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A static axisymmetric spacetime with a thin disk in the surface z = 0,

Jan(r,2) = Gap(r, —2), (1)

gab,z(ra Z) — _gab,z(ra _Z) . (2)

The metric tensor is continuous through the disk,

[gab] — gab‘z:0+ — gab|z:O— — 07 (3)

with a finite discontinuity in its first normal derivative,

Yab = [gab,z] — 2gab,z z=01 - (4)
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A four potential A, with reflection symmetry,

Au(r,z) = Au(r,—2), (5)

Ay (ryz) = —Ay.(r,—2). (6)

[Aa] =0, (7)

with a finite discontinuity in its first normal derivative, expressed as

[Aa,z] — 2Aa,z|z=0+ . (8)
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The Einstein-Maxwell equations for continuum media,

Gay = Ty + Top+Top' 9)
Fab;b — Mab;bv (10)
where
Fab — Ab,a — Aa,b ) (11)
1
Gab — Rab — §gab ’ (12)
M = gbed gy, (13)
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The energy-momentum tensor has a component due to the matter
Toy = puaUp + P1ZaTp + D2Yals + P3%Za20, (14)

with {us, Ta, Ya, 24} an orthonormal tetrad, one due to the electro-
magnetic fields

1
chb — FachC — ZgachdFCda (15)

and one due to the electromagnetic interaction with the polarized
matter

THEM = F, M€ . (16)
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Now, we write the metric tensor as
gab = 9ap0(2) + 9 {1 = 0(2)} , (17)

with 6(z) the Heaviside distribution, and the Einstein tensor as

Gap = G0(2) + G {1 = 0(2)} + Qupd(2) , (18)
where
1
Gzzztb — R;tb T igabRia (19)
1
Qab — Hab - igabHa (20)
1 y z y y A y y
Hap = 5 (V0% +730% = 700%0% =9 m) - (21)

and H = gabHab.
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We also write the matter energy-momentum tensor as,

T = T G(2) + T~ {1 —0(2)} + 7925(2) , (22)

where 74 stands for the surface energy-momentum tensor of the disk
that, in an orthonormal tetrad, can be written as

T = OUqUp + T1Ta T + T2Ya Vb, (23)

where o, ™ and w9 are, respectively, the surface energy density and
the stresses of the disk.

Now, the electromagnetic polarization tensor is written as,

M = M®T0(2) + M {1 —0(2)} +TI%6(2),  (24)
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with II%° the polarization tensor of the disk, and the magnetization

vector of the disk is given by

Ma — 2 bgbacdHCd (25)

The electromagnetic energy-momentum tensor and the electromag-

netic interaction with the polarized matter are written as,

T = TR TR {1 0(2)}), (26)
T, = T 0(2) +TE, (1-0(2)) +7850(2),  (27)

with 785, the electromagnetic interaction in the disk, given by
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Ty = FCI, (28)

where F'% is the average electromagnetic tensor through the disk,

B Fa + Fo—
po_Zc Tl (29)
2
Then, the field equations leads to
+ + +
GL, = (TM)” +(15)” + (TLM)™, (30)
Fa:llz;b — Ma:ﬁ;b? (31)

for z > 0 and z < 0, and
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Qab — 7}% + TCLFI;M )
Hab by = [Faz] L [Maz] ’

" = 0,

for z = 0, which are the field equations on the disk.

Now, in an axially symmetric conformastatic spacetime

ds®> = — 2¥Vdt? + 6_2¢(d7“2 + r?dp? + dzz),

where 1 only depends on r and z, we take the potential as
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(32)

(33)

(34)

(35)
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Aa — (Oa 07 A7 0)7 (36)

where A also depends only on r and z. The Einstein equations imply
that

Mab — gFaba (37)

with £ a constant related to the magnetic susceptibility, and the
Maxwell equations leads to the equation

rl(r~rA) .+ (r7tAL) ]+ 2VA - VY =0, (38)

where V is the usual differential operator in cylindrical coordinates.
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We consider the solution

A r — 27"6_2w¢,z, (39)

Y

A, = _2r€_2¢¢,ra (40)

Y

with the integrability of this overdetermined system granted by the
equation

V2 = 2V - V. (41)

Now, by using (39), (40) and (41) in the Einstein equations, and
taking £ = 1/2, we obtain
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P1

p3

™

M.,

(362w o 2)v¢ | Vlb )
p2 = €YV -V,
(2 o 62¢)v¢ | V¢ )

4e4¢¢,z,

with « an arbitrary constant.
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(42)

(43)

(44)

(45)

(46)

(47)
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Finally, the components of the magnetic field are given by

2V A
B = z 48
- (48)
2¢A
By = —— " (49)
7’)

so the field lines can be obtained by solving the differential equation

dz dr

. o0
B~ B (50)

which, using the equations (48) and (49), can be written as
dA = A, dr+ A .dz=0. (51)

EREP 2024, COoIMBRA, JULY 22, 2024

14



Now we write equation (41) as

V(e %) =0, (52)

and the metric function ¢ through the relation

e Y =1+U, (53)

where
VU =0, (54)

and we only consider solutions that vanish at infinity in order that
the spacetime will be asymptotically flat.
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We consider a family of solutions obtained by taking

- Cg Z
Ur2) = =P () (55)
(=0
with n > 0, R? = r? + 22 and P;(z/R) the Legendre Polynomials.
For the electromagnetic potential we obtain the family of solutions

Alr,z) = ;}nf*ﬁfﬁze HE (56)

where we take the integration constant as equal to zero.

Then, we make the transformation z — |z| + a in order to obtain
everywhere continuous functions but with their first z-derivatives
discontinuous at z = 0. The result will be a solution with a singu-
larity of the delta function type on z = 0 that can be interpreted as
an infinite thin disk.
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As an example, we consider the model n = 0, in which

~

Co
Vo= V24 (1+[2)2 (57)

NGCENCENTE

where f: f/a.

In the following figures we show the behavior of the halo energy
density p, the halo pressures p; and ps, the disk energy density o,
the disk magnetization M, and the magnetic field lines by taking

__ 2 — 1
Co =% and a = 3.

EREP 2024, COoIMBRA, JULY 22, 2024

17



EREP 2024, COIMBRA, JULY 22, 2024

Energy Density (n =0)

0.5

1.5

0.003

0.0025

0.002

0.0015

0.001

0.0005

18



EREP 2024, COIMBRA, JULY 22, 2024

Pressure 1 (n =0)
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Pressure 3 (n = 0)
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Disk Energy Density (n=0)
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Disk Magnetization (n=0)
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