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BH perturbation theory



BH perturbation theory

Perturbed Einstein equations at linear order δGµν = 0

⇓

The master equations

(
− ∂2

∂t2
+

∂2

∂x2
− V ℓ

even/odd

)
Ψℓm

even/odd = 0

� Master functions Ψ = Ψ(h, ∂h)

� Effective potential V ℓ
even/odd

� Known ones: (VRW,ΨRW),

(VRW,ΨCPM) (odd parity),

(VZ,ΨZM) (even parity)
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BH binary systems

1. GW signal can be written in terms of master functions

h+/× ∝ Ψ ⇒ h = h+ − ih× ∝ Ψ

2. Energy and angular momentum emission (luminosity) at infinity

dE

dt
∝ |Ψ̇|2 , dJ

dt
∝ ΨΨ̇

3. Extreme Mass Ratio Inspirals (EMRIs) detectable by LISA

K. Martel and E. Poisson, Phys. Rev. D 71, 104003 (2005) 3



The standard branch

(
− ∂2

∂t2
+

∂2

∂x2
− SV

odd/even
ℓ

)
SΨ

odd/even = 0

� Standard branch potentials

SV
odd/even
ℓ =

 V RW
ℓ odd parity

V Z
ℓ even parity

� Most general master function

SΨ
odd/even =


C1Ψ

CPM + C2Ψ
RW odd parity

C1Ψ
ZM + C2 ΨNE even parity

ΨNE(t, r) =
1

λ(r)
ta
(
rK̃:a − h̃abr

b
)
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The Darboux branch

(
− ∂2

∂t2
+

∂2

∂x2
− DV

odd/even
ℓ

)
DΨ

odd/even = 0

� Family of potentials DV
odd/even
ℓ satisfying

(
δV,x

δV

)
,x

+ 2

(
V

RW/Z
ℓ,x

δV

)
,x

− δV = 0 ,

with δV = DV
odd/even
ℓ − V

RW/Z
ℓ .

� Most general (potential dependent) master function

DΨ
odd/even =

 C
(
Σodd ΨCPM +Φodd

)
odd parity

C
(
Σeven ΨZM +Φeven

)
even parity

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 044010 (2023), Phys. Rev. D
107, 084039 (2023) 5
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Darboux covariance



Darboux transformation

� Darboux transformation between (v,Φ) and (V,Ψ)

(
−∂2

t + ∂2
x − v

)
Φ = 0 −→


Ψ = Φ,x +W Φ

V = v + 2W,x

W,x −W 2 + v = C
−→

(
−∂2

t + ∂2
x − V

)
Ψ = 0

� Darboux covariance of perturbations of spherically-symmetric BHs
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M. Lenzi and C. F. Sopuerta,

Phys. Rev. D 104, 124068

(2021)
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Darboux transformation

� Darboux transformation between (v,Φ) and (V,Ψ)

(
−∂2

t + ∂2
x − v

)
Φ = 0 −→


Ψ = Φ,x +W Φ

V = v + 2W,x

W,x −W 2 + v = C
−→

(
−∂2

t + ∂2
x − V

)
Ψ = 0

(
δV,x

δV

)
,x

+ 2
( v,x
δV

)
,x

− δV = 0

� Darboux covariance of perturbations of spherically-symmetric BHs

Isospectral symmetry

Ψ = eiktψ

ϕ,xx − vϕ = −k2ϕ

ψ,xx − V ψ = −k2ψ
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Darboux transformation

� Darboux transformation between (v,Φ) and (V,Ψ)

(
−∂2

t + ∂2
x − v

)
Φ = σ −→


Ψ = Φ,x +W Φ

V = v + 2W,x

W,x −W 2 + v = C
−→

(
−∂2

t + ∂2
x − V

)
Ψ = S

(
δV,x

δV

)
,x

+ 2
( v,x
δV

)
,x

− δV = 0

� Darboux covariance of perturbations of spherically-symmetric BHs

Darboux covariance with

perturbative sources

S = σ,x +Wσ

M. Lenzi and C. F. Sopuerta,

Phys. Rev. D 109, 084030

(2024)
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KdV structures in Cauchy slices



� Korteweg-de Vries deformations: isospectral symmetries of the master

equation

� A triangle of integrable structures: KdV-Virasoro-Schwarzian derivative

� Conformal transformations of the master equation: Schwarzian derivative

modification in the potential

J. L. Jaramillo, M. Lenzi, and C. F. Sopuerta, 2407.14196 (2024)
M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021), Phys. Rev. D
107, 044010 (2023) 7
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Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒ (k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

� BH greybody factors from KdV integrals T = T [{In}]

C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura, Phys. Rev. Lett. 19,
1095–1097 (1967) 8

https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1103/PhysRevLett.19.1095


Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒ (k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

� BH greybody factors from KdV integrals T = T [{In}]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 8

https://doi.org/10.1103/PhysRevD.104.124068


Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒ (k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

� BH greybody factors from KdV integrals T = T [{In}]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 8

https://doi.org/10.1103/PhysRevD.104.124068


Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒ (k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

∂σV = {V,H} −→ In[V ] =

∫ ∞

−∞
dxPn(V, V,x, V,xx, . . .)

� BH greybody factors from KdV integrals T = T [{In}]

L. D. Faddeev and V. E. Zakharov, Funct. Anal. Appl. 5, 280–287 (1971) 8



Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒ (k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

In[V ] = In[VRW]

� BH greybody factors from KdV integrals T = T [{In}]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 8

https://doi.org/10.1103/PhysRevD.104.124068


Korteweg-de Vries isospectral deformations

V,σ − 6V V,x + V,xxx = 0

� Darboux transformation + inverse scattering solves the KdV equation

� KdV deformations of the frequency domain master equation


V (x) → V (σ, x)

ψ(x) → ψ(σ, x)

k → k(σ)

=⇒ (k2),σ = 0

� KdV equation as an integrable Hamiltonian system with infinite conserved

quantities

In[V ] = In[VRW]

� BH greybody factors from KdV integrals T = T [{In}]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 044010 (2023), Phys. Rev. D
107, 084039 (2023) 8

https://doi.org/10.1103/PhysRevD.107.044010
https://doi.org/10.1103/PhysRevD.107.084039
https://doi.org/10.1103/PhysRevD.107.084039


The KdV-Virasoro-Schwarzian derivative triangle

� Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and

Magri brackets

∂σV = {V,H2}GFZ = {V,H1}M ,

� Magri brackets are the classical realization of the Virasoro algebra

V (z) =

∞∑
n=−∞

Ln

zn+1
−→ πi {Ln, Lm}M = (n−m)Ln+m − n(n2 − 1)

2
δn+m,0

� Solitonic potential as a CFT energy-momentum tensor:

� Infinitesimal conformal transformation of V: w(z) = z + ϵ(z)

δϵV (w) = {V (w), Fϵ}M , Fϵ = −
1

2

∫
dz ϵ(z)V (z)

� Finite conformal transformation of V: Schwarzian derivative

V (w) =

(
dw

dz

)−2 [
V (z) +

1

2
S(w(z))

]
, S (w(z)) ≡

wzzz

wz

−
3

2

(
wzz

wz

)2

9
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Conformal transformation of the master equation

ψ,xx − V ψ = −k2ψ

� Perform the following general transformation x 7→ x = x(x̃) ,

ψ 7→ ψ(x) = ω(x̃)ψ̃(x̃)
−→ a(x̃)ψ̃,x̃x̃ + b(x̃)ψ̃,x̃ + c(x̃)ψ̃ = −k2ωψ̃

� Cancel first order derivative terms to preserve the operator structure, i.e.

b(x̃) = 0 to obtain

ψ̃x̃x̃ +
(
k2x2x̃ − Ṽ

)
ψ̃ = 0 , Ṽ (x̃) =

(
dx̃

dx

)−2 [
V (x) +

1

2
S(x̃(x))

]

The Schwarzian derivative tracks the KdV (hidden) integrable structure
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KdV structures in hyperboloidal slices



KdV structures in hyperboloidal slices

� Review of hyperboloidal slicing

� Covariance of the hyperboloidal slicing under general scale tranformations

� Conformal transformations of the master equation

J. L. Jaramillo, M. Lenzi, and C. F. Sopuerta, 2407.14196 (2024)
E. Gasperin and J. L. Jaramillo, Class. Quant. Grav. 39, 115010 (2022), J. L.

Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003 (2021) 11

https://doi.org/10.1088/1361-6382/ac5054
https://doi.org/10.1103/PhysRevX.11.031003


Hyperboloidal slicing

(
−∂2

t + ∂2
x − Vℓ

)
ϕ = 0

� Perform the following transformation

(t, x) → (τ, ξ) :

 t = τ − h(ξ)

x = g(ξ)

<latexit sha1_base64="1Hq1AwFRc0xhAhQuq9nSQ7kiENg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNTkQNwW6p7Ff8GcgyCXJShhy1bumr09MsS7hCJqm17cBPMRxTg4JJPil2MstTyoa0z9uOKppwG45n107IqVN6JNbGlUIyU39PjGli7SiJXGdCcWAXvan4n9fOML4Ox0KlGXLF5oviTBLUZPo66QnDGcqRI5QZ4W4lbEANZegCKroQgsWXl0njvBJcVvz7i3L1Jo+jAMdwAmcQwBVU4Q5qUAcGj/AMr/Dmae/Fe/c+5q0rXj5zBH/gff4AMFKO4A==</latexit>
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x̄ = g(x)
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x̄ = g(x)

<latexit sha1_base64="IBUEhj3/TnJOmUME+bruyOIDj8s=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp2U2Bk0OQtCLxwjmAUkIs5NJMmR2dpnpFcISf8WLB0W8+iHe/BsnD0FFCxqKqm66u4JYCgOEfDiZldW19Y3sZm5re2d3z90/aJgo0YzXWSQj3Qqo4VIoXgcBkrdizWkYSN4Mxlczv3nHtRGRuoVJzLshHSoxEIyClXpuvgM0wRc47egQs0gZ8KY9t0C8MqkUKz4mHiF+pTwnp3655GPfKjMU0BK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn+Y6ieExZWM65G1LFQ256abz46f42Cp9PIi0LQV4rn6fSGlozCQMbGdIYWR+ezPxL6+dwKDcTYWKE+CKLRYNEokhwrMkcF9ozkBOLKFMC3srZiOqKQObV86G8PUp/p80ip5/5pGbUqF6uYwjiw7RETpBPjpHVXSNaqiOGJqgB/SEnp1759F5cV4XrRlnOZNHP+C8fQIpk5R6</latexit> ⌧
=
co
ns
t.

<latexit sha1_base64="IBUEhj3/TnJOmUME+bruyOIDj8s=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp2U2Bk0OQtCLxwjmAUkIs5NJMmR2dpnpFcISf8WLB0W8+iHe/BsnD0FFCxqKqm66u4JYCgOEfDiZldW19Y3sZm5re2d3z90/aJgo0YzXWSQj3Qqo4VIoXgcBkrdizWkYSN4Mxlczv3nHtRGRuoVJzLshHSoxEIyClXpuvgM0wRc47egQs0gZ8KY9t0C8MqkUKz4mHiF+pTwnp3655GPfKjMU0BK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn+Y6ieExZWM65G1LFQ256abz46f42Cp9PIi0LQV4rn6fSGlozCQMbGdIYWR+ezPxL6+dwKDcTYWKE+CKLRYNEokhwrMkcF9ozkBOLKFMC3srZiOqKQObV86G8PUp/p80ip5/5pGbUqF6uYwjiw7RETpBPjpHVXSNaqiOGJqgB/SEnp1759F5cV4XrRlnOZNHP+C8fQIpk5R6</latexit>

⌧ = const.

� With ψ = ∂τϕ, the master equation becomes

∂τ

(
ϕ

ψ

)
= iL

(
ϕ

ψ

)
, L =

1

i

 0 1

L1 L2

 ,
L1 bulk

L2 boundary
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� The operators L1 and L2 are related to “bulk” and “boundary” features of

the system respectively

� The hyperboloidal formulation is covariant under the scale transformation

ϕ(τ, ξ) = Ω(ξ)ϕ̃(τ, ξ)

� Fix Ω by cancelling the term containing ∂ξϕ̃

L1[V ] → L1[Ṽ ] Ṽℓ = g′2Vℓ −
1

2
S(g)

The KdV/Virasoro/Schwarzian (hidden) integrable structure is now

embedded in the hyperbolidal setting
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the system respectively

� The hyperboloidal formulation is covariant under the scale transformation

ϕ(τ, ξ) = Ω(ξ)ϕ̃(τ, ξ)

� Fix Ω by cancelling the term containing ∂ξϕ̃

L1[V ] → L1[Ṽ ] Ṽℓ = g′2Vℓ −
1

2
S(g)

The KdV/Virasoro/Schwarzian (hidden) integrable structure is now

embedded in the hyperbolidal setting
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Conclusions



� Interplay with asymptotic dynamics

� Implementation of covariant and conformal transformations of

hyperboloidal approach

� Symmetry consistency with physical properties (e.g. tidal Love numbers)

� Hidden symmetries as a tool for algebraic estimation of QNMs

� Inverse scattering (BH spectroscopy)
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