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Motivation: Weyl trick

Weyl trick to derive the Schwarzschild solution [wey! (1917)]

Einstein-Hilbert variation Einstein field symmetry reduced FEs
action 5 equations reduction [Schwarzschild (Jan 13, 1916)]
[Hilbert (the same week)] [Einstein (Nov 25, 1915)]

uonoNpar
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reduced Lagrangian ‘

symmetry reduction of Lagrangian

g= —a(r)b(r)zdtz—Hz(r)’ldrz—krzgs2 : /dx‘ﬂ/—gR = /drr(a—l)b’
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Motivation: Weyl trick

Weyl trick to derive the Schwarzschild solution [wey! (1917)]

Einstein-Hilbert variation, Einstein field symmetry reduced FEs
action 5 equations reduction [Schwarzschild (Jan 13, 1916)]
[Hilbert (the same week)] [Einstein (Nov 25, 1915)]
;_ < _DANGER_
e |F
s =<
reduced Lagrangian ‘ Yariation, FEs of reduced
Lagrangian

symmetry reduction of Lagrangian

g = —a(r)b(r)? dz.‘z—Hz(r)’ldrz—krzgs2 : /dx‘ﬂ/—gR = /drr(a—l)b’

variation wrt 2 and b gives Euler-Lagrange equations:

V=0 and (r(a—1)) =0 = azl—%l, b=oc
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Motivation: Weyl trick

Weyl trick to derive the Schwarzschild solution [wey! (1917)]
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Rigorous treatment: Principle of symmetric criticality

Isometries
Infinitesimal group action I on M Example: symmetries of 5,
given by d-dim Lie algebra of isometry generators X € I' (Killing vectors) z
Y
as
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Rigorous treatment: Principle of symmetric criticality

Isometries

Infinitesimal group action I on M Example: symmetries of 5,

given by d-dim Lie algebra of isometry generators X € I' (Killing vectors) z

' = span{yd, — zdy,20y — X9,,X9, — Y0y}
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Rigorous treatment: Principle of symmetric criticality

Isometries

Infinitesimal group action I on M Example: symmetries of 5,

given by d-dim Lie algebra of isometry generators X € I' (Killing vectors) z

I'-invariant metric §
£x,§ =0fori=1,...,d, where X; is abase of KVs X; € T

' = span{yd, — zdy, 20y — X9,,X9, — y0x }
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Rigorous treatment: Principle of symmetric criticality

Isometries

Infinitesimal group action I on M Example: symmetries of 5,

given by d-dim Lie algebra of isometry generators X € I' (Killing vectors) z

I'-invariant metric §
£x,§ =0fori=1,...,d, where X; is abase of KVs X; € T

Isotropy subalgebra I'y of I'at x € M y

I'n ={X CT:X|,=0} CT (i.e. a subset of I leaving x unchanged)
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Rigorous treatment: Principle of symmetric criticality

Isometries

Infinitesimal group action I on M Example: symmetries of 5,

given by d-dim Lie algebra of isometry generators X € I' (Killing vectors) z

I'-invariant metric §
£x,§ =0fori=1,...,d, where X; is abase of KVs X; € T

Isotropy subalgebra I'y of I'at x € M

I'n ={X CT:X|,=0} CT (i.e. a subset of I leaving x unchanged)

' = span{yd, — zdy,20; — x9,,X9, — y0x }
Tio01) = span{xd, — y9,}
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Rigorous treatment: Principle of symmetric criticality

Isometries

Infinitesimal group action I on M

given by d-dim Lie algebra of isometry generators X € I' (Killing vectors)

I'-invariant metric §
£x,§ =0fori=1,...,d, where X; is abase of KVs X; € T

Isotropy subalgebra I'y of I'at x € M

I'n ={X CT:X|,=0} CT (i.e. a subset of I leaving x unchanged)

dim of orbit / = dim of linearly independent KVs at x
relation todimp of I'y: [ =d —p
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Tio01) = span{xd, — y9,}
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Rigorous treatment: Principle of symmetric criticality

Isometries

Infinitesimal group action I on M

given by d-dim Lie algebra of isometry generators X € I' (Killing vectors)

I'-invariant metric §
£x,§ =0fori=1,...,d, where X; is abase of KVs X; € T

Isotropy subalgebra I'y of I'at x € M

I'n ={X CT:X|,=0} CT (i.e. a subset of I leaving x unchanged)

dim of orbit / = dim of linearly independent KVs at x
relation todimp of I'y: [ =d —p

Example: symmetries of S,

z

' = span{yd, — zdy,20y — X9,,X9, — y0x }
Tio01) = span{xd, — y9,}
orbit of (0,0, 1) is unit sphere
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Rigorous treatment: Principle of symmetric criticality

Symmetry reduction of Lagrangian

Purely gravitational theory on a 4-dimensional spacetime

5= | elg)Lig

= Levi-Civita tensor €(g) defines the volume element /—gd*x

m Lagrangian L[g] constructed from g, R, V - -- VR
(Lagrangian 4-form L[g] = e(g)L[g])
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Rigorous treatment: Principle of symmetric criticality

Symmetry reduction of Lagrangian

Purely gravitational theory on a 4-dimensional spacetime

SES / e(g)L
[ e(g)Lig
= Levi-Civita tensor €(g) defines the volume element /—gd*x

m Lagrangian L[g] constructed from g, R, V - -- VR
(Lagrangian 4-form L[g] = e(g)L[g])

Reduction of 4-form L involves not only substitution of I'-invariant metric g,
but also reduction of the form degree from 4 to 4 — I.

m accomplished by contraction with I'-invariant antisymmetric I-chain x = )(il"'ilXil - X,

£XX =0, i=1,... ’d’ Xil.-.il — X[il..,il]
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Rigorous treatment: Principle of symmetric criticality

Symmetry reduction of Lagrangian

Purely gravitational theory on a 4-dimensional spacetime

SES / e(g)L
[ e(g)Lig
= Levi-Civita tensor €(g) defines the volume element /—gd*x

m Lagrangian L[g] constructed from g, R, V - -- VR
(Lagrangian 4-form L[g] = e(g)L[g])

Reduction of 4-form L involves not only substitution of I'-invariant metric g,
but also reduction of the form degree from 4 to 4 — I.

m accomplished by contraction with I'-invariant antisymmetric I-chain x = )(il"'ilXil - X,

£Xix — O, l — 1, L ,d’ Xllll — X[lel]
m reduced Lagrangian L. = x e L[] = &(§)L[g], (where &(§) = x ®€(8))
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Rigorous treatment: Principle of symmetric criticality

Principle of symmetric criticality

Variation of Lagrangian 4-form

oL = E(L) - og + dn(3g)
m Euler-Lagrange expression E(L) gives the field equations E(L)[g] = 0

m 1 is boundary 3-form
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Rigorous treatment: Principle of symmetric criticality

Principle of symmetric criticality

Variation of Lagrangian 4-form
oL = E(L) - og + dn(3g)
m Euler-Lagrange expression E(L) gives the field equations E(L)[g] = 0

m 1 is boundary 3-form

Principle of symmetric criticality [Palais (1979), M. E. Fels, C. G. Torre (2002)]

Variation of Lagrangian commutes with symmetry reduction for all possible theories:

VL :E(L)[g] =0 <= E(L)[g] =0

i.e. reduced FEs are equivalent to the FEs of the reduced Lagrangian
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Rigorous treatment: Principle of symmetric criticality

Principle of symmetric criticality

Variation of Lagrangian 4-form
oL = E(L) - og + dn(3g)
m Euler-Lagrange expression E(L) gives the field equations E(L)[g] = 0

m 1 is boundary 3-form

Principle of symmetric criticality [Palais (1979), M. E. Fels, C. G. Torre (2002)]

Variation of Lagrangian commutes with symmetry reduction for all possible theories:

VL :E(L)[g] =0 <= E(L)[g] =0

i.e. reduced FEs are equivalent to the FEs of the reduced Lagrangian

Two conditions imposed solely on I' are necessary and sufficient for validity of PSC. J
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Rigorous treatment: Principle of symmetric criticality

PSC1 “Lie algebra condition”

m PSC1 ensures that the reduction of the boundary term dy is a boundary term d7
for the reduced Lagrangian B B

6L = E(L) - 6§ + dij(68)

i.e. dij does not produce volume term modifying the FEs
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Rigorous treatment: Principle of symmetric criticality

PSC1 “Lie algebra condition”

m PSC1 ensures that the reduction of the boundary term dy is a boundary term d7
for the reduced Lagrangian B B

6L = E(L) - 6§ + dij(68)

i.e. dij does not produce volume term modifying the FEs

m PSC1 most simply formulated as an extra condition on [-chain:

£,x = 0 for all T-invariant vector fields v (£x.v = 0)
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Rigorous treatment: Principle of symmetric criticality

PSC1 “Lie algebra condition”

m PSC1 ensures that the reduction of the boundary term dy is a boundary term d7
for the reduced Lagrangian B B

6L = E(L) - 6§ + dij(68)

i.e. dij does not produce volume term modifying the FEs
m PSC1 most simply formulated as an extra condition on [-chain:

£,x = 0 for all T-invariant vector fields v (£x.v = 0)

m if PSC1 satisfied then Euler-Lagrange equations of the reduced Lagrangian
always yield at least a subset of the reduced equations
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Rigorous treatment: Principle of symmetric criticality

PSC2 “(local) Palais condition”

m PSC2 arises from the requirement that this subset contains all reduced equations
i.e. all reduced FEs appear in the reduction of Euler-Lagrange term E(L)

oL =E(L)-6g+di(08)
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Rigorous treatment: Principle of symmetric criticality

PSC2 “(local) Palais condition”

m PSC2 arises from the requirement that this subset contains all reduced equations
i.e. all reduced FEs appear in the reduction of Euler-Lagrange term E(L)

6L = E(L) - 6§ + dij(68)

Let Sy and S} denote the vector space of I'y-invariant (2) and (%) tensors at x, respectively.

Denote by V! the vector space of (é) tensors which have a vanishing scalar contraction
with all elements of Sy. Then in the neighborhood of x:

s;nvy = {0}

i.e. there is no I'w-invariant (3) tensor that contracts to zero with all I'y-invariant (J) tensors

v
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Rigorous treatment: Principle of symmetric criticality

PSC2 “(local) Palais condition”

m PSC2 arises from the requirement that this subset contains all reduced equations
i.e. all reduced FEs appear in the reduction of Euler-Lagrange term E(L)

6L = E(L) - 6§ + dij(68)

Let Sy and S} denote the vector space of I'y-invariant (2) and (g) tensors at x, respectively.

Denote by V! the vector space of (%) tensors which have a vanishing scalar contraction
with all elements of Sy. Then in the neighborhood of x:

s;nvy = {0}

i.e. there is no I'w-invariant (3) tensor that contracts to zero with all I'y-invariant (J) tensors

v

m PSC2 satisfied iff the isotropy algebra contains no null-rotation subalgebra
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Systematic study

Classification of infinitesimal group actions

m need for an exhaustive classification of all infinitesimal group actions on 4-dim ST
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Systematic study

Classification of infinitesimal group actions

m need for an exhaustive classification of all infinitesimal group actions on 4-dim ST
m Petrov classification [Petrov (1969)]: incomplete, many mistakes

Hicks classification [Hicks, Ph.D. thesis (2016)]
based on classifying isometry algebra and isotropy subalgebra pairs (I, I'y)
m isotropy subalgebras I'y can be identified with subalgebras of the Lorentz algebra

m cases denoted by [4, 1, c|

disdimof T
lis dim of orbits (I = d — p)
¢ enumerates possible cases of given dimensions

m explicit infinitesimal generators given for each case
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Systematic study

PSC-compatible infinitesimal group actions
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Systematic study
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Systematic study

PSC-compatible infinitesimal group actions
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m only 42 qualitatively different cases
(the answer to the ultimate question of life,
the universe, and everything.)
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Systematic study

PSC-compatible infinitesimal group actions
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5.1.6]

m for each PSC-compatible I' we determined the corresponding
I-chains x and I'-invariant metrics § in adapted coordinates

s 2, for6,3,%],[6,4,%],[7,4,%]
&= ¢iq, wheres = <4, for[3,2,+], [4,3,%], [5,4,% and ¢; = ¢i(x1,x2, ..., X(4—y))
i=1 10, for [3,3,%], [4,4, %]
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Systematic study

Relations among PSC-compatible infinitesimal group actions

7 [ )

for [3,2,%], [4,3,*], [5,4,%] and ¢; = ¢;i(x1,x2, .. .,x(4,l))
for [3,3, %], [4,4,*]

¢iq;,

o
I
.Mm

I
_-

2, for[6,3,%],(6,4,*], (7,4,
where s = < 4,
10
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Examples

Weyl trick revisited ([4,3,3]: stationary S,)

m infinitesimal group action

I' = span{cos ¢ 9y — cot #sin ¢ d, sin g dg + cotdcos p d,, 9y, 9:}
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Examples

Weyl trick revisited ([4,3,3]: stationary S,)

m infinitesimal group action
I' = span{cos ¢ 9y — cot #sin ¢ d, sin g dg + cotdcos p d,, 9y, 9:}
m [-invariant metric

&= —¢1(r)dt? + ¢o(r) (dt V dr) + ¢3(r) A + Py(r) (dO* + sin? & dg?)
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Examples

Weyl trick revisited ([4,3,3]: stationary S,)

m infinitesimal group action
I' = span{cos ¢ 9y — cot #sin ¢ d, sin g dg + cotdcos p d,, 9y, 9:}
m [-invariant metric
§=—¢1(r) AP + ga(r)(dt V dr) + ¢3(r) dr* + ¢4(r)(d? + sin® 9 d9?)

m residual gauge freedom t — t + A(r), r — B(r) do not invalidate PSC

and allows us to fix ¢» = 0 and ¢4 = 12
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Examples

Weyl trick revisited ([4,3,3]: stationary S,)

m infinitesimal group action
I' = span{cos ¢ 9y — cot #sin ¢ d, sin g dg + cotdcos p d,, 9y, 9:}
m [-invariant metric
§=—¢1(r) AP + ga(r)(dt V dr) + ¢3(r) dr* + ¢4(r)(d? + sin® 9 d9?)

m residual gauge freedom t — t + A(r), r — B(r) do not invalidate PSC
and allows us to fix ¢» = 0 and ¢4 = 12
® [-chain

X =csc?d; Adg N dy
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Examples

Weyl trick revisited ([4,3,3]: stationary S,)

m infinitesimal group action
I' = span{cos ¢ 9y — cot #sin ¢ d, sin g dg + cotdcos p d,, 9y, 9:}
m [-invariant metric
§=—¢1(r) AP + ga(r)(dt V dr) + ¢3(r) dr* + ¢4(r)(d? + sin® 9 d9?)

m residual gauge freedom t — t + A(r), r — B(r) do not invalidate PSC
and allows us to fix ¢» = 0 and ¢4 = 12
® [-chain

X =csc?d; Adg N dy

m Levi-Civita tensor

€(g) = ?sind\/Prpzdt Adr Add A de
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Examples

Weyl trick revisited ([4,3,3]: stationary S,)

m infinitesimal group action
I' = span{cos ¢ 9y — cot #sin ¢ d, sin g dg + cotdcos p d,, 9y, 9:}
m [-invariant metric

g=—¢1(r) df* + 2 (r)(dt Vv dr) + ¢3(7) dr? + ¢a(r) (dl92 + sin? 19dg02)

m residual gauge freedom t — t + A(r), r — B(r) do not invalidate PSC
and allows us to fix ¢» = 0 and ¢4 = 12
® [-chain

X =csc?d; Adg N dy

Levi-Civita tensor

€(g) = ?sind\/Prpzdt Adr Add A de

reduced Lagrangian 1-form

L=xee@)Lg]l =r/$r193L[g] dr
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Examples

Symmetry reduction for flat FLRW cosmologies ([6,3,2]: E3)

m infinitesimal group action

r — Span{ax, ay, az, xay _yax, yaz _Zay, Zax - xaz}
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Examples

Symmetry reduction for flat FLRW cosmologies ([6,3,2]: E3)

m infinitesimal group action
r — Span{ax, ay, az, xay — yax, yaz —Z ay, Zax - xaz}
m [-invariant metric

g = —¢1(t) A + ¢o(t) (dx* + dy* + dz?)
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Examples

Symmetry reduction for flat FLRW cosmologies ([6,3,2]: E3)

m infinitesimal group action
I' = span{dy, 9y, 9z, X0, — Y09y, YO, —20dy, 20y — X0}
m [-invariant metric
&= —¢1(t) A + 2() (" + dy” + d27)
m residual gauge freedom t — A(f) which would allow us to set ¢; = 1 breaks PSC

Tomas Mélek Symmetry reduction of gravitational Lagrangians EREP2024 13 /14



Examples

Symmetry reduction for flat FLRW cosmologies ([6,3,2]: E3)

m infinitesimal group action
I' = span{dy, 9y, 9z, X0, — Y09y, YO, —20dy, 20y — X0}
m [-invariant metric
§=—¢1(t) AP + ¢o(t)(dx* + dy? + d2?)

m residual gauge freedom t — A(f) which would allow us to set ¢; = 1 breaks PSC
m [-chain
X - ax A ay VAN az
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Examples

Symmetry reduction for flat FLRW cosmologies ([6,3,2]: E3)

m infinitesimal group action

I' = span{dy, 9y, 9z, X0, — Y09y, YO, —20dy, 20y — X0}

m [-invariant metric

g = —¢1(t) A + ¢o(t) (dx* + dy* + dz?)

m residual gauge freedom t — A(f) which would allow us to set ¢; = 1 breaks PSC

m /-chain

m Levi-Civita tensor

X=0:Ad,AN0,

P15 dt Adx Ady Adz
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Examples

Symmetry reduction for flat FLRW cosmologies ([6,3,2]: E3)

m infinitesimal group action
I' = span{dy, 9y, 9z, X0, — Y09y, YO, —20dy, 20y — X0}
m [-invariant metric
§=—¢1(t) AP + ¢o(t)(dx* + dy? + d2?)

residual gauge freedom t — A(t) which would allow us to set ¢; = 1 breaks PSC
I-chain

X - ax A ay VAN az
m Levi-Civita tensor

P15 dt Adx Ady Adz

reduced Lagrangian 1-form

L=xee®)LR] = \/pp3Li)dt
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Conclusion

m We established the essential ingredients for a successful symmetry reduction:
identified all possible PSC-compatible infinitesimal group actions I

determined corresponding I'-invariant metrics
and /-chains in adapted coordinates

minimized the amount of unknown functions
employing residual gauge freedom compliant with PSC

m As a by-product, we implemeted the symmetry reduction of Lagrangians in
MATHEMATICA employing the xAct package.

Tomas Mélek Symmetry reduction of gravitational Lagrangians EREP2024



Conclusion

m We established the essential ingredients for a successful symmetry reduction:
identified all possible PSC-compatible infinitesimal group actions I

determined corresponding I'-invariant metrics
and /-chains in adapted coordinates

minimized the amount of unknown functions
employing residual gauge freedom compliant with PSC

m As a by-product, we implemeted the symmetry reduction of Lagrangians in
MATHEMATICA employing the xAct package.

Thank you! Obrigado!
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List of infinitesimal group actions I

TEA] [[=cseyssinys By, F cosya By, — ool g 5T ys By, — conga c5eys Oy
— sin g4 By, — cos s 0t 4 By, By By

2] |[“eschyssinya By, + cos 1 Dy, — cthy s s By, — oy csch s By,
— sinya By, — cosyicthys Dy, By, Dy

[44.9] 11841, By Byyr —y18yy + By + 128y,

18]
22]

By, Byy, ya 0y, + 84y, By, — Y38y + 94 By,

Bur Dya 41O + By, 3 (45 + 1) Dy + s + 910 — 430

Ticks 7 |[Tsommetry algsbea T [50.0] ||~ cschyssinya By, + cos s By, — cthys sin s By, — cosya cschys By, [6..1] [[cosys B, — cot s sinys By, — sinys By, — oy cot v By,
B21] [0, By 42Dy + 30, _ —sinya @y, — cosyscthys Dy, By, By, Dy —siny thys 8y, +cosyy By, —cosyy thyy By, —siny, 8y, 8y,
3.2,2] [[c05 41 Dy — clhys it y1 By, — St y2 By, — cos yrciliys By, By BA?] o 55‘“‘@7:;3;2} ’f/:gf’ fou‘uug”wg‘x’ﬂn sy eseys By, 6.12] coay:q/ﬂ;ﬁ‘;)céhyr‘l.ny.\aw 7(““7/?;,',);27%%?%? g,,,. gy,
[3:2.3] [[cos ys By, — cot s s s s, — S ys By — COSYs <Ot ys By o 03] [[Ous Ous, 300 & Bynr L3+ 431 By1 + 4103 — 53031, Osp .43 T h:0,, F o o5 y1 hya O,y — 51091 Byes Dyr Oyar By
8.21] [[8,,. s 420y, +y1 0y, P N N i Oy
3.2,5] || sing thys ,, + cosys By — oy thy2 By —siy: By, 0, [5G 1801, Dy 548y + D, 50,00, Y2 Oyn + 93 Dy
020 |- S Qs Gy, + 801 Ous B2 Oy — S0 U1 Fvgs Oy 547 Y thys By, T cosy By, — soch g sinys Oy, —cosyr thys By T6.4.4] |[cos ys By, — col ys it ga By — i s By — 05 s 0L ys Dy Doy D Do
332 [[8,,. Dy, O, Y1 By — cosyisechyz By, By, By, O, 128y, + 118,
3:3.3] 1180 . By 140y + Oy [6.3.0] [[cos ya By, — ot g sim g By, — 5 ya Bys — oS g1 cOt 43 By, By, 6] [[cos s By, — th s sim g Dy, — S0 s By, — 005 g 0T 43 Doy Do 42 Doy
[3:38 1y Oy + cosya Dy, — Uiy sinnys Dy, = cos ya cscliy Doy o8y sin s 8y, + coS Y oS ya cob 2 By, — Cob Y2 C5C ya sin ga By, t 118y, By By
- sin s By, — cosys cthys By, Dy Sim g1y Sin s By + COS g COL 12 5 s Dy + €08 Y €Ot Y 05 s Dy €03 s Dy [ .1] [[cosg1 By, — col go s s By, =SB0y = o8 0 D Do
307 ||~ cscyssinya By, + osya By, — cot g sinys By, — 08 s 50 Y3 By oty sy Do o B T s ek B cot s O
s By — c0s s cot s Dy Do 652 (8. 00 11 By T 128, 010,128y, 110, 1200y B iy con o s s B oot s s o0,
[4.31] [lcos g1 Bys — cthygsinys By,. —sinys By, — cosyacthys By,, Byy. [6.3.3] [[cos ya By — COtyasinys B,y — SN Ya By — COS s COL s By Doy — cot yasinys Dy, Dy
[43.2] || eschyasinys By, + cosya By, — cthyasinys 8y, —cosyseschys dy, 08 Yasin ys By, + cosys cos yacthy By, — cthyz cscys sinya Dy, [T42] [[cosya By, — cotys sin ya B, —siliys By — €05 Yz COL Y Dy, Doy
—sinys By, — cosyicthys By, By, By sin ys $in e Dy, + €05 ya cth ye sinys 8, + cos ya cth ys esc ys By, €08 ys By 08 g4 80 s Dy + COS Y3 €08 Yy cth o By — cth g o5 s sin g4 Dy,
[4.3,3] [[cos ya Bys — cot yasinya By, — sinya By — cosya cot ya Bys, Dya. By, — cthys sinys 9, sinyy sin ys By, + cosys cthyz sinys By, + cosys cthyp escys By, cosys By,
[434] || = escyasinys 8y, + cosya By, — cot yasinys By, — cosyacseys Dy, T6.3.4] ||=sin(ys — ys) th yz By, + cos(ys — ya) Bys + il gz sin(ys — ) By cos(1 — cthyzsinys By, By,
— sinyy By, — cosyscot ys By, By, By, —y3) thyz 8y, +sin(yr — y3) By, — cos(yr — ya) cthya Byy, — By + By €08 Y1 Dy — COt Y3 SIN Y2 Dy, — i ya Dy — €05 Ya €Ot Y3 Dy, Dy
By Dy Ys Dy + Doy 3 (U3 1) Dy + 930y — 130 sin(ys + ys) thyz 8y, — cos(ys + ys) By, + cthya sin(y + ys) Dy, cos(ys cos iy sinys By, + cos ys cos ya cth yo By, — cth gy ese ys sinyy ,
By Dy —y1 Dyy + y3 By Oy +ys) thys By, +sin(ys +ys) By, + cos(yn +ys) cthys Dy, Dy, + By, sinys sin gy By, + cos ys cthya sings 8, + cos ys cthya esc ys By, 05 Y3 By
— sty (hy2 By, + cosy1 Dy —cosyi Uy Dy, —siigr Dy Doy, Dy [6.35] [[0ur. Dy Dy Y20y + 41 Dy YDy + 51Dy —ys Dy + 420y, — cthyzsinys Byy, By,
—siny thy, 8, + cosy1 8y, —sechysinyy 8y, —cosyi thy 9, [6.3.6] [[cos ya Dy, — cot yssinya Dy, — siti ya Dy, — €08 ya cot ys Dy, Doy [7Aa4] Sin(y1 — ya) thyz By, + cos(y1 — ya) Dy, + cthyasin(yr — ma,u cos(yr
—sinyy By, — cosyy sech yo By, Dy, By cos ya sin s By, + cosyg cos ya ethys 8,y — cthys escyssinys 8y, —y3) thyz 8y, +sin(ys — ys) By, — cos(y — ys) cthyz 8, »
[L300][ s, Dua y1Bys + i 33 0s — 1D sin g sin s B, + cos s cthyz sin gy By, + cosys cthyz cseys . cosys By 1+ 1) h By, — cos(ys 1) By 4 th s+ ) Dy oS
[A300[[Bur. By By y2 8y + 11 Dy — cthyy sin ys By, +y3) thye By, +sin(y1 + ys) By + cos(yr +us) ethys Dy, By + By Doy
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List of I'-invariant metrics

Hicks #

T-invariant metric g

—01(y1.v2) dun” + 6 (y1.42)(dys V dys) + Es(y1. y2) dye” + Sa(yr. y2)(dys” + dys”)

v1.y2) dyi” + b2y y2)(dyy Vdya) + ds(ys. y2) dyz” + ba(yr, v2)(dys” + sh” ys dys”)

y1.y2) dun” + 6o (y1.y2)(dyr V dys) + G(yr, y2) dy® + Ga(yr. y2)(dys” + sin® ys dya™)

61 (ys. ya) (= dun” + du?) + 62 (s ys) dys” + 65 (ys. ¥a) (dys V dya) + 64 (vs. ys) dus

61(ys. y2) (= ch?y2 dy” + dyo?) + G2(ys. va) dys” + bs(ys. ya)(dys V dys) + Galus. ya) dys

+ @a(ys)(dys V dys) + 01(ys) dys™ + 65(ys) dya" + 06(ys)(dys V dyz)
3)(dyz V dys)

—¢1(ys) dy1” + 2(ys) dy.
+ r(ys)(dyr V dys) + @s(ys)(dyr V dya) + do(ys)(dyz V dys) + o,

—01(y2)(dys — ya dya)” + 92(y2) (dy2 V (dys — ya dys)) + Ga(y2) dya” + 6a(y2) dya” + és(y2) (dys V (dys —yadya)) | [[A.49] ”Pl(d./] — 3Y3 dy2 +y3 dya)” + 62 dys” + 03 (dys V (—ys dyz + dy)) + 0a(—ys dyo + dua)” + 65 d/« +66(dy2 vV
+ 66(y2) (dys V (dys — ysdys)) + d7(y2)(dyz V dys) + Os(y2)(dyz V dya) + Go(y2) (dys V dys) + Suo(y2) dus® (dy: — 7d'/z+7/xdu4))+°‘(d1/xV(ﬂ1/nf-,v‘d'/v+1/xdva))+On((”/xduz~dua)\/ (dys — 3y5dy2 +
—1(y2)(dyr — chys dys)* + d2(y2) (dyz V (dys — chys dya)) + &s(y2) dy2” + 64(y2) (siny1 dys +cos yr shys dya)” + ys dys)) + éo(dyz V dys) + éro(dys V (~ys dys + dys))
65(y2) (dy2 V (cosy dys — siny, shys dys)) + 96(y2) ((dyy — chys dys) V (cosy dys — siny, shys dyy)) + (418 [[ =1 (dys — ys dya)” + 62 (dyz V (dyr — s dya)) + G dye” + 2 dys™ + €75 (dys V (dyr — s dy))
@7(y2) ((sin g2 dya + cos ya shya dys) V (cos yr dys — sin 1 shys dya)) + 6s(y2)((dyr — chya dya) V (sinys dys + + e~ (dya V (dys — ys dya)) + "1 (dys V dys) + e~ s(dya V dya) + So(dys V dys) + e o dy.

[4.4.22][| =1 (dys —y3 dya)” +¢2 (dy2 V (dy1 —ys dya)) +¢s dy2” +da(cos yo dys —sin yz dya)+ s ((cos y2 dys — dya)V

cosy1 shys dys)) + do(y2) (dyz V (siny dys + cos yi shys dya)) + ¢10(y2)(cos yr dys — siny1 shys dya)*

—61(y2) (dys —cos ys dya)” +2(yz2) (dy2 V (dys —cos ys dya)) + d3(y2) dya” +@a(y2) (sin yr dys +cos yi sin ys dya)” +
95(y2) (dy2 V (cosyn dys — sinys sinyr dya)) + d6(y2) ((dyr — cosys dya) V (cos 1 dys — sinys siny: dya)) +
@7(y2) ((sin g1 dys + cos y sinys dys) V (cosy dys — sinys sinys dya)) + 6s(y2) ((dys — cosys dys) V (sinya dys +
cosyu sinys dys)) + do(y2) (dyz V (sinyi dys + cosya sinys dys)) + So(yz) (cos ys dys — sinys sinys dya)*

(dys — yadya)) + 6 ((siny2 dys + cosy2 dya) V (dyr — ya dya)) + ¢7(dyz V (cos y2 dys — sinyz dya)) + o5 (dyz v

(sin

2 dys + c0s o dys)) + o ((sin ya dys + cos ya dys) V (cos ya dys — sinya dya)) + Guo(sin ya dys + cos ya dys)

2

dy; — chysdys)” + 02 (dys V (dys — chys dys)) + 63 dys” + 6a(dys” + sh” ys dys?)

dy1 —cos ys dya)” T 62(dy V (dys — cos g dya)) + 65 dyz” + 6a(dys? + sin? ys dya?)

—01(y2) dyr” + 92(y2)(dys V dya) + ds(ye) Ay + 64(y2)(dys” + sh? ys dy,*)

Ay — s dys)” + 02(dye V (dys — ys dya)) + 0 dya” + 0a(dys” + dyi’)

—1(y2)(dys — chys dys)” + ¢2(y2) (dyz V (dys — chys dys)) + Ga(yz) dyz” + @a(y2) (dys” + sh” ys dys”) —01(dys — ysdya)” + 02(dyz V (dys — ys dya)) + bz dyz” + daldys V dya)

1 (y2) Ayr” T 92 (y2) (g1 V dyz) + Ga(yz) dyz” 64 (y2) (dys” + sin” ys dys’) 91(=ch?yodys” + dy2?) + Ga(shya dys + dys)” + 65 (dya V (shy2 dys + dys)) + dadya
—01(y2)(dys — cosys dys)” + G2(y2) (dya V (dys — cosys dya)) + da(yz) dya” + 6a(y2)(dys” + sin” ys dys”) —1 (1) dun® + G2(y1) (dy” + sin” y>(dys” + sin” ys dys?))

—01(y2)(dy1 — ys dya)” + 62(y2) (dy2 V (dyr — s dya)) + 05(y2) dya” + 6a(y2)(dys” + dys”) —¢1(y1) dyi” + S2(y)(dye” + dys” + dys”)

—¢1(y2) dy1” + G2(y2)(dys V dya) + és(y2) dy2” + 0a(y2)(dys” + dys”) — 1 (y1) dyi” + 6a(y) (dyz” + sh? ya(dys” + sin” ys dys”))

(cosyr dys — siny1 shya dya)) + 06 ((dys — chyz dya) V (cos y1 dys — sinya shya dya)) + d7 ((sinys dys +
cos yu shya dya) V (cos g1 dys — sin g shya dya)) + gs ((dys — chya dya) V (sin g dys + cos ya shys dya)) +
6o (dys V (sinys dys + cos ys shys dys)) + dio(cos yi dys — sinys shys dys)*

61(y3) (= ch” g2 dyn ™ + dys?) + Ga(us) dus” + 65(us) (dys V dya) + 0a(s) dua” G (1) (= chZ g2 dyi® + dy2” % g dys?) + Ga(ya) dy
O] {01 (a) (= chya dyi ™+ dys®) + 62(ys) Shya dys + duys)” + 65(ys) (dya V (hye dys + dys)) + 6a(ys) dys 61(y3) (— dyi” + dyx” + dys?) T 02(ys) dys’
31061 (v2)(dys — s dya)” + 2(y2) (dyz V (dys — ys dys)) + &s(v2) dye” + 6a(w2)(dys V dya) —01(y1) dyr” + 32(y1) (dy2” + sh” ya(dys” + sin ys dya”))
3.11)[[61 (ys) (= dy ™+ dya") + ba(ys) dus” + 65 (u2) (dys V dya) + 6a(ys) dys o s £ v £ 6@ Lo A
4,4,1] [[=é1(dys — co dys)” + @2 (dyz V (dy1 — cosys dys)) + ¢adyz” + Ga(sinyi dys + cosyrsinys dya)” + 65 (dyz V. $1(—ch” y2dy;” + dy: 02(dys” +sh”ys dys”)
(cosy1 dys — sinys siny: dys)) + é6 ((dy1 — cosya dys) V (cosyr dys — sinys sinys dys)) + ¢ ((sinys dys + N v;dz/l + d.L/z 2(dys” + dys”)
cosyy sinys dys) V (cosyr dys — sinys sinyi dys)) + 6s((dyr — cosysdya) V (sinys dys + cosyr sinys dua)) + ys~ + sin” ys dys”)
o (dyo V (siny: dys + cosy sinys dya)) + dro(cos yy dys — sinys siny, dya)? 2°) + G2(dys” + sh” ys dys”)
[342] |[=¢1(dyr — chys dya)” + 62 (dyz V (dyr — chys dys)) + @sdy2” + da(sinyi dys + cosyr shys dya)” + ¢s(dyz V. = dy, T 62 dyz' +sin? y(dys” +sin ys dyi%))

—61dy”+ 62

dys” + Sh7 ya(dys” + sin” ys dys

—o1dyi” + 62

dyz

+sh” yo(dys” + sin” ys dys”

)
)]

o1(—

ch?y dy,”

y” + sh” y2 dy.

)+ Gadys”




List of I'-invariant [-chains

Hicks #

I-chain x

0yy N8y,

cschys By, A Dy,

cscys Dy A Dy,

0y N By,

sechys B, A D,

9,1 0,, 10y,

BTH A 3,” A Bl/‘l

0ys 8, A B,, £y, 1By

cschys Dy, A Dy A Opy

0y1 N Oys N By N Dy,

cscy3 By, A By A By,

Oy N By NByy Ny,

cschys 8y, A Byy N Dy,

cschys By, A By, A Bys N Dy,

cscliys Dy, A By, A Dy

csc” ya escys By, A Byy N Dy,

cscys Oyy A Byy Ny,

Oy N Bys N Oy,

C5Cys By, A Dy A Dy,

cscyscsch® yo 8y, A Bys A Dy,

31“ A 31/.1, A al/a

cschys sechyp @y, A By, N Dy,

By A By, Ny,

9,1 0,, 70,

sechys 8y, N Oyy N Dy,

cscys esch” Y2 yy A Dy; A Dy,

sechys By, A By, N Dy

0y, N Bys N Dy,

c sech y2 By A Oy, N Dyy N By,

0y N\ By, N Oy,

Csch ys sech yz By, A Dy, ADy, A Dy,

sechys @y, N By, NBy; Ny,

5cys By, A By, NDy, A Dy,

CSCYs Oy A By A Dyy A Dy,

cschysz By, A By, ANBys Ny,

Oy A Byy N Oyy Ny,

0yy N Byy NByy N Dy,

cschys By, A By, Ny, N Dy,

0yy N By, NOyy 1Dy,

ys
S5Cya oSO 2 Dy, A Bys A Byy A Dys

cscys esch” y2 8y, Ay, ADy; Ay,

Cschys Oy, A Byy A By A Dy,

Csch s sech ys By, Ay, A By, AD,,
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