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® Exact Relations for Dark-Energy (DE)

ACDM and wCDM models
® New DE parameterisations
® Chevallier-Polarski-Linder (CPL) parameterisation

® Quintessence: Thawing and Tracking models
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Preliminaries

Spatially flat homogeneous and isotropic cosmology:

ds? = —dt? + az(t)éijdxidxj

(1+2)72 [H72(2)dz? + aboax’ o |

Scale factor: a(t) > 0;
Hubble variable: H = % In (a);

Cosmological redshift z = % — 1

Observables: H(z); g(z) = -1+ (1 + )dln ; Distance measures:

L
H(z)’
z
Coordinate distance: DM:/ H™1(2)dz,
0

Hubble distance: Dy =

Luminosity distance: D; = (1 + z)/ L(z)dz,

Angular diameter distance: Dp = (1 +z)_1/ H™Y(2)dz.
0
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® Parameterisations of H(z), or D;(z), etc.. More common is to start from the
equation of state of DE
_ PDE

PDE

WDE

® However wpg is not an observable!

® Computing H from wpg requires EFEs + Conservation Equations.
® Computational purposes use e-fold time: e N =1+ z

® Conservation equations:

P = —3pm = pm = pmo exp(—3N),
ppe = —3(1+ wpE)pDE = pDE = ppE0 exp(—3N)F(N),

where

F(N) = exp (_3 /ON WDE(N)dN) .
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® Dimensionless bounded Hubble normalized variables

— Pm Q — PDE
T 3K PR 302

m

® Gauss constraint:

U+ Q=1 = Quo+Qpro=1.

® The present time normalized Hubble parameter

H

E=".
Ho

is given by
E3 g = Qmo exp(—3N) + Qpro exp(—3N)F(N).
® For the Hubble normalised variables:

QpEo Qmo

- . Q=m0
[Qmo/f(N)] + QpEo Qmo + Qprof (N)

QpE

® The above expressions involve f(N), which is computed from the integral of
wpg (N).
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ACDM and wCDM models

® ACDM model: Simplest hypothesis compatible with observations DE is a positive
cosmological constant A > 0,

A
ppE =pan =N, ppE =pr=-N, Qpg=Qpr:= >
3H
® Equation of state
wpg = wp = —1,
® This leads to
f/\ = e3N

and
Qno

N Qn + (1 —Qno) e=3N’
® wCDM model:

E/% = (1 - QAo)eisN + Q/\().

Wpg = w = const.,, —-1<w<0.
® This leads to
f(N) = e 3N
and
Q
Q. = w0 E&/ _ (1 _ Qwo)eSWN + QW0673(1+W)N.

Qw0 + (1 - QWO) e3wN’
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Past DE series expansions

® Letting wpg — Weo € [—1,0) and Qpg — 0 when N — —oo results in

bE ~ *3WooQDE

and hence
Qpg ~ C673W°°N.

® |mprove approximation by series expansion in
T = Toe 3weol,
where T — 0 when N — —oco.
WDE = Woo [L— (v = 1)T + (v —1)8T? +...]

QDE:T<1—7T+ |:1+%("y—1)(3+"y+,8):| T2+...).
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DE Padé approximants

® Padé for wpg:
Woo
1+(y-1)T’

wWpE & [1/1]wpp (T) = weo (1 — %) .

WpE ~ [0/1]wpp (T) =

® Connect with the present time N = 0: solve for T = Ty in terms of wpgg.
However, wpge is not an observable!
® To connect with present time we take the Padé approximant

T
T 144T’

QpE = [1/1]ape (T)

® At N =0: Qpgro = To/[1 + v To], and hence

Q
T, = DE0
1 —+QpEo
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® Parameterisations of wpg

WhE A Woo (1 _ (v — 1)Qpko )
(v — 1)QpEro + (1 — ¥Qpgo)edwelN )’

WhE A~ W (1 (v — 1)Qpko )
~weo [1— .
BQpEo + (1 — YQpro)edwee

® Present time values
~ ( 1 —vQpro )
WDEO S Woo | — = | »
QmO
WD & w (1 (v — 1)Qpmo )
~ Woo B e
1+ (8 — 7)o

® The integral f(N):

o Qmoe_3w°°N
1 —9Qpro + (v — 1)Qproe—3Wee N’
121
£ o= 3waoN ( 14 (8 —7)pEo ) B
1 —~QpEo + BQpEoe 3o N ’
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CPL parameterisation

® Chevallier-Polarski-Linder (CPL) parameterisation:

z

WDE = WCPL = Wo + Wa | ——
a(1+z

) = Woo — waeN7

where
Woo = Wo + Wj.

® The integral f(N)

F— o= 3weolN e—3wa(1—eN) —(1+ Z)3WOO i e—3Wa(1%Z)

)

® The CPL can be regarded as a series expansion in eV, but this is inconsistent
with the past matter dominant requirement, with a natural expansion in e~ 3Weo N,
which is particularly pertinent as observations probe increasingly large redshift.
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Quintessence

Quintessence models: minimally coupled scalar field, ¢, with a potential
V(p) > 0:
1. 1,
Po =50+ V(0 P =597 = V(o) (8)
The dark-energy conservation equation

§=—3Hp— V. ©)
Qpg = QLﬂv WDE = W, with —1 < Wy <1

Thawing models: Thawing quintessence exist for all potential where

1%
A — _ %
(¥) Y

is bounded. It corresponds to a value of w, beginning near —1 increasing with
time, i.e.

/
w, >0
Freezing models: freezing quintessence corresponds a decreasing value of wy, i.e.

W:a<0
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Thawing Quintessence

® A. Alho & C. Uggla: Scalar field deformations of ACDM cosmology. Phys. Rev.
D 92, 103502 (2015).

® A. Alho & C. Uggla, and John Wainwright : Quintessence from a state space
perspective, Phys. Dark Universe, 39 (2023) 101146.

(ayx=0

® )\(p) bounded; line of matter dominated ‘Friedmann-Lemaitre’ fixed points,
FL, , with weo = —1, parameterized by the constant values ..

® Thawing quintessence is associated with the unstable manifold of FL, .
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Thawing Approximations
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® Higher-order expansions on the unstable manifold leads to the identifications

’7:214—(%)36*, B::g(l—&—%)

and €. = €(¢«), N« = n(px) are the potential slow-roll parameters

1/V,\%2 A2 %
(%) =% wa=Ygorona

e(p) = =
@@=\~ >
® Example: Quintessential a-attractor EC potential with A\, =~ 0.8, v =~ 1.1
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Tracking Quintessence
® Prototype model: inverse power-law potential V(@) = Vop P, p>0.

® \(¢) becomes unbounded when ¢ — 0F.

® A. Alho, C. Uggla, J. Wainwright. Tracking Quintessence. Phys. Dark Universe,
44 (2024) 101433

® Tracker fixed point T: Wy, := w|T = _ﬁ_

® Tracking quintessence is associated with the unstable manifold of T (Tracker
orbit).
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Tracker Approximations

vV, o
r.= Tw =14+(A")e-
%
® Higher-order expansions for the unstable manifold leads to the identifications

® |ntroduce

vi=1—w (1 - W2)k,
_ 203 (3, — 1) + k (120 — W) — 3w + 2, — 1) + K2

W (1202 — 3w, + 1)
and
~ 2 ~
wp — 5T (0 . Wel® FO) — 14 p1.
9(Wy + 1)k’
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We have present a new consistent and unified approximation scheme for
Quintessence models having a continuous ACDM limit. These are simpler and
accurate as previous approximations.

Contextualize in a broader DE context

General procedure which can be applied to a plethora of models: modified gravity,
etc..
1 ldentify fixed points whose unstable manifolds are associated with physical "viable”
solutions:
2 Produce expansions and improve range of convergence with Padés. Connect with
present time initial data.

Linear perturbations:
® A. Alho, C. Uggla & J. Wainwright: Perturbations of the Lambda-CDM model in a
dynamical systems perspective. J. Cosmol. Astropart. Phys. 2019 (09), 045 .

® A. Alho, C. Uggla & J. Wainwright: Dynamical systems in perturbative scalar field
cosmology. Class. Quantum Grav. 37 225011 (2020).
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