1Ax74/LovFcsuRV3DrRKvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOi10E01jTEZ4QDuWChxR7afza6fozCp9FEplSxg0V39PpDjSehIFtjPCZqiXvZn4n9dJTHjtp0zEiaGCLBaFCUdGotnrqM8UJYZPLMFEMXsrIkOsMDE2oIINwVt+eZU0LyreZaV6Xy3VbrI48nACp1AGD66gBndQhwYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD5EyOsQ==</latexit>

fq(k)
<latexit sha1_base64="0kVhq9b62sQQflIMzHEUdZLcJF0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPaJeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4zv/NElWaxeDRTSf0IjwQLGcHGSp1wcF+V56VBueLW3DnQKvFyUoEczUH5qz+MSRJRYQjHWvc8Vxo/xcowwums1E80lZhM8Ij2LBU4otpP5+fO0JlVhiiMlS1h0Fz9PZHiSOtpFNjOCJuxXvYy8T+vl5jw2k+ZkImhgiwWhQlHJkbZ72jIFCWGTy3BRDF7KyJjrDAxNqEsBG/55VXSvqh5l7X6Q73SuMnjKMIJnEIVPLiCBtxBE1pAYALP8ApvjnRenHfnY9FacPKZY/gD5/MH7FqOpw==</latexit>

fN (p)

<latexit sha1_base64="mzOmOOjdo2nVlN+e1R/FHD4bBHs="></latexit>

1 =

Z
[dp] K(k � p/Nc)fN (p)

⇠ K(0)

Z
[dp] fN (p) = 

nn

⇤3



High Density:

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p <latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k

1 1
<latexit sha1_base64="ePDDdM32DzSvbiaCT73NDfkL+oQ=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5UgXmMFCwNDkehDaqLKcZzWquNEtgNUUX+FhQGEWPkRNv4Gt80AhSNZOjrnHt3rE6ScKe04X1ZpaXllda28XtnY3NresXerbZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mnUrFE3OlxSv0YDwSLGMHaSH27+sBCPUSeYjHybkwuxH275tSdGdBf4hakBgWaffvTCxOSxVRowrFSPddJtZ9jqRnhdFLxMkVTTEZ4QHuGChxT5eez2yfo0CghihJpntBopv5M5DhWahwHZjLGeqgWvan4n9fLdHTh50ykmaaCzBdFGUc6QdMiUMgkJZqPDcFEMnMrIkMsMdGmroopwV388l/SPq67Z/XT25Na47Koowz7cABH4MI5NOAamtACAo/wBC/wak2sZ+vNep+Plqwiswe/YH18A2eflAs=</latexit>

width ⇠ ⇤

<latexit sha1_base64="6EW44TCBybjXRctXCHV38i+zD2E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqia+l0U3rqSCfUAbw2Q6aYbOTMLMRAih/oobF4q49UPc+TdO2yy0euDC4Zx7ufeeIGFUacf5skoLi0vLK+XVytr6xuaWvb3TVnEqMWnhmMWyGyBFGBWkpalmpJtIgnjASCcYXU38zgORisbiTmcJ8TgaChpSjLSRfLsaETqMNOwryqF7eOPj+2Pfrjl1Zwr4l7gFqYECTd/+7A9inHIiNGZIqZ7rJNrLkdQUMzKu9FNFEoRHaEh6hgrEifLy6fFjuG+UAQxjaUpoOFV/TuSIK5XxwHRypCM1703E/7xeqsMLL6ciSTUReLYoTBnUMZwkAQdUEqxZZgjCkppbIY6QRFibvComBHf+5b+kfVR3z+qntye1xmURRxnsgj1wAFxwDhrgGjRBC2CQgSfwAl6tR+vZerPeZ60lq5ipgl+wPr4BK2qT0g==</latexit>

height ⇠ 1/N3
c

<latexit sha1_base64="ePDDdM32DzSvbiaCT73NDfkL+oQ=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5UgXmMFCwNDkehDaqLKcZzWquNEtgNUUX+FhQGEWPkRNv4Gt80AhSNZOjrnHt3rE6ScKe04X1ZpaXllda28XtnY3NresXerbZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0Eo6up37mnUrFE3OlxSv0YDwSLGMHaSH27+sBCPUSeYjHybkwuxH275tSdGdBf4hakBgWaffvTCxOSxVRowrFSPddJtZ9jqRnhdFLxMkVTTEZ4QHuGChxT5eez2yfo0CghihJpntBopv5M5DhWahwHZjLGeqgWvan4n9fLdHTh50ykmaaCzBdFGUc6QdMiUMgkJZqPDcFEMnMrIkMsMdGmroopwV388l/SPq67Z/XT25Na47Koowz7cABH4MI5NOAamtACAo/wBC/wak2sZ+vNep+Plqwiswe/YH18A2eflAs=</latexit>

width ⇠ ⇤

<latexit sha1_base64="JiJHFq/UeFHspQ5sudjRUSCq4og=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx6LgnisYD+wXUo2zbZhk+ySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QcKZNq777RRWVtfWN4qbpa3tnd298v5BS8epIrRJYh6rToA15UzSpmGG006iKBYBp+0gupn67SeqNIvlgxkn1Bd4KFnICDZWeoxQTzOBov5tv1xxq+4MaJl4OalAjka//NUbxCQVVBrCsdZdz02Mn2FlGOF0UuqlmiaYRHhIu5ZKLKj2s9nFE3RilQEKY2VLGjRTf09kWGg9FoHtFNiM9KI3Ff/zuqkJr/yMySQ1VJL5ojDlyMRo+j4aMEWJ4WNLMFHM3orICCtMjA2pZEPwFl9eJq2zqndRrd2fV+rXeRxFOIJjOAUPLqEOd9CAJhCQ8Ayv8OZo58V5dz7mrQUnnzmEP3A+fwCtDpBI</latexit>

k ⇠ kF
<latexit sha1_base64="bXEWjY7suV6+6FFqc1K3MsCADro=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQEE8SwTwgWZfZyWwyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB40WNBRV3XR3hQln2rjul1NYWFxaXimultbWNza3yts7TR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC4eXEbz1QpVks78woob7AfckiRrCx0n2CupoJdBMQNAyugnLFrbpToL/Ey0kFctSD8me3F5NUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n02vHqMDq/RQFCtb0qCp+nMiw0LrkQhtp8BmoOe9ifif10lNdO5nTCapoZLMFkUpRyZGkwhQjylKDB9Zgoli9lZEBlhhYmxQJRuCN//yX9I8qnqn1ZPb40rtIo+jCHuwD4fgwRnU4Brq0AACCp7gBV6dR+fZeXPeZ60FJ5/ZhV9wPr4BJI+RpQ==</latexit>

p ⇠ NckF

At high densities, a thin shell 
of saturated baryon matter 
forms surrounded by an 
underoccupied distribution of 
nucleons

The quarks make a filled 
sea of nucleons with an 
underoccupied tail where 
the shell of nucleons are 
not Pauli blocked

<latexit sha1_base64="0kVhq9b62sQQflIMzHEUdZLcJF0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKtgPaJeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4zv/NElWaxeDRTSf0IjwQLGcHGSp1wcF+V56VBueLW3DnQKvFyUoEczUH5qz+MSRJRYQjHWvc8Vxo/xcowwums1E80lZhM8Ij2LBU4otpP5+fO0JlVhiiMlS1h0Fz9PZHiSOtpFNjOCJuxXvYy8T+vl5jw2k+ZkImhgiwWhQlHJkbZ72jIFCWGTy3BRDF7KyJjrDAxNqEsBG/55VXSvqh5l7X6Q73SuMnjKMIJnEIVPLiCBtxBE1pAYALP8ApvjnRenHfnY9FacPKZY/gD5/MH7FqOpw==</latexit>

fN (p)

<latexit sha1_base64="DFjW9vqCLlKWewVaq4bb1YZNITI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpNtkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW09UaSbFg5nE1I/wQLCQEWys1Ax74/LovFcsuRV3DrRKvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOi10E01jTEZ4QDuWChxR7afza6fozCp9FEplSxg0V39PpDjSehIFtjPCZqiXvZn4n9dJTHjtp0zEiaGCLBaFCUdGotnrqM8UJYZPLMFEMXsrIkOsMDE2oIINwVt+eZU0LyreZaV6Xy3VbrI48nACp1AGD66gBndQhwYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD5EyOsQ==</latexit>

fq(k)



How do we understand the correspondence of the underoccupied 
nucleon sea and the filled quark Fermi sea?

With a filled quark Fermis sea, one can add no more nucleon than can be composed 
by the quark Fermis sea.  The density of baryon number for quarks of momentum k is 

<latexit sha1_base64="RzoERKub4V7MdoSGWM6Ks5Ixkrg=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsz43gilblxJBfuAzjhk0rQNzSTTJCOUoXs3/oobF4q49Qfc+TemdRbaeiBwOOdcbu4JY0aVdpwvK7ewuLS8kl8trK1vbG7Z2zsNJRKJSR0LJmQrRIowykldU81IK5YERSEjzXBwOfGb90QqKvitHsXEj1CP0y7FSBspsIs8qMILmLrQEyYHrwM8hjwYQk/RCA6C4d1RYJecsjMFnCduRkogQy2wP72OwElEuMYMKdV2nVj7KZKaYkbGBS9RJEZ4gHqkbShHEVF+Or1lDPeN0oFdIc3jGk7V3xMpipQaRaFJRkj31aw3Ef/z2onunvsp5XGiCcc/i7oJg1rASTGwQyXBmo0MQVhS81eI+0girE19BVOCO3vyPGkclt3T8snNcalSzerIgz1QBAfABWegAq5ADdQBBg/gCbyAV+vRerberPefaM7KZnbBH1gf3xTbmTU=</latexit>

nB =
1

Nc
nq ⇠ k3q

The baryon number of nucleons composed of such quarks has momentum

<latexit sha1_base64="r31gKyEoSkzdYOgWODjBaJ6HPJU=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTiayMU3bgqFewD2hAm00k7ZDJJZyaFEvodblwo4taPceffOG2z0OqBC4dz7uXee/yEM6Vt+8sqrKyurW8UN0tb2zu7e+X9g5aKU0lok8Q8lh0fK8qZoE3NNKedRFIc+Zy2/fBu5rfHVCoWi0c9Sagb4YFgASNYG8kNvTq6QXWPoNAbeeWKXbXnQH+Jk5MK5Gh45c9ePyZpRIUmHCvVdexEuxmWmhFOp6VeqmiCSYgHtGuowBFVbjY/eopOjNJHQSxNCY3m6s+JDEdKTSLfdEZYD9WyNxP/87qpDq7djIkk1VSQxaIg5UjHaJYA6jNJieYTQzCRzNyKyBBLTLTJqWRCcJZf/ktaZ1XnsnrxcF6p3eZxFOEIjuEUHLiCGtxDA5pAYARP8AKv1th6tt6s90VrwcpnDuEXrI9vFiKRBg==</latexit>

kN = Nckq

So that a filled Fermi  sea of nucleons would have
<latexit sha1_base64="T88cuBq+HSM/rsCYdS0ayeuLBCs=">AAACBnicbVDLSgMxFL1TX7W+qi5FCBbBVZnxvRGKblyVCvYB7Thk0rQNzWSmSUYopSs3/oobF4q49Rvc+Tem7QjaeiDh5Jx7ubnHjzhT2ra/rNTc/MLiUno5s7K6tr6R3dyqqDCWhJZJyENZ87GinAla1kxzWoskxYHPadXvXo386j2VioXiVvcj6ga4LViLEayN5GV3hVdEF6jokbsj1PV65v55Ca/nZXN23h4DzRInITlIUPKyn41mSOKACk04Vqru2JF2B1hqRjgdZhqxohEmXdymdUMFDqhyB+M1hmjfKE3UCqU5QqOx+rtjgAOl+oFvKgOsO2raG4n/efVYt87dARNRrKkgk0GtmCMdolEmqMkkJZr3DcFEMvNXRDpYYqJNchkTgjO98iypHOad0/zJzXGucJnEkYYd2IMDcOAMCnANJSgDgQd4ghd4tR6tZ+vNep+UpqykZxv+wPr4BkSllng=</latexit>

nN = N3
c k

3
q = N3

c nq

Is much more than the possible number of states which can be made from quarks.  
Therefore the composite nucleon sea is underoccupied.



Before the transition:
<latexit sha1_base64="bfdbrGiskamE4e9pN6TuqcImsxg=">AAACEXicbVBLTwIxGOziC/G16tFLIzHhBLvE15HoxYMSTARM2GXT7XahoftI2yUhG/6CF/+KFw8a49WbN/+NBdZEwUmaTGe+SfuNGzMqpGF8abml5ZXVtfx6YWNza3tH391riSjhmDRxxCJ+7yJBGA1JU1LJyH3MCQpcRtru4HLit4eECxqFd3IUEztAvZD6FCOpJEcvDR3RrUJL0ABa1yrnoW61cuPUf0SzUnewujh60SgbU8BFYmakCDI0HP3T8iKcBCSUmCEhOqYRSztFXFLMyLhgJYLECA9Qj3QUDVFAhJ1ONxrDI6V40I+4OqGEU/V3IkWBEKPAVZMBkn0x703E/7xOIv1zO6VhnEgS4tlDfsKgjOCkHuhRTrBkI0UQ5lT9FeI+4ghLVWJBlWDOr7xIWtWyeVo+uT0u1i6yOvLgAByCEjDBGaiBK9AATYDBA3gCL+BVe9SetTftfTaa07LMPvgD7eMbh7ya7Q==</latexit>

v2s ⇠ ⇤2/M2
N ⇠ 1/N2

c

Equation of state is soft

After the transition:

<latexit sha1_base64="DF82tDQOy32uXJGqv90/JbUDxmw=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFc1aT4WhbduFBowT6gScNkMm2HTiZhZlIooXs3/oobF4q49Qfc+TdO2wjaemDgcM493LnHjxmVyrK+jKXlldW19dxGfnNre2fX3NtvyCgRmNRxxCLR8pEkjHJSV1Qx0ooFQaHPSNMfXE/85pAISSN+r0YxcUPU47RLMVJa8szC0JOdMnQkDaFzq3MB6pRP7rzaj2hDzyxaJWsKuEjsjBRBhqpnfjpBhJOQcIUZkrJtW7FyUyQUxYyM804iSYzwAPVIW1OOQiLddHrLGB5pJYDdSOjHFZyqvxMpCqUchb6eDJHqy3lvIv7ntRPVvXRTyuNEEY5ni7oJgyqCk2JgQAXBio00QVhQ/VeI+0ggrHR9eV2CPX/yImmUS/Z56ax2WqxcZXXkwCEogGNggwtQATegCuoAgwfwBF7Aq/FoPBtvxvtsdMnIMgfgD4yPb6gpmOU=</latexit>

v2s ⇠ ⇤2/M2
Q ⇠ 1

Equation of state is hard

There may be is  a sharp the sound velocity at the 
transition density.  For free quarks and nucleons, the 

peak might be  too sharp and violates causality.  In 
teractions that smooth the discontinuous changes will 

cure this.



<latexit sha1_base64="GmDxC5uKX6LkoTWv8EUjEJFNLFo=">AAACEHicbVDLSgMxFM3UV62vqks3wSK2C+uM+NoIRTeCUCrYB7TDkEkzbWgmE5OMUEr7B278FTcuFHHr0p1/Y/pYaOuBC4dz7uXee3zBqNK2/W0l5uYXFpeSy6mV1bX1jfTmVkVFscSkjCMWyZqPFGGUk7KmmpGakASFPiNVv3M19KsPRCoa8TvdFcQNUYvTgGKkjeSl9wPvPtvJwQvYoFwPYL0pXDiAN9nOgTgsejgHA6+YFTkvnbHz9ghwljgTkgETlLz0V6MZ4TgkXGOGlKo7ttBuD0lNMSP9VCNWRCDcQS1SN5SjkCi3N3qoD/eM0oRBJE1xDUfq74keCpXqhr7pDJFuq2lvKP7n1WMdnLs9ykWsCcfjRUHMoI7gMB3YpJJgzbqGICypuRXiNpIIa5NhyoTgTL88SypHeec0f3J7nClcTuJIgh2wC7LAAWegAK5BCZQBBo/gGbyCN+vJerHerY9xa8KazGyDP7A+fwAEz5oQ</latexit>

fq(k) =

Z
[dp] K(k � p/Nc)fN (p)

A simple choice of kernel and explicit duality

<latexit sha1_base64="yUaCr1EkxeR6MXGs2a0IfwmtNaI="></latexit>

(�r2
k +

1

⇤2
)fq(k) =

N3
c

⇤2
fN (Nck)

<latexit sha1_base64="TEDi0UfpFVBmVEsQdCuN6oLGh8k="></latexit>

✏ =

Z
[dp]

p
p2 +M2

nfN (p) = Nc

Z
[dk] Eq(k)fq(k)

<latexit sha1_base64="jHN0Ab4XwMtpbzIqlx3NeUTf2TY="></latexit>

Eq(k) =
q
k2 +M2

q �
M2

q⇤
2

(k2 +M2
q )

3/2

Free theory of quarks with modified kinetic energy term

<latexit sha1_base64="VB3vT9ccxpxBrlakZHpLyUszjWs="></latexit>

K(k) =
1

4⇡⇤2

e
�|k|
⇤

| k |
<latexit sha1_base64="bxtSLrmIPEN1tG6RqoAgBEdRpp4="></latexit>⇢
�r2

K +
1

⇤2

�
K(k) =

1

⇤2
�(k)



Low density phase nuclear matter phase:
<latexit sha1_base64="PDio69NGjqaTQKmI2vtu6b9Igzs=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYStLyGquyMCBUJPqQmjRyXLe16jiR7SBVUb6AhV9hYQAhVmY2/ga3zQAtR7J0dM49ur7HjxiVyrK+jaXlldW19dxGfnNre2fX3NtvyjAWmDRwyELR9pEkjHLSUFQx0o4EQYHPSMsfXU381gMRkob8Xo0j4gZowGmfYqS05JlF7tWgwwhMnBud6qFuBTqhTsDk1sPdpHJSTtPUMwtWyZoCLhI7IwWQoe6ZX04vxHFAuMIMSdmxrUi5CRKKYkbSvBNLEiE8QgPS0ZSjgEg3mZ6TwqJWerAfCv24glP1dyJBgZTjwNeTAVJDOe9NxP+8Tqz6l25CeRQrwvFsUT9mUIVw0g3sUUGwYmNNEBZU/xXiIRIIK91gXpdgz5+8SJrlkn1eOrs7LVRrWR05cAiOwDGwwQWogmtQBw2AwSN4Bq/gzXgyXox342M2umRkmQPwB8bnD12gmxM=</latexit>

nB  ⇤3

N3/2
c

High density quarkyonic phase which can be weakened 
by very strong interactions.  Quarkyonic phase turns off 

at some high density

(N_c factor comes from IR singularity of kernel)



To do list:

Hyperons and Isospin Dependence
Finite temperature

Relation between saturation density of quarkyonic 
matter and saturation density of nuclear matter

How to do transport theory
Regularizing surfaces

Lorentz covariant wavefunctions


