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NOT ONLY GOD KNOWS, I KNOW, AND BY
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Overview

Very little formalism at first, will introduce some during the next lectures



Conversion Table for natural and MKSA Units

Natural units defined by: h = ¢ = 1 (and 4meg = 1). Remaining unit is choosen to be
Energy (eV).

- Quantity Symbol natural units MKSA
Natural units e R S 0
Mass m 1eV 1.7826627 -1073¢ kg
Time t 1/eV 6.5821220 -1071% s &~ .66 fs
= Frequency % 1eV 1.5192669 -10% Hz
reminderr h =c =1 Speed .1 2997921458 -10° ms
Momentum p 1eV 5.3442883 -10~% kg-m/s
Force F 1 eV? 8.1194003 10713 N
Power P 1 eV? 0.24341350 mW
Energy E  1leV 1.6021773 1019 J
Charge q 1 1.8755468 -1071® C
" = - " " har nsi 1eV? 244.1001 m?>
We are expressing every dimensionful quantity in ot ey AN A
. Current density J 1eV? 7.3179379 -10'° A /m?
terms of energy (units of electronVolt = eV) Electric field B lev? 132.00844 V /mm
Potential o 1eV 85.424546 mV
Polarization P 1 eV? 4.8167560 -10~° C/m?
Conductivity o 1 eV 1.6904124 -10° S/m
Resistance R 1 29.979246 )
. Capacitance C 1/eV 2.1955596 -10~17 F
E nergy ~ Mass ~ 1/ Length ~ 1/Time Magnetic flux o 1 5.6227478 107 Wh
Magnetic induction B 1 eV? 1.4440271 mT
Magnetization M 1 eV? 1.4440271 -10* A/m
Inductance L 1/eV 1.9732705 -10~'* H
some constants:
Planck’s quantum h 1 1.05457266 -1073% J-s
] h = 2mwh h 27 6.6260755 10734 J-s
Energy Mass Length Time Charge of electron e 854245461072 1.60217733 -10719 C
Bohr radius, h?/me? o 2.6817268-10_4/6\/ 5.29177249 10~ m
Energy 1 electron Volt eV 1eV 1.60217733 10719 J
_ _ _ Rydberg energy, ¢?/2ag  Fryqa  13.605698 eV 2.1798741 -10718 J
1 Gev 1.8-10 27kg 02 . 10 15111 66 . 1() 258 Hartree energy, e*/ay Ez 27.211396 eV 4.3597482 10718 J
Speed of light C 1 2.99792458 -10® m/s
Permeability of vacuum 1o 4t 47 -1077 H/m
Permittivity of vacuum £0 1/4m 8.854187817 -107* F/m
o Bohr magneton up  8.3585815-107%/eV  9.2740154 -10-2 J/T
e. g _ E = MNC Mass of electron me  510.99906 keV 9.1093897 -10~3! kg
Mass of proton my 938.27234 MeV 1.6726231 -107%7 kg
Mass of neutron m,  939.56563 MeV 1.6749286 -107%7 kg

Gravitation constant G 6.70711-107°7/eV?  6.67259 -10~!* N-m? /kg?




Fundamental scales
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Fundamental scales
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Fundamental scales
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Standard Model

top quark, Tevatron Fermilab 1995




Standard Model

= subatomic laxonomy/?

top quark, Tevatron Fermilab 1995
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Standard Model 1s not about
particles!




Standard Model 1s not about
particles!

Principles !




SM = QM + relativity + symmetry + low energy expansion

.

QFT
)
SUQB), x SUQR)y x U(1)y
+ Higgs mechanism

—

accidental symmetries v(1), x U(1),
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Quantum Field Theory

In quantum field theory the field is the fundamental
object from which all properties of matter and
forces Sside.










Action at a distance”






More precisely: everything is a quantum field
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Minimal energy to get field vibrating
= mass of particle

Couplings between different fields
= particle interactions




(global) symmetries =
conservation laws

Emmy Noether “Invariante Variationsprobleme™ (1918)



(global) symmetries =
conservation laws

Emmy Noether “Invariante Variationsprobleme™ (1918)

p(x) = e y(x)

\ 4

A e o

(charge conservation)

but not

ey — ety



local symmetries = predict
form of interactions

The SM Is a




U(l) example

symmetries = predict & = () y(i0, — m) p(x)
form of interactions .
* w(x) — e y(x)

The SM Is a L = F) pHi0,— A () —m) p(x)
SUB). X SUR2)w X U(l)y
gauge theory
ez A

required for consistency of massless spin 1:
QM + relativity impose this structure
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Phases of the Fundamental Interactions

Mass of force
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Lagrangians reveal symmetries by remaining invariant under
transformations

* At low energies (small oscillations), accidental symmetries can
appear

https://www.physicswithelliot.com/pendulum-graph
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Matter (1st draft): relativistic field equation

Massive spin 1/2 particle: y(x) (4 component Dirac spinor)

L= (iv"0, — m) [yl AYY = 9phv
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Matter (1st draft): relativistic field equation

Massive spin 1/2 particle: y(x) (4 component Dirac spinor)

L= (iv"0, — m) [yl AV} = 9ph?

(1 \ ( L ( —i ) [ L)
0 1 1 1 5 1 2 —1
7’ = 1 7= 1 L i L

\ -1 \ -1 / \ — / \ 1 /

Dirac equation: from Lagrangian 0=6%=dy'y" (i}’”aﬂ — m) W

202 1 m204  Matter
(1" 0y —m) 1 =0 E—{Wp )

_\/pzcz + m2c4  antimatter
Predicts anti-particle exist: positron (discovered by Anderson 1932)




How does an electron couple to photons ?
Model building the SM

* Lagrangians are invariant (equation of < = w(x) y”(iaﬂ — m) y(x)
motions are covariant)

* We impose global space-time symmetries,
like Lorentz and space-time translation
Invariance

* We build the most general Lagrangian that
is allowed by local symmetries (gauge
symmetries)

e We read of the interactions and translate
them to Feynman diagrams, with this we
can calculate observables like cross-
sections, decay widths
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. U(1) gauge
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like Lorentz and space-time translation |
invariance A (x) = A, (x) ——0,a(x)
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* We build the most general Lagrangian that
is allowed by local symmetries (gauge
symmetries)

e We read of the interactions and translate
them to Feynman diagrams, with this we
can calculate observables like cross-
sections, decay widths



How does an electron couple to photons ?
Model building the SM

* Lagrangians are invariant (equation of < = w(x)y"(io, — m) w(x)
motions are covariant) 3
. U(1) gauge
* We impose global space-time symmetries, w(x) — ') w(x) re(dzjr?dagcy
like Lorentz and space-time translation |
invariance A (x) = A, (x) ——0,a(x)

€

€

* We build the most general Lagrangian that
is allowed by local symmetries (gauge B . .
symmetries) Z =yx) " (laﬂ—eAﬂ(x)—m) W (x)

€

e We read of the interactions and translate —
them to Feynman diagrams, with this we
can calculate observables like cross-
sections, decay widths




How does an electron couple to photons ?

Model building the SM

 Lagrangians are invariant (equation of
motions are covariant)

* We impose global space-time symmetries,
like Lorentz and space-time translation
Invariance

* We build the most general Lagrangian that
is allowed by local symmetries (gauge
symmetries)

e We read of the interactions and translate
them to Feynman diagrams, with this we
can calculate observables like cross-
sections, decay widths

L = G0 (i, — A, (x)—m) p(x)

L = @) (0, — m) w(x)

U(1) gauge
p9 ="y | edundancy

A, (x) = A (x) - zﬁﬂa(x)

1a(x)

but not e.g.

L rrong = PO W) €A (OAH(x)




How does an electron couple to photons ?

Model building the SM

 Lagrangians are invariant (equation of
motions are covariant)

* We impose global space-time symmetries,
like Lorentz and space-time translation
Invariance

* We build the most general Lagrangian that
is allowed by local symmetries (gauge
symmetries)

e We read of the interactions and translate
them to Feynman diagrams, with this we
can calculate observables like cross-
sections, decay widths

A = ()

of.} S (SO 7 \ > boa
‘ N B - pes
_ ,"‘ = RO WOV SR
” v - VA an: WZe S P <
- § - VA > lipm ooz - - .
‘ 7 L a1 S B st - b
_ 5 4~-_' 4,-,.-'. -
iy - Y Dy X -
- V- - - <" ' e Al S
N - S - - . J “Y v .
SR ZANT . & - PPEAN . 7S
- v .. <P 5T .
s 0 7 CRE &

L = G0 (i, — m) p(x)

. U(1) gauge
p9 ="y | edundancy
Aﬂ(x) — Aﬂ(x) — ;dﬂa(x)

P = F) y(id,—eA, () —m) p(x) ”
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Kinetic term for the photon

We can recycle the Maxwell action, I.e. classical
electromagnetism. It can be quantized to give us quantum
electrodynamics. The relativistic form of the Lagrangian is

F,, =0,A, —0,A, Field strength tensor

1
['kin — 1 F ,u,/F i Lagrangian invariant: Aﬂ(x) — Aﬂ(x) — ;aﬂa(x)
0 -E, -E, -E. equation of motion:
E. 0 -B. B A% V
FH = —>x - < X) —
E, B, 0 -B, » 0MF J
<. -B, B, 0

Note: Photons do not carry charge and do not interact with themselves.



Kinetic term for the photon

We can recycle the Maxwell action, I.e. classical

electromagnetism. It can be quantized to give us qua
electrodynamics. The relativistic form of the Lagrangi ¢v.g — ¢

F,, =0,A, —0,A,

1
|4
[fkin — F,uI/FM

4

0 -E, —-E, -E,

po—| B9 7B By

E, B. 0 -B,

<. -B, B, 0

Note: Photons do not carry charge and do not interact with themselves.

Field strength tensor

Lagrangian invariant:

=

V- -E=4np

__M'F"T

equation of rggotion:

O FH = J"




Non-abelian gauge symmetry

Generalize the Maxwell theory from U(1) -> SU(N) et — o2, 4'T;

Now consider the presence of multiple massless spin 1 force carriers, such as the 8 gluons
responsible for strong interactions or the 3 bosons involved in weak interactions.

Goal: generalize Maxwell's equations to accommodate these multiple carriers!

—

Instead of one Dirac field, consider N-dimensional vector of Dirac fields: s
— —
y — Uy

U : matrix of SU(N) “N dimensional special unitary group” [JT[J = 1y s det(U) = 1



Non-abelian gauge symmetry

Generalize the Maxwell theory from U(1) -> SU(N) et — o2, 4'T;

Now consider the presence of multiple massless spin 1 force carriers, such as the 8 gluons
responsible for strong interactions or the 3 bosons involved in weak interactions.

Goal: generalize Maxwell's equations to accommodate these multiple carriers!

—

Instead of one Dirac field, consider N-dimensional vector of Dirac fields: s
v — Uy

U : matrix of SU(N) “N dimensional special unitary group” [JT[] = leN, det(U) = 1

Invariants: W W — WTUTUVI} — W W

Using invariants as building blocks for our Lagrangian. L = WT)/O (i}/”aﬂ — m) W



Example: SU(2) with U = exp(ia“c?), [6¢, 67] = i2¢%¢6¢

oy = (‘1’ ;) oy — (‘1) Bl) oy — (é _01) cg. & =€ = (l.csii((i)) l:;?((;‘)))

Paull matrices w
. Roure W. PAULI _ eiﬁ03 _ | € b 0
L ———— g3 =e"" = ~
o .. 0 e

Note: SU(N) is non-abelian because two elements do not generally commute.

0 —2sinasinf
#* 0

Exercise: Show that 8,83 — 838 = [81, &3] = (2 sin @ sin f3 0



Matter Lagrangian

Generalize guantum electrodynamics

U(1)

S = 50 0, - A, -myp) W |

Local SU(N) invariance

ia“(x)T*

wx) > Ux)p(x) = e w(x)

A(x) = UDA,®U) - é(aﬂ U)U(x)'




Matter Lagrangian

Generalize guantum electrodynamics

U(1)

S = 50 0, - A, -myp) W |

Local SU(N) invariance

ia“(x)T*

wx) > Ux)p(x) = e w(x)

A(x) = UDA,®U) - é(aﬂ U)U(x)'

Exercise: show invariance of (1)




Example: Coulomb potential

electron-proton potential is attractive

—inh? 62
= (—ie)*(uy"u) —5— (070). * Vi) = -+
Tr

photon

QED




Example: Coulomb potential

electron-proton potential is attractive

—inh 62
= (—ie)?(uy"u) 13 (Uv,0). * V(]/-) - — 2
r

quark-quark potential is only attractive for color
neutral combinations *

QED

-
O
g
)
L
O

t * QCD s strongly coupled at

low energies, perturbative

— Wy = v . .
VLY V) calculations are not reliable

= (igS>2T]%Tl?l X ujyug 12




Example: Coulomb potential

electron-proton potential is attractive

5 g x
QED £ — (_7;6)2(@7““) 2 (V7). * V(l”) — —
Q. k
drr
pt
quark-quark potential is only attractive for color
neutral combinations *
u u . * QCDis strongly coupled at
: a ra _ —Muv low energies, perturbative
= (ZQS)QTjiTkl X ujy g kQM Vg7 Ul calculations are not reliable
QCD
d d




Example: Coulomb potential

electron-proton potential is attractive

E — it 62
QED 2 = (—ie)*(ay"u) 2 (W), * V(r) = —
Arr
p+
quark-quark potential is only attractive for color
neutral combinations *
u u . * QCDis strongly coupled at
. 5 G _ —Muv 4 low energies, perturbati
— (ng)QTjiTkl X uj’y““uz- ]:QM Vg™ U Ca\tllvculatighs ali?ee;gtrrglile\lﬁe
D
QC | g2 _ _
Vir) = Y- (color octet) u(r)d(e2) — u(r)d(e)
_ _ 4 g? — —
d d V(r) = - 497;. (color singlet)  u(r)d(r) — u(b)d(b)



Kinetic term for SU(N) gauge boson

We can cannot recycle the Maxwell action. The Lagrangian would not be
invariant under a local SU(N) transformation

A (x) = UWA,UE) = —0,Ux)UR)
g
Field strength now contains a non-abelian contribution

F, =0,A,—0,A+ig[A, A

It transforms homogeneously
F,— Ux)F, U~ (x)

and we can build an invariant Lagrangian

1
L = - ZTr(FWF””) = ...+ gAAA + g’AAAA

Note: Gluons carry colour charge and do interact with themselves.



Kinetic term for SU(N) gauge boson

We can cannot recycle the Maxwell action. The Lagrangian would not be
invariant under a local SU(N) transformation

A(x) = UWA,UE) = —0,Ux)UR)
g
Field strength now contains a non-abelian contribution

F, =0,A,—0,A+ig[A, A,

It transforms homogeneously
F,,— Ux)F UU_l(x) \

and we can build an invariant Lagranglan

1
L = - ZTr(FWF””) = ...+ gAAA + ngAAA

Note: Gluons carry colour charge and do interact with themselves.

o;d



How can we discover the Lagrangian of
the universe?

We need experiments! -> next lecture




