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Objects

I To find integrable self-consistent systems for the
Einstein-Boltzmann system

Gµν =
8πG

c4
Tµν + Λgµν

pµ
(
∂f

∂xµ
− Γαµνp

ν ∂f

∂pα

)
= Q(f , f ) ,

for gµν(xσ) and f = f (xµ, pα, I), with Tµν defined from f .

I To determine thermodynamical coefficients, like viscosity and
heat conductivity, for small deviations from equilibrium.
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Boltzmann equation

I Boltzmann equation:

piXi (f )− γajkpjpk
∂f

∂pa
= Q(f , f )

Distribution function f = f (t, xα, pa, I), pipi = m2c2

α, β... = 1, 2, 3 and a, b... = 1, 2, 3,

I In Lorentz tetrad: ds2 = ηijω
iωj = gµνdx

µdxν

where: ωi = ωi
µdx

µ, or Xi = X µ
i

∂
∂xµ ,

such that

ω0 =
√
g00

(
cdt +

g0α
g00

dxα
)
, ωa

0 = 0 and X0 =
1
√
g00

∂

c∂t
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Boltzmann equation

I Collision term (Pennisi & Ruggeri), BGK-like (Bhatnagar,
Gross & Krook):

Q(f ) =
uip

i

c2τ

(
fEP − f − γ?piqi

pmc2
A(γ)

B(γ)
fEP

)
,

I where the equilibrium distribution function is given by

fEP(t, xα, pa, I) =
n

4πm2ckTK2(γ)A(γ)
exp

(
−γ

?

γ

uip
i

kT

)
.

γ∗ ≡ γ
(
1 + I/(mc2)

)
, γ ≡ mc2/(kT ), I internal energy.

I Kn(γ) modified Bessel functions of 2:nd kind,
Kin(γ) Bickley-Naylor functions
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Integrals of Kn, Kin

I A(γ) = γ
K2(γ)

∫∞
0

K2(γ?)
γ? Φ(I)dI,

B(γ) = γ
K2(γ)

∫∞
0 K3(γ?)Φ(I)dI,

C (γ) = 1
K2(γ)

∫∞
0 γ?K2(γ?)Φ(I)dI,

D(γ) = 1
K2(γ)

∫∞
0 γ?2K1(γ?)Φ(I)dI,

E (γ) = 1
K2(γ)

∫∞
0 γ?2Ki1(γ?)Φ(I)dI

I Here Φ(I) is the density of states for the internal degrees of
freedom. For polytropes, Φ(I) ∝ Iα, the total degrees of
freedom are given by D = 2α + 5.

I For diatomic molecule with 2 rotational degrees of freedom
excited α = 0.
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Moments

I Current density:

V i = mc

∫ ∞
0

∫
R3

fpiΦ(I)dPdI .

I In Eckart frame: V i = nmui

I Energy-momentum tensor:

T ij =
1

mc

∫ ∞
0

∫
R3

(
mc2 + I

)
fpipjΦ(I)dPdI ,

I General form:

T ij =
µ

c2
uiuj + (p + Π) hij +

2

c2
q(iuj) + πij
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Conservation laws

I Kinematic quantities of particle velocity ui :

ui;j =
1

c2
aiuj −

1

3
hijθ + σij + ωi

j

ai=acceleration, θ=expansion, σij=shear, ωij=vorticity,
hij = uiuj/c

2 − ηij
I Particle conservation ∇iV

i = 0: cX0(n) + nθ = 0

I Energy-momentum conservation, ∇jT
ij = 0, give for T :

c
X0(T )

T
= − k

pcv

[
θ(p + Π) + qi ;i −

1

c2
aiq

i − σijπij
]

where the specific heat

cv =
∂

∂T

(µ
n

)
= k

[
−1 + 5

B

A
− B2

A2
+ γ

C

A

]
.
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Chapman-Enskog method

I Expand distribution function as

f = fEP(1 + εφP)

where fEP is the equilibrium distribution and ε is a small
parameter of the same order as the relaxation time τ .

I Then φP is given by

φP = −cτ

p0

(
pi
Xi (n)

n
+ pi

Xi (T )

T

(
1− B

A
+

p0γ
?

mc

))
+
cτ

p0

γ?

mc2

(
1

3
θpap

a +
1

c
paa

ap0 + σabp
apb
)
− paqa

γ?

pmc2
A

B
.



Chapman-Enskog method

I Expand distribution function as

f = fEP(1 + εφP)

where fEP is the equilibrium distribution and ε is a small
parameter of the same order as the relaxation time τ .

I Then φP is given by

φP = −cτ

p0

(
pi
Xi (n)

n
+ pi

Xi (T )

T

(
1− B

A
+

p0γ
?

mc

))
+
cτ

p0

γ?

mc2

(
1

3
θpap

a +
1

c
paa

ap0 + σabp
apb
)
− paqa

γ?

pmc2
A

B
.



Thermodynamic coefficients

I From the Eckart condition V i = V i
EP

qa = κ

(
Xa(T )− 1

c2
Taa

)
I where

κ =
τkp

3m
γ3

B

A

(
ΓB

γA2
− 3

γ2

)
, with

Γ =
1

K2(γ)

∫
K2(γ∗)

(
1

γ∗
− K1(γ∗)

K2(γ∗)
+

Ki1(γ∗)

K2(γ∗)

)
Φ(I)dI .

is obtained.
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Thermodynamic coefficients

From the energy-momentum tensor:

I Pressure and energy density

p = nkT , and µ = p

[
B

A
− 1

]
,

I Bulk viscous pressure

Π = −ζθ , where

ζ = pγτ

(
B

3γA
− C − D + E

9A
− 1

γ

(
5BA− B2 + γCA

5BA− B2 + γCA− A2

))
,

I Anisotropic viscous pressure

πab = 2ησab , where

η =
τpγ

15

(
3B

γA
− C − D + E

A

)
.
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Tilted Bianchi VIII cosmology with heatflow

I Bianchi VIII structure algebra

dσ1 = −σ2 ∧ σ3 , dσ2 = σ3 ∧ σ1; , dσ3 = σ1 ∧ σ2 .

with

σ1 = dx + (1 + x2)dy + (x − y − x2y)dz ,

σ2 = 2xdy + (1− 2xy)dz ,

σ3 = dx + (−1 + x2)dy + (x + y − x2y)dz ,

I Form basis

ω0 = cdt+a(t)σ1 , ω1 = b(t)σ1 , ω2 = g(t)σ2 , ω3 = g(t)ω3 ,

I Tilt: a/b
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Tilted Bianchi VIII cosmology with heatflow

I The kinematic quantities of the fluid velocity u = cX0 = ∂
∂t

are

θ = c

(
ḃ

b
+ 2

ġ

g

)
, A ≡ −a1/c2 = − ȧ

b
, Ω ≡ ω23/c =

a

2g2
,

Σ ≡ −σ11/c = 2σ22/c = 2σ33/c = −2

3

(
ġ

g
− ḃ

b

)
I and the expansion and twist along the symmetry axis are

given by

φ = −2γ122 = −2γ133 = −aġ

bg
, ξ = γ123 = −γ132 = − b

2g2

I Tilt: a/b = −Ω/ξ
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Field equations

I Field equations:

Gµν =
8πG

c4
Tµν + Λgµν

I

G00 =
8πG

c4
µ+ Λ , G01 =

8πG

c4
q1
c

G11 =
8πG

c4
(p + Π + π11)− Λ

G22 = G33 =
8πG

c4

(
p + Π− 1

2
π11

)
− Λ

I Here

q1 = −κ
(
a

b
Ṫ +

1

c2
Ta1

)
, Π = −ζθ , π11 = −ηcΣ ,

and Λ is the cosmological constant. The quantities κ, η, ζ, p
and µ are given functions of T and n.
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1:st order system

I The equations can be rewritten in terms of the scalars 1, 2

S = {E ,H, µ, p,Π, π11, q1,A, θ,Σ,Ω, φ, ξ}

I The system the reduces to a first order coupled system of
ODE’s in time for the 5 kinematic quantities θ,Σ,Ω,A, ξ and
the temperature T and the particle density n.

I

ξ̇ =
ξ

3
(6Σ− θ/c) , Ω̇ =

(
Σ− 2

3c
θ

)
Ω +Aξ ,

θ̇ = ... , Σ̇ = ... , Ȧ = ... ,

Ṫ =
cξ2

κ (Ω2 + ξ2)
(µ+ p + Π− π11)− ξ

Ω
AT ,

cṅ = −nθ .

where Ṡ ≡ ∂S
c∂t

1See 1+1+2 covariant split of spacetime, Clarkson.
2E and H represent the electric and magnetic parts of the Weyl tensor.
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Summary

I Viscosity and heat conductivity coefficients within Eckart
theory (1:st order perturbation from equilibrium) determined
for general metric.

I An integrable self-consistent system describing the
Einstein-Boltzmann system for a class of Bianchi VIII
cosmologies constructed.

I Numerical analysis ongoing
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Einstein-Boltzmann system for a class of Bianchi VIII
cosmologies constructed.

I Numerical analysis ongoing



Thermodynamics coefficients for α = 0 (D = 5)

I The density and pressure are given by
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Numerics: Varying relaxation time τ
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Numerics: Effects of cosmological constant Λ
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