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— Introduction & Motivation & short Summary

Our Universe appears to be undergoing a accelerated expansion
due to the presence of a positive cosmological constant, A>0 ...

(ACDM model: ~69% vacuum energy <—> A <—> dark matter with EoS p=w p, w~-1)

So we should ask:

- What is the phase space of stationary black hole (BH) solutions
of the Einstein equation in de Sitter?

- Are there other solutions besides de Sitter-Schwarzschild & de Sitter-Kerr ?

» Can we have multi-BHs (eg BH binaries) ?




— Can we have multi-BHs (eg BH binaries) ?

* On one hand, Newton-Hooke analysis: cosmological expansion should be able to
balance gravitational attraction

* On the other hand, some mathematical theorems in the literature claim

uniqueness of Schwarzschild/Kerr solutions in de Sitter Il
[LeFloch, Rozoy '10] [Borghini, Chrusciel, Mazzieri '19]
[ul Alam, Yu '14]

— Solve the Einstein equations to settle the issue!

* We find that
regular static/stationary BH binaries

do exist in de Sitter.

* Not in conflict with available Uniqueness theorems:

we have (explicitly identified) assumptions of these theorems that can be evaded



— A=0: Uniqueness, No-hair theorems & multi-BHs

* When A=0, Stationarity => axisymmetry  [Hawking ‘73 and Wald ‘92, Chrisciel ‘23]
=> BHs are uniquely characterized by their M, J, Q: the Kerr-Newman BH family
=> No-hair & Uniqueness theorems [Kerr ‘67, Carter ‘71, Robinson ‘75]

* For static configurations, mathematical theorems preclude the existence of regular
asymptotically flat multiple BHs [Bunting, Masood-Ul-Alam '97].

- Asymptotically flat multi-Kerr BHs, where their gravitational attraction might be balanced by
spin-spin interactions, have been ruled out. [Neugebauer, Hennig '10-'14, Chrusciel et al '11]

+ All Einstein(-Maxwell) binary (multi-BH) solutions in 4-dim found so far have naked singularities
or conical singularities (e.g. Bach-Weyl and Israel-Khan), except Majumdar-Papapetrou solution



- What about de Sitter (A>0) ? .. Uniqueness ?

» Our Universe appears to be expanding & accelerating due to the presence of a positive A.

3

» Einstein equation with a positive cosmological constant: R, — 72 Jab

A=3/2 >0

* We would like to understand the moduli space of static/stationary BHs of this theory.

* For A>0 unigueness of Kerr-dS is not established

» Spacetimes with a positive cosmological constant have spatial slices that grow exponentially.
=> at late times, an inertial observer O in de Sitter experiences a cosmological horizon.

* Region visible to O — the de Sitter static patch — can be described by a static metric:

2 , | dr? 20102 1 win2 2 r?

ds® = — fdt +T—|—'r(d9 + sin” 6 d¢”?) f:1_£_2

where polar coords are built around an inertial observer O placed at r = 0.
Null hypersurface r = r. = ¢, is a cosmological horizon:

a surface beyond which nothing influences O

* Kottler BH (Schw-dS) ...

<X~
- Kerr-dS BH




— Can we have multi-BH, eg BH binaries ?

- A=0 Bach-Weyl (1922) or Israel-Khan (1964) solution. But it has conical singularities:

K




— Start with Newtonian analysis: consider a configuration of N small BHs in de Sitter space

. _ . . d2 | -
Newton-Hooke equations of motion: M 3;a _ ma— _ Z Mo b (Xq 3Xh)
dt w X, — X3l
 Static soluti ist when: i
atic solutions exist when: X, _ Z my(X, — Xp) 1) A =3/ >0
£2 |xa — xb|3
b#a

* Two equal mass BHs aligned along z axis and separated by a distance d:

N = 2, :clz—azg—géz, mg, = mp = M

* Then (1) yields:

d_g T+ g - 1 (2) ro = 2M
‘¢ (4ml T+)1/3 T, = (4mry)~!

* Require validity of Newton + Hooke approxs (BHs inside a single cosmological horizon):
T+<<d, d <</ (:>7“_|_<<€)

* These conditions are consistent with Newton-Hooke equilibrium condition (2):

T d3 { d<<€

F= <1l
N t=d <

=>J static de Sitter binaries with small BHs are consistent with Newton-Hooke theory.



— Going beyond the Newton-Hooke approximation: General Relativity (GR) solution

We find exact solutions to this 2-body problem in GR with A > O using numerics.

Use Einstein-deTurck formulation of GR:
[Headrick, Kitchen,Wiseman ‘09] [Review: OD, Santos,Way '15]

3 A=3/2 >0
» Solve instead Gab = afb) 2gab
- De Turck vector f can be arbitrary. We choose: = g% Ip(g) — T.(9)]

- J is a reference metric of choice: it must have the same asymptotics & causal structure as g.

. Advantage: Principal symbol of GY =0 issimply P ~ ¢*0,0,

* For stationary problems, GH = 0, together with appropriate BCs, yields a set of Elliptic PDEs!

3
* Ultimately, we want to solve R,, = g_anb & thus we want solutions of GH = 0 that have £=0.

 Find a solution, and check that € —>0 in the continuum limit:
Ellipticity (local uniqueness) guarantees that solutions w/ & 7 0 will not be nearby those w/ §=0.
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-Outer region: near (single) cosmological horizon, solution looks like de Sitter space; (p,§) coords

Inner region: solution looks like warped Israel-Khan but without conical singularity; (x,y) coords

*Inner region is pentagonal (5 boundaries) => so split it into 2 squared (4 boundaries) sub-regions



—> Choosing a good reference metric g & metric ansatz with patching

1) de Turck reference metric: K —> Israel-Khan without conical singularity; (x,y)

(2 2 | 0 4dz? 4dy? 0 2-
dsrcf g+{ fg Fdt 2A3y P ((2—$2)Ax+(2_y2)Ay +y(2_y)(1_ ) Sd¢

2 2 i 2 _ £2)2 )

\\ s=1—a(l -1y
— de Sitter space: (p,§) coords o =---

2) metric ansatz with patching:

0? A2 4A dz? 4B -
2 2 v . _ a2 a2\ .2
ds _g+{ fg> FTdt* + m2AL, lw ((2—m2)!x+(2—y2) ., (dy z(1-27)y2-y)(1—-y )]:da:) )

+122 - )1 - )? sa&] }

2 " 2 " R N 2
_ 52 { —fR FT A+ ’\fh [Adp2 +p2(2i852 (df @2 )1 —£2j>p}'dp)2+ (1 h{ ) sSd<,/>2)]}

Our mission: find the unknown functions {f’ 4’ li’ ]i’ “S;}(x’y) We know the map:

{T7 A) Ba F) 8}(p,§) P(x,y), &x,y)

by solving the Einstein-de Turck EoM (£=0)
subject to the appropriate physical Boundary Conditions




* Numerical method:

[Review: OD, Santos,Way 1510.02804]

Use a Newton-Raphson algorithm with pseudospectral grid.
Also use transfinite interpolation to complete the patching.

@ patching boundary, require:

1) matching of two line elements, & 2) matching of the normal derivative across patch bdry

Y
A {Ta -Aa Bafas}(x,y)
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Testing patching: g;; & g4 are gauge invariant since d; and dy are KVI's

Recall Bach-Weyl (Israel-Khan) cylindrical-Weyl coord {r,z}
and its rod-structure where:
1) the rotation axis and the BH horizons are all located atr=0
2) there is a Z2 symmetry

(%, y)

1/k



— Properties of static de Sitter BH binaries

Proper distance between the BH horizons
versus the BH temperature:

GR results
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— Properties of static de Sitter BH binaries

* Not in conflict with available Uniqueness theorems:

we have (explicitly identified) assumptions of these theorems that can be evaded

[LeFloch, Rozoy '10] [Borghini, Chrusciel, Mazzieri '19]
[ul Alam, Yu '14]

Contour plot showing the level sets of the lapse function N = \/—gu
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Spinning Black hole binaries

» Add spin (not orbital angular momentum) to BHs:

Cosmological expansion + Grav attraction + Spin-Spin interaction [Wald '72]
- Can we have stationary (no quadrupole momentum, no radiation) spinning BH binaries ?

» Can Spin-Spin interaction stabilise the binaries (alike in molecular systems) ?

Aligned [Neuman BC W(-x)=+W(x)] Anti-aligned [Dirichlet BC W(-x)=-W(x)]
Repulsive Spin-Spin interaction Attractive Spin-Spin interaction

OD, Jorge Santos, Benson Way, 2406.10333



— Spinning binaries within Newton-Hooke + Spin-Spin interaction

Newton-Hooke + Spin-Spin interaction [Wald '72] equations of motion:

d2Xa Xa g My _Sa Sb 3 (SCL ) rab) (Sb rab)_
a — am T v( ) Vv o
Teae T e vl ) v/ Ta|? _
- Stationary solutions exist when: d;:;“ =0 (@D A=3/E>0

Two equal mass BHs aligned along z axis and separated by a distance d:

31,2 =moiz€, = —1 (atractive SS)
repulsive SS)

N,

N=2 x1=—-T9=5€,, Meg=mp =M

Oy = Y01 = YO v =+1(

Then (1) yields:

d_3_2_m(1_6 0_2) _ ¢ L 1 —
B TP [~ (4xT.0)b

* Equilibrium condition (2) can fall within the regime of validity of Newton-Hook theory:

1
m =

Q2 (2) i 20T+ /Am2TR + 92
(4nT)? m iy

1 n 27y
3 (47TT_|_€>4/3

g = .
VA TR + 02

r, < d</ (ie large T ()



—> Choosing a good reference metric g & metric ansatz with BCs

02 A2 4A dx? 45 2
A2 = 2 ) r02 pgs2 2 B 2 oovi 2
: gi{ o Kl (= re =l U R T L)

+ 22—y (1 —y*)?sS (dgb— gszdt)Ql }

- = h| ~ g _ 22 -
- 92{ fQZFTdter)\‘fh[Adp2+p2<24B§2 (dg_f(Q_fZ)(l—fQ)P]:dP)zﬂL 1-&) SS(d¢92det)2>]}

Aligned [Neuman BC W(-x)=+W(x)] Anti-aligned [Dirichlet BC W(-x)=-W(x)]
Repulsive Spin-Spin interaction Attractive Spin-Spin interaction




— Properties of SPINNING de Sitter BH binaries

v = —1 (atractive SS)
v = +1 (repulsive SS)

0.3796
- d(€2+) curve for the aligned binary (v = 1) is always below o /VG[,I,
the curve for the anti-aligned cas = -1).
e e fo e anti-aligned case (y ) ﬁo.am l'o,,
4
+ Spin-spin forces are repulsive for aligned spins 0-3790

=> BHs need to be closer apart to remain in equilibrium 02728 o 0= _0
(for fixed gravitational and cosmological forces).
The opposite is true for anti-aligned spins.
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— Properties of SPINNING de Sitter BH binaries -

* Binaries are thermodynamically unstable 000151
For a given Sc and J+ot, Spinning binaries have
lower total event horizon S than dS Schw/Kerr ,
. 0000
- Continuous Non-Uniqueness g—‘;
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000l o S/ £ —Kerds A [Hawking,Gibbons ‘74]
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Our data satisfies it up to 0.01%
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— Properties of SPINNING de Sitter BH binaries
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— Outlook

» Our binaries are thermodynamically unstable: but, under small perturbations, the BH pair
necessarily needs to merge into a single BH or fly apart, ie it can be dynamically stable (?).

* Future: study the dynamical stability of spinning binaries by perturbing our stationary solutions.

* The spin-spin interactions act on shorter length scales, & might provide a mechanism for
stabilizing binaries in some windows of parameters, alike it stabilizes molecules

— Back-of -the-envelop analysis within Newton-Hooke approximation:

. . -1.0 — 0¥ =40 "(/‘\Iignod = attractive SS)
- Static binary:

— 0V = 0 (Static binary)
V(r') - -l/r' —rz/z <_SChr‘.Od|nger' pOTenT|al — e (1'3) — ~_(2|j:l (_A”[i—A]ig”;sg = |epu|bive SS)

=> single maximum (r=1)

=> unstable equilibrium < ///\
/

V(T') -2.0 //

/

* Spinning binary: Add a 1/r3 spin-spin term,

Vspin(r)=V(r)-7/p3
For V>1/30 (spin-spin repulsive interaction) 9 /
Vspin (r) has local minimum

=> a STABLE equilibrium point _3.0 /

0.0 0.5 1.0 1.5 2.0






=> Appendix: technical details of the method employed




=> Appendix: technical details of the method employed




— Going beyond the Newton-Hooke approximation: General Relativity (GR) solution

We find exact solutions to this 2-body problem in GR with A > O using numerics.

Use Einstein-deTurck formulation of GR:
[Headrick, Kitchen,Wiseman ‘09] [Review: OD, Santos,Way '15]

3 A=3/2 >0
» Solve instead Gab = afb) 2gab
- De Turck vector f can be arbitrary. We choose: = g% Ip(g) — T.(9)]

- J is a reference metric of choice: it must have the same asymptotics & causal structure as g.

. Advantage: Principal symbol of GY =0 issimply P ~ ¢*0,0,

* For stationary problems, GH = 0, together with appropriate BCs, yields a set of Elliptic PDEs!

3
* Ultimately, we want to solve R,, = g_anb & thus we want solutions of GH = 0 that have £=0.

 Find a solution, and check that € —>0 in the continuum limit:
Ellipticity (local uniqueness) guarantees that solutions w/ & 7 0 will not be nearby those w/ §=0.



—> Choosing a good reference metric g

A) near the event horizons

» For binaries well within the cosmological horizon, ie near the event horizons, the solution should
be well approximated by a Bach-Weyl 1922 (Israel-Khan 1964) but without conical singularity:

5 o AP s 21 .
ds® = €% | - fdt® + - [h(dr® + dz®) + s 77d¢”]

f
* Introduce a Schwarz-Christoffel map from cylindrical-Weyl to ring-like coordinates (x, y):
(1 - 2%)/1T- P22 - 2)yy/2— (1 — ) |

0P R R )

V2 —22\/(1 — y2)? + k2y%(2 — y?)
(1 —y?)? + k222(2 — 22)y?(2 — y?)

z =

Lines of constant x & y, along with the rod structure of Bach-Weyl

N . 22 4dz? 4dy? . o
2 _ g2 2 2 o a2 2 212442
do” =1 { At mans [p ((Z—mz)Am ! :2—y‘~‘)Ay) vy d¢]}‘

Zy

s=1—a(l —1y?)? bR

* Wish to join the Bach-Weyl solution with a de Sitter horizon. In anticipation,
we write the Bach-Weyl solution in polar-Weyl coordinates (p, €) 2= p&/2 — €2

2 AE? e r=p(l-¢)
d82:€2{—fdt2—|—7 [dp2—|—,02 (2_££2_|_ 8(1 hé.) d¢2>]}




B) near the cosmological horizon

* Closer to the cosmological horizon, we would like the metric to look like pure de Sitter:

2 d 2
ds® = — (1 - R) dr? + . il + 7r%(d#? + sin? 6d¢?)

02 — =
* Introduce isotropic coordinates: LY sinf = 1 — £2 = )t
€ 1 —|_ )\24;02 ) )
( B 1)
I 4d¢? A% p?

ds* = — ¢ —g2dt* + N |dp® + p° _5 s+ (1—¢%)%de” || ¢ g+ =1+ P

1 94 2—¢ 4
’ \ » A4/

- In these coords, the de Sitter horizonis atp = 2/A (where g% —=0)
& has a constant temperature of Te = 1/(2n).

+ de S;'nf'rer' space in isotropic coords resembles Bach-Weyl solution in polar-Weyl coords:

'\,‘ ‘ '_ A2h I ‘ ‘ 4d£2 (1 . 62)2 ‘ ]
ds? = 2 —fdt2 + =7 [dp? + p? _+ s dg? ‘ N
f 2 — 52 h f? h ,0>>1 1




—> Choosing a good reference metric g & metric ansatz with patching

1) de Turck reference metric: K —> Israel-Khan without conical singularity; (x,y)

(2 2 | 0 4dz? 4dy? 0 2-
dsrcf g+{ fg Fdt 2A3y P ((2—$2)Ax+(2_y2)Ay +y(2_y)(1_ ) Sd¢

2 2 i 2 _ £2)2 )

\\ s=1—a(l -1y
— de Sitter space: (p,§) coords o =---

2) metric ansatz with patching:

0? A2 4A dz? 4B -
2 2 v . _ a2 a2\ .2
ds _g+{ fg> FTdt* + m2AL, lw ((2—m2)!x+(2—y2) ., (dy z(1-27)y2-y)(1—-y )]:da:) )

+122 - )1 - )? sa&] }

2 " 2 " R N 2
_ 52 { —fR FT A+ ’\fh [Adp2 +p2(2i852 (df @2 )1 —£2j>p}'dp)2+ (1 h{ ) sSd<,/>2)]}

Our mission: find the unknown functions {f’ 4’ li’ ]i’ “S;}(x’y) We know the map:

{T7 A) Ba F) 8}(p,§) P(x,y), &x,y)

by solving the Einstein-de Turck EoM (§=0)
subject to the appropriate physical Boundary Conditions




* Numerical method:

[Review: OD, Santos,Way 1510.02804]

Use a Newton-Raphson algorithm with pseudospectral grid.
Also use transfinite interpolation to complete the patching.

@ patching boundary, require:

1) matching of two line elements, & 2) matching of the normal derivative across patch bdry

Y
A {Ta -Aa Bafas}(x,y)
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-Outer region: near (single) cosmological horizon, solution looks like de Sitter space; (p,§) coords

Inner region: solution looks like warped Israel-Khan but without conical singularity; (x,y) coords

*Inner region is pentagonal (5 boundaries) => so split it into 2 squared (4 boundaries) sub-regions



