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Robertson γ parameter

Generally, at 1PN level, ten PPN parameters.

Asymptotically flat static spherisymmetric vacuum

ds2 = −
(
1−2

M
r
+2β

M2

r2
+. . .

)
dt2+

(
1−2γ

M
r
+. . .

)
dr2+r2dΩ2 (1)

Eddington-Robertson-Schiff parameters:

M : active gravitational mass of the source

β : How much nonlinearity in superposition of gravity ? (2)

γ : How much spatial curvature produced by mass ?

γ is directly measurable via:

Light deflection

Shapiro time delay
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Brans-Dicke gravity

ds2 = −
(
1− 2

M
r
+ 2β

M2

r2
+ . . .

)
dt2 +

(
1− 2γ

M
r
+ . . .

)
dr2 + r2dΩ2 (1)

GR (1915) ∫
d4x
√
−gR

Schwarzschild
=⇒ γ (GR) = 1 (3)

Brans-Dicke (1961)∫
d4x
√
−g
[
ϕR− ω

ϕ
gµν ∂µϕ∂νϕ

]
Brans Class I

=⇒ γ (BD) = ? (4)

Using PPN approximation (weak field and slow motions)

γ (BD)
PPN =

ω + 1
ω + 2

(5)

In Solar System, γ Solar System ≈ 1± 10−5 =⇒ |ω| > 40, 000
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Slow motion assumption of PPN means:
1 Macroscopic objects are in slow motion
2 Microscopic constituents are in slow motion too

=⇒ Low pressure !

K. Y. Ekşi, Neutron stars: compact objects with relativistic gravity, arXiv:2404.00094 [gr-qc]
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=⇒ Pressure in neutron stars is significant !
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Pressure and γ

γ (BD)
PPN =

ω + 1
ω + 2

Claim: γ (BD)
exact =

ω + 1+ (ω + 2) 3P
E

ω + 2+ (ω + 1) 3P
E

Joint work with Bertrand Chauvineau (Univ. & Observatory of Côte d’Azur),
arXiv:2404.13887 [gr-qc], arXiv:2404.00094 [gr-qc], arXiv:2402.14076 [gr-qc]
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Brans-Dicke

BD field equations

Rab −
ω

Φ2 ∂aΦ∂bΦ− 1
Φ
∂a∂bΦ+ Γcab ∂c ln Φ

=
8π
Φ

(
Tab −

ω + 1
2ω + 3

T gab

)
(6)

∂a
(√

−g gab∂bΦ
)
=

8π
2ω + 3

T
√
−g (7)

Energy-momentum tensor: T b
a = diag

(
−ϵ, p, p, p

)
(8)

In 1962, Brans reported 4 static spherically symmetric (SSS)
vacuum solutions, Classes I, II, III, IV.
Q: Are they most general? Are they “unique”?

A: For ω > −3/2, Brans Class I is the unique SSS vacuum solution

13/19
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Brans Class I vacuum solution

ds2 = −A(r) dt2 + B(r)
(
dr2 + r2dΩ2) (9)



A(r) =

(
r − 1

2M
√
κ

r + 1
2M

√
κ

) 2√
κ

B(r) =

(
1− M2κ

4r2

)2 ( r − 1
2M

√
κ

r + 1
2M

√
κ

)− 2(1+Λ)√
κ

Φ(r) =

(
r − 1

2M
√
κ

r + 1
2M

√
κ

) Λ√
κ

in exterior vacuum (10)


κ := (1+ Λ)2 − Λ

(
1− ω

2 Λ
)
∈ R

κ > 0 : Brans Class I, “physical”
κ ≤ 0 : Brans Classes II & III & IV

“pathological”

=⇒ Unifying 4 Brans Classes into one !
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Brans Class I: Robertson parameters

ds2 = −
(
r − 1

2M
√
κ

r + 1
2M

√
κ

) 2√
κ

dt2 +
(
1− M2κ

4r2

)2( r − 1
2M

√
κ

r + 1
2M

√
κ

)− 2(1+Λ)√
κ (

dr2 + r2dΩ2)
(10)

(Robertson) Large distance expansion

ds2 ≃ −
(
1− 2

M
r
+ 2

M2

r2

)
dt2 +

(
1+ 2 (1+ Λ)

M
r

)
dr2 + r2dΩ2 (11)

From (1): ds2 ≃ −
(
1− 2

M
r
+ 2β

M2

r2

)
dt2 +

(
1+ 2γ

M
r

)
dr2 + r2dΩ2

=⇒

{
β exact = 1

γ exact = 1+ Λ
(12)

15/19
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Solving for Λ...

The scalar eqn and 00−component of metric eqn give(
r2
√
ABΦ′

)′
=

8π
2ω + 3

[
−ϵ+ 3p

]
r2
√
AB3 (13)(

r2 Φ

√
B
A
A′

)′

= 16π
[
ϵ+

ω + 1
2ω + 3

(
−ϵ+ 3p

)]
r2
√
AB3 (14)

everywhere, interior and exterior...

=⇒ Integrable form ‼!

Define the energy and pressure integrals, with r∗ the star’s radius

E = 4π
∫ r∗

0
dr r2

√
AB3 ϵ ∼ Total energy of star (15)

P = 4π
∫ r∗

0
dr r2

√
AB3 p ∼ Total pressure of star (16)

16/19
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Solving for Λ...

Integrate (13) & (14) from star’s center to r outside of the star (r > r∗),
then use A(r) & B(r) in (10):

ΛM =
4π

2ω + 3
(−E + 3P) (17)

2M =
4π

2ω + 3
[(ω + 2)E + 3(ω + 1)P] (18)

Pressure bends spacetimes too!

Eq (11)
=⇒ γ (BD)

exact = 1+ Λ =
ω + 1+ (ω + 2) 3P

E

ω + 2+ (ω + 1) 3P
E

(19)

Pressureless matter: P ≈ 0 ⇒ ω+1
ω+2 is recovered

Ultra-relativistic matter: P ≈ 1
3E ⇒ γ ≃ 1 regardless of ω !

Applicable for any field strength
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ω = 2; 3P
E = 0.8 ⇒ γ (BD)

exact = 0.96875 whereas γ (BD)
PPN = 0.75
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Recap

Our (novel) compact formula is ...
Non-perturbative & parsimonious

▶ Integrability of the 00−component of field equation
▶ Involves only a subset of the Brans-Dicke field & scalar eqns !

Generic for static spherisymmetric sources
▶ No assumption on perfect fluid nor isentropy. Anisotropic T b

a
▶ Weak field assumption is not needed
▶ Joint bound of ω and P/E — a global property of the star

Loss of Birkhoff theorem
Active gravitational mass, ADM mass, Tolman mass relations
Existence of the stellar center
TOV eqn for stars in BD & f (R)
⇒ We’ve found a compact gauge choice (Manuscript in preparation)
⇒ Seeking expertise to apply our formalism to realistic EoS ...
⇒ Collaborations welcome !

Morale: Star pressure is important in Modified Gravity !

Thank you
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