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Why cylindrical symmetry?

Einstein equation needs symmetry assumption to be solved
o next simplest geometry after spherical symmetry 
o precursor of axial symmetry 

(essential for the omnipresent rotation in astrophysics)

Useful in discussing extended sources
o cosmic strings

https://www.sciencephoto.com/media/572783/view/cosmic-string-and-galaxies-artwork



Why cylindrical symmetry?
o cosmic filaments of galaxies and dark matter 
extending across hundreds of millions of light years

o jet topologies (magnetic field and 
charged particle distributions) 
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The cylindrically symmetric vacuum in GR

o The existence of spherically symmetric GWs in vacuum is forbidden by the 
Jebsen–Birkhoff unicity theorem, leading to either the static Schwarzschild 
or the homogeneous Kantowski-Sachs spacetime

o In contrast, the cylindrically symmetric vacuum is not unique, including
§ The static Levi-Civita spacetime
§ Einstein–Rosen waves:

- standing and  approximate progressive waves
- solitonic waves
- impulsive waves

o The Einstein-Rosen waves:



Quantization of cylindrically symmetric gravitational waves

Canonical quantization of cylindrically symmetric gravitational waves 

earliest example of the midisuperspace approach (1971)

much richer structure than previous minisuperspace quantizations:
- of Friedmann universe by DeWitt
- of mixmaster universe by Misner
Later made more accurate by Torre and Varadarajan
Another approach developed by Ashtekar and Pierri

Detailed review in 

Compromising between:
the simplicity induced by degrees of freedom frozen by symmetry assumptions 
the full complexity of the gravitational degrees of freedom

—> ideal testbed for comparing quantization approaches



Gravitational waves on curved background
Need to go beyond the “perturbations on flat spacetime” view

What can be called a GW on strongly curved background? 
GW wavelength               characteristic curvature radius
This always holds in Minkowski, but is the high-frequency / geometrical optics 
approximation otherwise

Identifying the expansion parameter in the metric with the parameter 
characterizing the geometrical optics approximation leads 
to the order shift of certain contributions to the Riemann-tensor:
o Leading order: Einstein equation for the background geometry + 

backreaction in the form of an effective (Isaacson) energy-momentum 
tensor, quadratic in the GW

o Next order: (Lichnerowitz) wave equation for the GW

Isaacson showed that in the WKB approximation of perturbations, for GWs 
superposed such as to have spherical symmetry (in an averaged sense) the 
passing through GW transforms Minkowski into Vaidya !



Gravitational waves on curved background
Main ingredients:
o Geometrical optics approximation

o WKB approximation: slowly changing amplitude, fast changing phase

Lichnerowitz-wave equation becomes wave eq. on curved background

o Brill-Hartle averaging scheme: 
Whenever the regions of interest are large enough to contain many wavelengths, 
employ spacetime averaged quantities
(similar to the averaging which leads to the Maxwell equations in media)

spectacular simplification in the second order terms, responsible for the 
backreaction, which appear as new source terms for the background

Jim Hartle.               Dieter Brill  



paper in preparation with Attila Fóris    Coords. (   ,    ,    ,   )
Polarizations:

Example: + polarization, the WKB-type perturbation is
Leading to

where , last expression due to WKB

Therefore

After Brill-Hartle averaging, obtain the
Isaacson energy-momentum tensor:

The generated source is null dust, leading to the radiating Rao solution :

Backreaction of weak, cylindrically symmetric GWs



Cylindrically symmetric metric, with vorticity-free Killing vectors and orthogonally 
transitive group action: the Einstein-Rosen (canonical) metric form

Strangely, it has two types of Minkowski limits:

Static Levi-Civita spacetime for: 

Axially symmetric, static Weyl form:

The constant       can be interpreted as the mass density of a cylinder on the axis

Static limit of the Einstein-Rosen GWs



The cylindrically symmetric, static field generated by a string with 
constant mass density         and negligible pressure

… but only if       is small !

Indeed, check the Minkowski limit :

4 different flat limits ? Why?

Let’s understand this !

B. Racskó, L. Á. Gergely, Geometrical and physical 
interpretation of the Levi-Civita spacetime in terms 
of the Komar mass density, 
Eur. Phys. J. Plus 138, 439 (2023)

Interpretation of the Levi-Civita spacetime



Komar superpotential :

Current :

If the 1-form         is Killing + vacuum + Einstein eqs. 

conserved Komar charge

If         timelike , Komar mass

o On a technical level S should be closed 2-surface, so the axis cannot be 
contained

o Still possible to define a Komar mass density :
(compactify, calculate,  then decompactify)

o For small values also has the interpretation of mass density on the axis

Komar mass density



Parametrize the metric with the Komar mass density

Kretschmann scalar : with the Komar mass density               with the original parameter

the double coverage of the parameter space disappeared

But still two types of flat limits : at                        (Minkowski limit)

(Rindler limit)

Get rid of a double parameter coverage



Curvature of vacuum in 4D characterized by 4 scalar invariants : 

Curvature fully characterized by the Kretschmann scalar 

expressed in term of the proper radial distance

Metric singular on the axis and no horizon !

Radial null geodesics satisfy both the Tipler and Królak singularity conditions

Curvature singularity is strong (and naked)

Curvature invariants



Kasner form :

Written in the
coordinates :

Powers :

Rindler limit :

Rindler metric with topology 

Represents flat spacetime 
perceived by a uniformly accelerated observer 
with acceleration R−1 along R

Kasner form and Rindler limit



Stationary observer at fixed proper distance R from the axis Z

4-velocity : , 4-acceleration :

Gravitational acceleration 
(defined in Newtonian sense through the Equivalence Principle): 

Newtonian gravity increases monotonically with Komar mass density
Asymptotes to R−1

Newtonian gravity



Geodesic congruence , with proper time τ given by
thus

Deviation of nearby geodesics 

Acceleration

Its magnitude (negative of tidal acceleration) 

Einsteinian gravity

The tidal accelereration 
(Einsteinian gravity) 
reaches a maximum, after 
which decreases with the 
Komar mass density

Some part of the Newtonian 
gravity is pure acceleration 
field, which increases and 
dominates at large 



Topology change by increasing Komar mass density
The circumference C=     R 
of the circles 
• increases with the radius 

at small Komar mass 
density

• Stays constant at its 
large values  (eventually a 
cylindrical topology 
appears = Rindler limit)

ln R



Interpretation of Levi-Civita in terms of Kasner parameters 



Einstein-Rosen waves in scalar-tensor theories

o Ground state of the Einstein-Rosen waves in GR, the Levi-Civita solution 
understood ✔

o What are its generalisations to scalar-tensor theories ?

o Even better: what are the generalizations of Einstein-Rosen waves  in scalar-
tensor theories?  

o For Brans-Dicke that has already been explored ✔

o Einstein-Rosen waves in Brans-Dicke theory are very similar to those in GR, 
they describe linearly polarized GWs

o Particular solution for  :

o Wave equation on flat spacetime in cylindrical coordinates :
(same as in GR)

Partial derivatives of the other 
metric function (GR limit for k=1)



Scalar-tensor field equations

For a more generic system

Variation gives

Specify to generalized Brans-Dicke

Tensorial eq. Scalar eq.             assuming



Specify to cylindrical symmetry
o Three metric functions K, U, W

o Introduce to obtain from the field equations

Generic solution

u v 

Ansatz :                          and 

Scalar eq. : with
(ODE)

Implicit solution in terms of quadratures :

paper in preparation with Bence Racskó



The generalised Einstein-Rosen wave
o Generalised Einstein-Rosen wave equation for U :

- U sourced by the scalar field
- has amplitude dampening / friction
- no dispersion

o Pick the free functions conveniently :

inhomogeneous Einstein-Rosen wave eq., 
ER wave sourced by the scalar field 

Last metric function given by the same eqs. as for Brans-Dicke :



Summary

o Cylindrical symmetry interesting conceptually and has possible astrophysical 
applications : strings, galactic dark matter filaments, AGN / quasar jets.

o Backreaction of weak cylindrical waves through the Isaacson procedure gives 
the radiating Levi-Civita (Rao) spacetime, sourced by the incoherent 
superposition of electromagnetic or gravitational waves with random phases and 
polarisations (null dust).

o Einstein-Rosen waves are exact (not weak) GWs, worth studying.

o Their ground state: the Levi-Civita metric conveniently described with the Komar
mass density of the axis, which represents a strong singularity. Einsteinian and 
Newtonian gravity behave differently with increasing Komar mass density, 
Newtonian gravity containing eventually only acceleration-type contribution 
(homogeneous gravitational field).

o Inhomogeneous Einstein-Rosen wave equation identified for generalised Brans-
Dicke theories. The ER wave (tensorial contribution) is sourced by the scalar.


