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Motivation

Motivation

I Gravitational radiation in full GR is well understood at infinity
J for Λ = 0. A a lot of achievements in the last 6 decades.

I One fundamental piece is the news tensor. It determines the
presence of gravitational radiation at J .

I There is recent interest in understanding bulk null
hypersurfaces in analogy to J : BMS symmetries, WIH
structure, Carrollian approaches...

Can one define a news tensor on null hypersurfaces in the bulk?
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Foliated null hypersurface

Set-up

I
(
M, gαβ

)
4-dimensional space-time.

I (N , gab) null hypersurface.
I ka degeneration vector kbgab = 0.
I Foliation of N by 2-dimensional leaves SC . C constant

values of a function F
Ḟ := ka∂aF 6= 0 (2.1)

`b := − 1
Ḟ
∂bF , kp`p = −1 . (2.2)
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Foliated null hypersurface

Set-up. Kinematic quantities
For kα,

¯
κAB :=

¯
EαA ¯

EβB∇αkβ , (2.3)

¯
κ :=

¯
qAB

¯
κAB , (2.4)

¯
νAB :=

¯
κAB −

1
2¯
q
AB¯
κ , (2.5)

kµ∇µkα := νkα . (2.6)

For `α,

¯
θAB :=

¯
EαA ¯

EβB∇α`β , (2.7)

¯
θ :=

¯
qAB

¯
θAB , (2.8)

¯
σAB :=

¯
θAB −

1
2¯
q
AB¯
θ . (2.9)
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Foliated null hypersurface

Set-up: connections, curvature

va∇awb := ω b
β v

α∇αwβ , ∀ vα = eαav
a , wα = eαaw

a .

vA
¯
DAwB :=

¯
W B
b va∇awb , ∀ va =

¯
EaAv

A , wa =
¯
EaAw

A ,

I Notation: curvature tensors R d
abc ,

¯
R D
ABC .

I Schouten tensor: Sαβ := Rαβ −
1
6gαβR .

I Projections:

Sab :=1
2e

α
ae
β
bSαβ ,

¯
SAB :=

¯
EaA ¯

EbBSab .
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Foliated null hypersurface

News tensor on a null hypersurface

Consider conformal rescalings(
k′a, g′ab

)
=
(
λ−1ka, λ2gab

)
, (2.10)

¯
S′AB =

¯
SAB − λ−1

¯
DA¯

λB + 2λ−2
¯
λA¯
λB −

1
2λ
−2

¯
q
AB¯
λM¯

λM

+ λ−1
(
¯
θABk

µλµ +
¯
κAB`

µλµ

)
+ λ−2

¯
q
AB
kµλµ`

νλν

(2.11)
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Foliated null hypersurface

News tensor on a null hypersurface
The news tensor is going to be extracted from the traceless and
conformal-invariant part of

¯
UAB := SAB + 1

2¯
q
AB

(
¯
νMC ¯

σMC − 1
2¯
κ

¯
θ + 1

2 ¯
C MD
MD

)
− 1

2 (θ
¯
νAB +

¯
κ

¯
σAB ) . (2.12)

This has the following properties

¯
U M
M =

¯
K , (2.13)

¯
U ′AB =

¯
UAB − λ−1

¯
DA¯

λB + 2λ−2
¯
λA¯
λB −

1
2λ
−2

¯
q
AB¯
λM¯

λM .

(2.14)
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Foliated null hypersurface

News tensor on a null hypersurface
A sketched version of a result from FFÁ-Senovilla (Geroch
tensor)...

Theorem 1 (The tensor ρ)

If SC has S2-topology, there is a unique symmetric tensor field ρAB
whose behaviour under conformal rescalings (2.10) is as in (2.14)
and satisfies the equation

D[CρA]B = 0 (2.15)

in any conformal frame. (...) Furthermore, it is given for round
spheres by ρAB = qABaK/2.

This is then generalised for the foliation as
¯
ρAB on N .
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Foliated null hypersurface

News tensor on a null hypersurface

Theorem 2 (News tensor for a foliated null hypersurface)

Let N be a null hypersurface foliated by leaves with S2-topology
and with F the defining function (2.1). Then, there is a
one-parameter family (depending on F ) of symmetric, traceless,
conformal-invariant tensor fields

¯
NAB :=

¯
UAB − ¯

ρAB , (2.16)

that satisfies the conformal-invariant equation

¯
D[A¯

UB]C =
¯
D[A ¯

NB]C , (2.17)

Besides,
¯
NAB is unique with these properties.
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Conformal space-time

Conformal completion

Now let
(
M, gαβ

)
be the conformal completion à la Penrose of a

physical space-time

gαβ = Ω2ĝαβ

up to conformal gauge freedom Ω→ ωΩ.
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Conformal space-time

rescaled Weyl tensor

Ωd δ
αβγ := C δ

αβγ

The radiative parts (φ3 and φ4) are encoded in

D
N ab := ω a

α ω b
β N

µNνdα β
µ ν , (3.1)

C
N ab := ω a

α ω b
β N

µNν d∗ α β
µ ν (3.2)

or, for convenience, in

¯
C

N A := `b ¯
W A
a C

N ab , (3.3)

¯
D

N

AB :=
¯
W A
a ¯
W B
b D

N ab . (3.4)
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Conformal space-time

adapted N

¯
C

N

A =
¯
εSR

[
¯
DR ¯

NSA − ¯
DR¯

LSA − ¯
κAR

(
¯
DM¯

σ M
S − 1

2 ¯
DS¯

θ − 1
4¯
θ

¯
ϕS

+ 1
2 ¯
ϕM

¯
σSM +

¯
d
`

S

)
−

¯
θAR

(
¯
DM¯

ν M
S − 1

2 ¯
DS¯

κ +
¯
d

N

S

)]
+ Ω

¯
y∗ A ,

¯
D

N

AB = £ ~N ¯
NAB + £ ~N¯

ρAB −£ ~N ¯
LAB − ¯

κEA

[
−1

2SµνN
µ`ν

¯
q
EB

+ £ ~N¯
σEB + 1

2¯
νEB¯

θ − 1
2¯
σEB¯

κ − 2
¯
νC(E¯

σ C
B) −

1
2 ¯
LMM¯

q
EB

+ kdϕd¯
σEB

−
¯
ϕE¯

ϕB − ¯
D(B¯

ϕE) + 2
¯
ϕ(E ¯
DB) ln Ḟ − 1

2¯
q
EB

(
2
¯
ϕM

¯
DM ln Ḟ −

¯
ϕC¯

ϕC)

−
¯
DC ¯

ϕC
)

+ FEB + 1
2¯
q
EB ¯
K
]
− 2

¯
S

N

(B

(
¯
EmA)N

pHpm − ¯
ϕA)

)
+

¯
S

N

B¯
ϕA − ¯

DA ¯
S

N

C + SabN
aN b

¯
θAC + Ω

¯
yAB .
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Conformal space-time

Infinity J with Λ = 0

Several simplifications take place:

1. The Weyl tensor C δ
αβγ vanishes but d δ

αβγ

J

6= 0.

2. (J , gab) is umbilical (
¯
νAB = 0) but, in general, it is

expanding
¯
κ 6= 0 and the leaves are not isometric.

3. The expansion
¯
κ, Friedrich scalar f and the acceleration

scalar ν coincide 2ν = 2f =
¯
κ .

4. The projection
¯
ϕA of ϕa to the leaves vanishes.
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Conformal space-time

Infinity J with Λ = 0

¯
D

N

AB

J= £ ~N ¯
NAB , (3.5)

¯
C

N

A

J= −
¯
εRS

¯
DR ¯

NSA . (3.6)

¯
NAB

J= 0⇐⇒
¯
CA

J= 0 J=
¯
DAB ⇐⇒ φ3

J= 0 J= φ4
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Conformal space-time

Infinity J with Λ = 0
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Conformal space-time

Infinity J with Λ = 0

General expression in terms of the time derivative of the shear

¯
NAB

J= £ ~N¯
σAB −

1
2¯
σAB¯

κ −
¯
ρAB + 1

2¯
q
AB ¯
K + FAB
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4. Conclusions
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Conclusions

Conclusions
1. A conformal-invariant news tensor on null hypersurfaces has

been geometrically defined.

2. Assuming the CEFE, this tensor gives the right answer in
arbitrary conformal gauge at infinity J when Λ = 0.

3. For null hypersurfaces in the bulk, the analysis is much more
complicated.

4. Recall that the radiative structure of J is very special,
without any gauge fixing (J can expand).

Future work:

Use this news tensor on null hypersurfaces that ‘touch’ J and
analyse its asymptotic behaviour for any Λ. Also, take the limit on
horizons that ‘almost touch’ J .
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backup

Bulk N

Vacuum will be assumed on N , Tαβ
N= 0.

Then,

∇af
N= 0 , (5.1)

No more simplifications occur, in general.

Francisco Fernández-Álvarez News tensor on null hypersurfaces 19/19



backup

Bulk N

Vacuum will be assumed on N , Tαβ
N= 0. Then,

∇af
N= 0 , (5.1)

No more simplifications occur, in general.

Francisco Fernández-Álvarez News tensor on null hypersurfaces 19/19



backup

Bulk N

Vacuum will be assumed on N , Tαβ
N= 0. Then,

∇af
N= 0 , (5.1)

No more simplifications occur, in general.

Francisco Fernández-Álvarez News tensor on null hypersurfaces 19/19



backup

Bulk N : non-expanding horizon (NEH)

One imposes
¯
k = 0 (non-expanding condition).

Raychaudhuri equation implies
¯
νAB = 0.Then

¯
C

N

A = 0 =
¯
D

N

AB , φ3 = 0 = φ4

Therefore, there is no radiation, but...

¯
NAB = 1

2¯
q
AB ¯
K −

¯
ρAB . (5.2)

Only vanishes if the leaves are round!
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Bulk N : null marginally trapped tube (MTT)
For this one has to require

¯
θ = 0.

However, equations are still very
involved. Put further conditions:round leaves and

¯
σAB = 0.

¯
NAB = − 1

Ω¯
νAB .

¯
D

N

AC =
¯
EaA ¯

EcCk
b∇b (

¯
Nac )−

¯
NAC (ν −

¯
κ) ,

¯
C

N

A =
¯
εSR

[
¯
DR ¯

NSA + Ω
¯
NAR ¯

d
`

S −
1
2¯
q
AR¯
κ

¯
d
`

S −
1
4¯
q
AS ¯
DRC

PQ
PQ

]
.

If NAB = 0, ‘tangential’ radiation (φ1, φ0) and Coulomb term (φ2)
still source

¯
C

N

A!
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Bulk N : non-expanding horizon (NEH)

One imposes
¯
k = 0 (non-expanding condition).

Raychaudhuri equation implies
¯
νAB = 0.Then

C
N a

c
N= 1

Ωε
ars
[
∇rKsc +

¯
ϕsKrc

]
= 0 . (5.3)

Therefore, there is no radiation, but...

¯
NAB = 1

2¯
q
AB ¯
K −

¯
ρAB . (5.4)

Only vanishes if the leaves are round!
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Set-up

I {
¯
EaA} and

{
¯
W A
a

}
sets of 2 linearly-independent vector fields

and forms.
¯
EaA`a = 0,

¯
W A
a ka = 0.

I Notation:
¯
A b
a =

¯
EbB ¯

W A
a ¯
A B
A

I Select unique inverse metric as gdagdcgcb = gab , `ag
ab = 0.

I Two dimensional metrics:
¯
q
AB

:=
¯
EaA ¯

EbBgab .

I Bases on N : {ω a
α } =

{
−`α, ¯

W A
α

}
and {eαa} = {kα, Eαa} .

eαa`α = `a , `α`
α = 0 , `αkα = −1 , `α¯

EαA = 0 , (5.5)

¯
W A
α ¯
EαB = δAB , eαaω

b
α = δab , kαe

α
a = 0 = ω a

α `α . (5.6)
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Conformal completion
Assume the CEFE hold:

∇αNβ = −1
2ΩSαβ + fgαβ + 1

2Ω2κT̀αβ , (5.7)

NµN
µ = Ω3

12κT −
Λ
3 + 2Ωf , (5.8)

∇αf = −1
2SαµN

µ + 1
2ΩκNµT̀αµ −

1
24Ω2κ∇αT −

1
8ΩκNαT ,

(5.9)

d µ
αβγ Nµ +∇[α

(
Sβ]γ

)
− Ωyαβγ = 0 , (5.10)

yαβγ +∇µd
µ

αβγ = 0 , (5.11)
Rαβγδ = Ωdαβγδ + gα[γSδ]β − gβ[γSδ]α . (5.12)

Francisco Fernández-Álvarez News tensor on null hypersurfaces 19/19



backup

Adapted N

Definition 5.1 (Adapted null hypersurface)

A null hypersurface (N , gab) is said to be adapted in any of the
following cases:
1. The conformal factor Ω = constant6= 0 and ∇αΩ does not

vanish at points in M \J belonging to N ,
2. The conformal factor Ω = 0 and ∇αΩ does not vanish at

points in N . That is, N ≡J with Λ = 0.

There is always a family of conformal gauges in which a bulk N is
adapted. Infinity with Λ = 0 is by definition adapted in any gauge.
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