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A bit of history
About the Λ(1405)

[Alston et al., PRL ( ) ]

Λ(1405) → I(JP) = 0( 12
−
) S = −1

Theoretical Prediction K−p− πΣ
[Dalitz & Tuan, PRL ( ) ]

Experimental evidence of resonance
(πΣmass spectrum)

[Alston et al., PRL ( ) ]

Meson-Baryon comp. Λ(1405) (Chiral sym.)
[Veit et al., PLB ( ) ]
[Jennings, PLB ( ) ]

First time two-pole picture
[Fink et al., PRC ( ) ]

Chiral dynamics: coupled-channel
[Kaiser et al., NPA ( ) ]
[Oset & Ramos, NPA ( ) ]

SIDDHARTA at DAΦNE: K−p Scattering Length det.
[Bazzi et al., PLB ( ) ]

Spin & Parity by CLAS Collab.
[Moriya et al., PRC ( ) ]
[Moriya et al., PRL ( ) ]
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One or two-pole picture?
About the Λ(1405)

Λ resonances
[PDG, PTEP ( ) C ]

Hadron JP status
Λ(1116) 1/2+ (∗ ∗ ∗∗)
Λ(1380) 1/2− (∗∗)
Λ(1405) 1/2− (∗ ∗ ∗∗)

...

Is Λ(1380) a second pole of the scattering
amplitude in the complex energy plane in the
Λ(1405) region?

[Isgur & Karl, PRD ( ) ]

[Oller & Meißner, PLB ( ) ]

[Roca & Oset, PRC ( ) ]

[Mai & Meißner, EPJA ( ) ]

[Anisovich et al., EPJA ( ) ]

[Scheluchin et al., PLB ( ) ]

[Wickramaarachchi et al., EPJ ( ) ]

[Aikawa et al., PLB ( ) ]

[Acharya et al., EPJC ( ) ]

⋇ [Bulava et al., PRL ( ) ]

⋇ [Bulava et al., PRD ( ) ]
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Our approach: Lattice
Lattice QCD

• Quarks and gluons in a finite size discretized grid
• Observables estimated by sampling gauge
configurations

• Correlation functions are computed
• Finite-volume energy spectrum extraction

Importance of lattice QCD to study the Λ(1405)

Predictions once quark masses and couplings fixed

Facilitates exploration of the elastic region πΣ− K̄N

Resulting motion of poles under variation of quark masses
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Lattice details
Lattice QCD

Details of the D200 ensemble generated by the Coordinated Lattice Simulations
consortium (CLS) [Bruno et al., JHEP ( ) ]:

a[fm] (L/a)3 × (T/a) mπ mK

0.0633(4)(6) 643 × 128 ≈ 200MeV ≈ 487MeV

⊞ 2000 gauge
configurations

⊞ Open temporal
boundary conditions
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Hadrons in the lattice
Lattice QCD

Single hadron operator in
the latice (Λ)

▶ Operators
→ Single and meson-baryon
⋇ Λ[⃗P]
⋇ π[⃗P1] Σ[⃗P2]
⋇ K̄[⃗P1] N[⃗P2]

Multihadron operators in
the lattice (πΣ and K̄N)

Λ(d2) Operators
G1g(0) Λ[G1g(0)]

K̄[A2(1)] N[G1(1)]
π[A−

2 (1)] Σ[G1(1)]
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Correlation functions
Lattice QCD

▶ Correlation matrices → Stochastic LapH method (sLaph)
[Peardon et al., PRD ( ) ] (Original distillation)
[Morningstar et al., PRD ( ) ]

C(t) = ⟨O1(t)Ō2(0)⟩ =
∑
n

Ane−tEn

▶ Extraction of energy spectra → Solving the GEVP
[Michael & Teasdale, NPB ( ) ]
[Blossier et al., JHEP ( ) ]

C(td)⃗vn(to, td) = λn(to, td) C(to) v⃗n(to, td)

Single Pivot & Rolling Pivot
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GEVP Results
Lattice QCD
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Center-of-mass finite-volume energy spectra results under variation of implementation
of the GEVP method.
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Single hadrons energy
Finite-volume energy spectra
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Single hadrons results: π effective mass and variety of fits to Lattice data using different
values of tmin.

Bulava et al., PRD ( )

/ Bárbara Cid-Mora University of Glasgow - Hadron Spectroscopy with Strangeness

https://arxiv.org/pdf/2307.13471.pdf


Multi-hadron energy spectra
Finite-volume energy spectra
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Multihadron results: Variety of fit forms to lattice data vs tmin in the energy laboratory
frame. (Lowest level of the G1u(0) irrep)

Bulava et al., PRL ( )
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Energy spectra
Finite-volume energy spectra
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Lüscher formalism
Scattering amplitude analysis

The recipe for scattering amplitudes goes as
[M. Lüscher, NPB ( ) ] [M. Lüscher, NPB ( ) ; and extensions.]

Discrete energy
spectra

det
[
K̃+ F−1

]
= 0

Quantization
condition

M
Scattering
matrix

Pole
Positions

Im(s)

Re(s)
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Quantization condition
Scattering amplitude analysis
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Finite-volume
energy spectra

det
[
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]
= 0

Quantization
condition
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Scattering amplitude parametrization
Scattering amplitude analysis

det
[(

K̃πΣ→πΣ K̃πΣ→K̄N

K̃K̄N→πΣ K̃K̄N→K̄N

)
+

(
F−1
πΣ(En, P⃗, L) 0

0 F−1
K̄N (En, P⃗, L)

)]
= 0

K̃−matrix
parametrization

G1(1) G(2) G(3)G1u(0)
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t−1 = K̃−1 − ik̂

t = mπ

Ecm−Epole

(
c2πΣ cπΣcK̄N

cπΣcK̄N c2K̄N

)
+ . . .
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Analytic structure of Scattering amplitude
Scattering amplitude analysis
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(Left) Scattering amplitude results based on different parametrizations
(Right) ”Preferred” parametrization of the scattering amplitude

/ Bárbara Cid-Mora University of Glasgow - Hadron Spectroscopy with Strangeness



Main results: Two-pole structure
Scattering amplitude analysis

Resonance
Virtual state

Vi
rt
ua
lb
ou
nd
st
at
e

E1 = 1392(9)st(2)md(16)aMeV∣∣∣∣ c(1)πΣ

c(1)
K̄N

∣∣∣∣ = 1.9(4)st(6)md

Re
so
na
nc
e

E2 =
[
1455(13)st(2)md(17)a

−i11.5(4.4)st(4.0)md(0.1)a
]
MeV∣∣∣∣ c(2)πΣ

c(2
K̄N

∣∣∣∣ = 0.53(9)st(10)md
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Example I of motion of the poles vsmπ
Scattering amplitude analysis

Trajectories of the two poles of Λ(1405) as functions of the pion massmπ from 137MeV
to 497MeV. Critical masses are labeled by solid squares, between which the points are

equally spaced. (zR = mR − iΓR/2) [Xie et al., PRD ( ) ]
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Example II of motion of the poles vsmπ
Scattering amplitude analysis
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Motion of the poles from the SU(3) limit to the physical values of the particle masses. Blue, red
and green lines denote the Λ(1380), Λ(1405) and Λ(1680), respectively. Left panel:

Weinberg-Tomozawa term; Right panel: includes NLO. [Guo et al., PLB ( ) ]
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Summary
Summary

• First Lattice QCD study of coupled-channel πΣ− K̄N in the Λ(1405) region
• Every parametrization used found two poles in this region

⋇ NOTE: These parametrizations could accommodate zero, one or two poles

• Our results show qualitative agreement with phenomenological extractions [See PDG, section ]
Lower Pole: E1 = 1392(9)stat(2)model(16)a MeV

Higher Pole: E2 = [1455(13)stat(2)model(17)a − i11.5(4.4)stat(4.0)model(0.1)a] MeV

Reference Results: Re (E1) = 1325− 1380 MeV; Re (E2) = 1421− 1434 MeV

• Future work:
- Explore quark masses dependence of the poles: strange mass dependence
- Explore impact of three particle operators
- Study lattices with a closer to physicalmπ
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Thanks
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GlueX Preliminary analysis
Back-up

Wickramaarachchi et al., EPJ Web Conf. ( ) , [e-Print: . ]
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Lattice details
Back-up

Ensemble D generated by CLS was used. Its properties are:
• Dynamical mass-degenerate u− and d−quarks (heavier than physical), and s−quarke (lighter
than physical).

• Tree-level improved Lüscher-Weisz gauge action.
• Non-perturbativelyO(a)-improved Wilson fermion action.
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Effective masses and correlated-χ2

Back-up

The effective mass is calculated as:

meff(t+ 1/2) = ln
(

C(t)
C(t+ 1)

)

χ2 =

tmax∑
t,t′=tmin

(C(t)− f(t))
1

CovN(t, t′)
(C(t′)− f(t′))

where
f(t) = Aie−Eit

and
CovN(t, t′) =

1

N− 1
⟨(C(t)− ⟨C(t)⟩N) (C(t′)− ⟨C(t′)⟩N)⟩N

t, t′ : lattice time Ei : Energy N : Nr. samples ⟨. . . ⟩N : statistical average
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Binning results
Back-up
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(Top) Ratios of variances for fits to
mπ versus Nbin for jackknife and
bootstrap resampling.
(Bottom) Correlated-χ2 of two-
exponential fit to mπ versus Nbin.
In both panels, the final binning
choice is illustrated as a blue solid
square.
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Correlation function fits
Back-up

Several fit forms used to extract the finite-volume energy spectra:

C(t) = Ane−tEn (Single exponential)

C(t) = Ane−tEn + A1e−tD2

(Two-exponential)

C(t) = Ane−tEn

1−Be−Mt (Geometric)

Rn(t) =
Dn(t)

CA(d2
A ,t)CB(d

2
B ,t)

= Ane−t∆En (Ratio of correlators)
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Single Hadron results
Back-up

amπ 0.06533(25) amK 0.15602(16) amN 0.3143(37)
amΛ 0.3634(14) amΣ 0.3830(19) amΞ 0.41543(96)

Table: Summary of hadron masses in Lattice units.

amπ ∼ 200 amK ∼ 487 amN ∼ 980
amΛ ∼ 1120 amΣ ∼ 1194 amΞ ∼ 1295

Table: Summary of hadron masses in MeV units.
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Amplitude Analysis
Back-up

Basically one searches for the zero’s of the following equation, using the finite-volume energy
spectra as constrain.

det


(
K̃πΣ→πΣ K̃πΣ→K̄N

K̃K̄N→πΣ K̃K̄N→K̄N

)
︸ ︷︷ ︸

Multi-channel Matrix

+

(
F−1
πΣ(En, P⃗, L) 0

0 F−1
K̄N (En, P⃗, L)

)
︸ ︷︷ ︸

Zeta Function

 = 0

One fits with respect to the energy shifts of the non-interacting energies:

∆Ei = Elatt
cm − Efree

cm

Where one minimize correlated χ2:

δi = ∆Ecm,i −∆EQCcm,i

And the preferred fit is based on lowest Akaike Information Criterion:

AIC = χ2 − 2ndof
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Amplitude Analysis
Back-up

The following quantity is defined proportional to the scattering transition amplitude and to K̃ as:

t−1 = K̃−1 − ik̂

where k̂ = diag(kπΣ, kK̄N), and

k2πΣ = 1
E2cm

λK
(
E2
cm,m

2
π,m

2
Σ

)
k2K̄ = 1

E2cm
λK

(
E2
cm,m

2
K̄,m

2
N

)
where λK is the Källén function. Which is equivalent to searching for the∞’s of

t =
mπ

Ecm − Epole

(
c2πΣ cπΣcK̄N

cπΣcK̄N c2K̄N

)
+ . . .
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Amplitude Analysis: Parametrizations
Back-up

. An effective range expansion (ERE) of the form

K̃ij =
mπ

Ecm

(
Aij + Bij∆πΣ(Ecm)

)
. ( )

. A variation of the first parametrization without the factor ofmπ/Ecm:

K̃ij = Âij + B̂ij∆πΣ(Ecm). ( )

. An ERE of K̃−1 of the form

K̃−1
ij =

Ecm
mπ

(
Ãij + B̃ij∆πΣ(Ecm)

)
. ( )
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Amplitude Analysis: Parametrizations
Back-up

. A Blatt-Biederharn parametrization:

K̃ = C F C−1, ( )

where

C =

(
cos ϵ sin ϵ
− sin ϵ cos ϵ

)
, ( )

F =

(
f0(Ecm) 0

0 f1(Ecm)

)
, ( )

and
fi(Ecm) =

mπ

Ecm

ai + bi∆πΣ(Ecm)
1 + ci∆πΣ(Ecm)

. ( )
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Scattering amplitude parametrization
Back-up

det
[(

K̃πΣ→πΣ K̃πΣ→K̄N

K̃K̄N→πΣ K̃K̄N→K̄N

)
+

(
F−1
πΣ(En, P⃗, L) 0

0 F−1
K̄N (En, P⃗, L)

)]
= 0


K̃ij =

mπ

Ecm
(Aij + Bij∆πΣ)

K̃−1
ij = Ecm

mπ

(
Ãij + B̃ij∆πΣ

)
K̃ = CFC−1

K̃ij = Ĉij(2Ecm −Mi −Mj)

K̃−matrix
parametrization
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