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Motivation
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Alternative theories, theory and observations

A brief history of universe // James Webb Telescope
https://www.nasa.gov/webbfirstimages
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Perturbation theory
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General relativity and modified
theories of gravity f(R),
f(R,RµνRµν,RµνρσRµνρσ)
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Einstein field equations

The action:
S =

1
2k2

∫
d4x

√
−gR+

∫
d4xLM(gµν ,ΨM). (1)

The Einstein field equations

Rµν −
1
2Rgµν = κ2Tµν .
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Field equations in f(R) modified theories of gravity

The action in the metric formalism in f(R) modified theories of gravity is:

S =
1
2k2

∫
d4x

√
−gf(R) +

∫
d4xLM(gµν ,ΨM). (2)

The field equations in f(R) modified theories of gravity

Σµν ≡ f′(R)Rµν −
1
2 f(R)gµν −∇µ∇νf′(R) + gµν□f′(R) = κ2Tµν .

We have the Einstein gravity when f(R) = R. For the boundary term see Guarnizo,
Castaneda, Tejeiro (2010)

Molano, Bargueño • EREP Spanish and Portuguese Relativity Meeting | • 5/25



We consider the general Lagrangian

S =
1
2k2

∫
d4x

√
−gf(R,RµνRµν ,RµνρσRµνρσ) +

∫
d4xLM(gµν ,ΨM) (3)

The field equations

Pµν ≡− 1
2 fg

µν + fXRµν + 2fYRρ(µRν)ρ + 2fZRδσρ(µRµ)ρσδ

+ fX;ρσ(gµνgρσ − gµρgνσ) +□(fYRµν) + gµν(fYRρσ);ρσ

− 2(fYRρ(µ);
ν)

ρ − 4(fZRσ(µν)ρ);ρσ = κ2Tµν
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General relativity and modified
theories of gravity f(R),
f(R,RµνRµν,RµνρσRµνρσ)

Constant Ricci scalar
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Constant Ricci scalar

Theorem
Let f : R −→ R be a function such that f ∈ Cr, r ≥ 1, and f′(R) ̸= 0. Also, suppose
a constant Ricci scalar with constant value R = R0. Then, the field equations for
f(R) MTG in vacuum are reduced to two possibilities:

1. GR field equations without cosmological constant if R0 = 0.
2. GR field equations with non-vanishing cosmological constant if R0 ̸= 0.
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General relativity and modified
theories of gravity f(R),
f(R,RµνRµν,RµνρσRµνρσ)

Spherical symmetry
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f(R) = R+ αR2
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f(R) = R+ αR2
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Perturbation theory
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Definition of perturbation

X ∗
λTλ =T0 + λLXT+

λ2

2!L
2
XT+ · · ·

=
(0)
T +λ

(1)
T +

λ2

2!
(2)
T + · · ·

=T0 + X∆Tλ

J. A. Schouten(1954), Bruni et al (1997)
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The scenario
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Perturbation theory

Third scenario
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Let P̄ and Q̄ be two tensors

P̄ =
(0)
P +λ

(1)
P +λ2

2!
(2)
P + · · · (4)

Q̄ =
(0)
Q +λ

(1)
Q +λ2

2!
(2)
Q + · · · (5)

thus, it can be see

P̄Q̄ =
∞∑
n=0

λn

n!

n∑
i=0

(
n
i

)
(i)
P

(n−i)
Q (6)

then, the n-th term of the perturbation of the multiplication of P̄ and Q̄ is
(n)
PQ =

n∑
i=0

(
n
i

)
(i)
P

(n−i)
Q . (7)
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Procedure

Σ̄µν = f̄′R̄µν −
1
2 f̄ḡµν − ∇̄µ∇̄ν f̄′ + ḡµν□̄f̄′ (8)

where

f̄ =
(0)
f +λ

(1)
f +λ2

2!

(2)
f + · · · (9)

f̄′ =
(0)
f′ +λ

(1)
f′ +λ2

2!

(2)
f′ + · · · (10)

ḡµν =
(0)
gµν +λ

(1)
gµν +λ2

2!
(2)
gµν + · · · (11)

R̄µν =
(0)
Rµν +λ

(1)
Rµν +λ2

2!

(2)
Rµν + · · · (12)
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Field equation to n order

(n)
Σµν =

n∑
i=0

[(
n
i

) (i)
f′

(n−i)
Rµν − 12

(
n
i

)
(i)
f
(n−i)
gµν

]

−∇µ∇ν

(n)
f′ +

n∑
i=0

(
n
i

)
(n−i)
Cµνα∇α

(i)
f′

+
n∑
i=0

i∑
k=0

(
n
i

)(
i
k

)
(n−i)
gµν

(i−k)
gαβ

·
[
∇α∇β

(k)
f′ −

k∑
l=0

(
k
l

) (k−l)
Cαβδ ∇δ

(l)
f′
]

(13)

Molano , Villalba, Castañeda, Bargueño
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Starobinsky

Theorem
Let Σ̄ab = 0 be f(R) MTG field equations in vacuum for the model f(R̄) = R̄+ λR̄2,
then Σ̄ab = Ḡab.
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Theorem
Let Σ̄ab = 0 be the f(R) MTG field equations in vacuum for the model
f(R̄) = R̄+ λΨ(R̄), where Ψ(R) is analytic in a vicinity of λ = 0, and Ψ(0) = 0.
Then, Σ̄ab = Ḡab in vacuum.
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Discussion
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Paper
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Actual work
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General combinations of Ricci and Riemann curvature

Theorem

Let P̄ab = 0 be the vacuum field quations in f(R,RµνRµν) MTG for the model
f(R̄, R̄µν R̄µν) = R̄+ λΨ(R̄, R̄µν R̄µν), where Ψ(R,RµνRµν) is analytic in a vicinity of
λ = 0, and Ψ(0, 0) = 0. Then, P̄ab = Ḡab in vacuum.

f(R,RµνRµν) = R+ λΨ(R,RµνRµν) −→ disconnected

f(R,RµνRµν ,RσρµνRσρµν) = R+ λΨ(R,RµνRµν ,RσρµνRσρµν) −→ connected
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f(R) and Scalar-Tensor as a particular case

Corollary

Let Σ̄ab = 0 be the f(R) vacuum field equations for the model f(R̄) = R̄+ λΨ(R̄).
Then, Σ̄ab = Ḡab in vacuum.

Corollary
Let Φµν the vacuum field equation in the scalar-tensor theories of gravity with
density Lagrangian of the form L = R+ λψR− V(ψ) with
V(ψ) = χ(ψ)(1+ λψ)− f(χ(ψ)) where we assume ψ′ invertible and ψ′(χ) = ψ,
then Ψ̄µν = Ḡµν
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Weak-field limit

L = R+ αR2 + βRµνRµν + γRµνρσRµνρσ (14)

where α, β, and γ are constants. Utilizing the well-known result that the
Gauss-Bonnet is a total divergence, we can rewrite (14) as

L = R+ α1R2 + β1RµνRµν (15)

with a redefinition of constants α1, β1.

Corollary
Let P̃µν be the field equation of the Lagrangian density given in (14), then
P̄µν ≡ Ḡµν
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Conjecture

Conjecture

If the geometric part of the family of the Lagrangian
Lλ(gµν ,gµν,σ,gµν,σδ, . . .) = 0 in the background, where L0 = R, then the class of
solutions is either GR or another solution that is disconnected from GR or not
analytic with respect to λ in vacuum.
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First order

For the case of a nonlinear form of f(R,RµνRµν ,RµνσδRµνσδ), a new system of
differential equations arises for the perturbed quantities. For instance, at first
order in vacuum, we have

(1)
Pµν =

(1)
Rµν − 12

(1)
R

(0)
gµν +4

(0)
ΨZ

(0)
Rδσρ(µ

(0)
Rν)ρσδ −8∇ρ∇σ

(0)
ΨZ

(0)
Rσ(µν)ρ = 0 (16)

for the case f(R,RµνRµν ,RµνσδRµνσδ) = 1
2R+ λΨ(R,RµνRµν ,RµνσδRµνσδ). Notably,

the last two terms in (16) exhibit characteristics resembling a non vanishing
energy-momentum tensor.
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Gauss-Bonnet gravity

S =
1
κ2

∫
d4x

√
−g

[
1
2R+ λf(G)

]
+ SM. (17)

where G = R2 − 4RµνRµν + RµνρσRµνρσ .
Consider f(G) = (G)η then the first order solution

gtt = −1+2GMr +λ

3η−116η(η − 1)GM
(
G2M2
r6

)η−1
((6η − 1)GM− 4ηr)

(2η − 1)r4

+O(λ2)

grr = 1−2GMr +λ

3η−116η(η − 1)GM
(
G2M2
r6

)η−1
((2η(7− 12η) + 1)GM+ 6η(2η − 1)r)

(2η − 1)r2(r− 2GM)2

+· · ·
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Summarize
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SCAN ME

THANK YOU!
QUESTIONS?
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