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• Can you show why the photon (or the gluon) turns out to be 
massless in a gauge invariant theory? 
 
 
 
 
 

• How many polarizations does a photon or a gluon have? (Hint: it 
has spin 1 and travels with the speed of light). How many entries 
are in the photon field       ? 
 
     

Aμ(x), μ = 0,1,2,3

Recap
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Example: Coulomb potential

quantum field theory 2 73

Example 1:

ux?
i=1

red and d̄x?
k=2

anti-green:

T a

ji
T a

kl
=

1

2
(�jl�ik �

1

N
�ij�kl). (6.5)

So we get

T a

j1
T a

2l
= �

1

2N
�1j�2l. (6.6)

So the final state has red quark and anti-green also: color is con-

served.

Compare to e�p+-scattering:

e�

p+

= (�ie)2(ū�µu)
�i⌘µ⌫

k2
(v̄�⌫v). (6.7)

Eq. (6.6) shows that this color amplitude has the opposite sign: This

color combination leads to a repulsive interaction/potential.

Example 2:

u: red and d̄: anti-red:1 1 Or one of the other two combina-
tions: green and anti-green, or blue
and anti-blue.

i = k = 1

T a

j1
T a

1l

N=3?y
=

0

B@
1/3

1/2

1/2

1

CA

jl

(6.8)

Final state can be: (red, anti-red), (blue, anti-blue), (green, anti-

green). The color factor is now > 0, which implies an attractive

potential.

In general, we can decompose the color structure of ūidj according

to

3 ⌦ 3̄ = 1x?
singlet

�

octet?y
8 (6.9)

Among the 9 color combinations of uid̄j , we find 8 with color and

1 color neutral2 all of which will be left invariant under gluon ex- 2 See Eq. (6.10) for the definition.

change. We already saw that color-octet states (like red anti-green

above in example 1) will be left invariant in the amplitude. The final state in example 1 is also
red anti-green.

For the color singlet states, which can go to any color-anticolor

combination, the invariant, normalized combination is

|1ci =
1

p
3
(|rr̄i + |bb̄i + |gḡi) (6.10)

QED V(r) = − e2

4πr

electron-proton potential is attractive
ph

ot
on

(Coulomb)
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ph

ot
on

quark-quark potential is only attractive for color  
neutral combinations * 
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⇢; c

µ; a
⌫; b

�; d

= � ig2[fabef cde(⌘µ⇢⌘⌫�
� ⌘µ�⌘⌫⇢)

+ facef bde(⌘µ⌫⌘⇢�
� ⌘µ�⌘⌫⇢)

+ fadef bce(⌘µ⌫⌘⇢�
� ⌘µ⇢⌘⌫�)]

(four gluon)

p
c̄acc

µ; b

= � gfabcpµ (ghost-vertex)

ij

µ; a

= ig�µT a

ij
(fermion-vertex)

6.2 A tree-level QCD amplitude

Let us first calculate a tree-level amplitude to examine how QCD

di↵ers from QED. Consider the process

ud̄ ! ud̄. (6.3)

Analogously to t-channel scattering in QED we can extract the

QCD potential (at small g-coupling). The tree-level diagram for this

elastic scattering is:

p1 p2

k

p4p3

i j

lk

a

b

u
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= (igs)
2T a

ji
�abT

b

kl
⇥ ūj(p2)�

µui(p1)
�i

k2


⌘µ⌫ � (1 � ⇠)

kµk⌫

k2

�
v̄k(p3)�

⌫vl(p4)

With on-shell spinors, the ⇠-dependence drops out. With k = p2 � p1

and using the EOM,

ū(p2)/ku(p1) = ū(p2)(/p
2

� /p
1
)u(p1)

= ū(p2)(m � m)u(p1) = 0 (like in QED)

We find the amplitude identical to QED with e ! �gs up to the

color factor:

T a

ji
T a

kl
(6.4)

Each u(d̄) can have red, green, or blue (or anti-red, anti-green, and

anti-blue, respectively). Let us examine their impact.

QCD
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⇢; c

µ; a
⌫; b

�; d

= � ig2[fabef cde(⌘µ⇢⌘⌫�
� ⌘µ�⌘⌫⇢)

+ facef bde(⌘µ⌫⌘⇢�
� ⌘µ�⌘⌫⇢)

+ fadef bce(⌘µ⌫⌘⇢�
� ⌘µ⇢⌘⌫�)]

(four gluon)

p
c̄acc

µ; b
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ij (fermion-vertex)
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= (igs)
2T a

ji�abT
b
kl ⇥ ūj(p2)�

µui(p1)
�i

k2


⌘µ⌫ � (1 � ⇠)

kµk⌫

k2

�
v̄k(p3)�

⌫vl(p4)

With on-shell spinors, the ⇠-dependence drops out. With k = p2 � p1

and using the EOM,

ū(p2)/ku(p1) = ū(p2)(/p
2

� /p
1
)u(p1)

= ū(p2)(m � m)u(p1) = 0 (like in QED)

and therefore

= (igs)
2T a

jiT
a
kl ⇥ ūj�

µui
�i⌘µ⌫

k2
v̄k�⌫vl

We find the amplitude identical to QED with e ! �gs up to a color

factor:

T a
jiT

a
kl (6.4)

gl
uo

n

* QCD is strongly coupled at 
low energies, perturbative 
calculations are not reliable

(Coulomb)
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ji
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b

kl
⇥ ūj(p2)�

µui(p1)
�i

k2


⌘µ⌫ � (1 � ⇠)

kµk⌫

k2

�
v̄k(p3)�

⌫vl(p4)

With on-shell spinors, the ⇠-dependence drops out. With k = p2 � p1

and using the EOM,

ū(p2)/ku(p1) = ū(p2)(/p
2

� /p
1
)u(p1)

= ū(p2)(m � m)u(p1) = 0 (like in QED)

We find the amplitude identical to QED with e ! �gs up to the

color factor:

T a

ji
T a

kl
(6.4)

Each u(d̄) can have red, green, or blue (or anti-red, anti-green, and

anti-blue, respectively). Let us examine their impact.

QCD
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⇢; c

µ; a
⌫; b

�; d

= � ig2[fabef cde(⌘µ⇢⌘⌫�
� ⌘µ�⌘⌫⇢)

+ facef bde(⌘µ⌫⌘⇢�
� ⌘µ�⌘⌫⇢)

+ fadef bce(⌘µ⌫⌘⇢�
� ⌘µ⇢⌘⌫�)]

(four gluon)

p
c̄acc

µ; b

= � gfabcpµ (ghost-vertex)

ij

µ; a

= ig�µT a
ij (fermion-vertex)

6.2 A tree-level QCD amplitude

Let us first calculate a tree-level amplitude to examine how QCD

di↵ers from QED. Consider the process

ud̄ ! ud̄. (6.3)

Analogously to t-channel scattering in QED we can extract the

QCD potential (at small g-coupling). The tree-level diagram for this

elastic scattering is:

p1 p2

k

p4p3

i j

lk

a

b

u
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2T a

ji�abT
b
kl ⇥ ūj(p2)�

µui(p1)
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
⌘µ⌫ � (1 � ⇠)

kµk⌫

k2

�
v̄k(p3)�

⌫vl(p4)

With on-shell spinors, the ⇠-dependence drops out. With k = p2 � p1

and using the EOM,

ū(p2)/ku(p1) = ū(p2)(/p
2

� /p
1
)u(p1)

= ū(p2)(m � m)u(p1) = 0 (like in QED)

and therefore

= (igs)
2T a

jiT
a
kl ⇥ ūj�

µui
�i⌘µ⌫

k2
v̄k�⌫vl

We find the amplitude identical to QED with e ! �gs up to a color

factor:

T a
jiT

a
kl (6.4)

gl
uo

n

* QCD is strongly coupled at 
low energies, perturbative 
calculations are not reliable

(Coulomb)
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Example 1:

ux?
i=1

red and d̄x?
k=2

anti-green:

T a

ji
T a

kl
=

1

2
(�jl�ik �

1

N
�ij�kl). (6.5)

So we get

T a

j1
T a

2l
= �

1

2N
�1j�2l. (6.6)

So the final state has red quark and anti-green also: color is con-

served.

Compare to e�p+-scattering:

e�

p+

= (�ie)2(ū�µu)
�i⌘µ⌫

k2
(v̄�⌫v). (6.7)

Eq. (6.6) shows that this color amplitude has the opposite sign: This

color combination leads to a repulsive interaction/potential.

Example 2:

u: red and d̄: anti-red:1 1 Or one of the other two combina-
tions: green and anti-green, or blue
and anti-blue.

i = k = 1

T a

j1
T a

1l

N=3?y
=

0

B@
1/3

1/2

1/2

1

CA

jl

(6.8)

Final state can be: (red, anti-red), (blue, anti-blue), (green, anti-

green). The color factor is now > 0, which implies an attractive

potential.

In general, we can decompose the color structure of ūidj according

to

3 ⌦ 3̄ = 1x?
singlet

�

octet?y
8 (6.9)

Among the 9 color combinations of uid̄j , we find 8 with color and

1 color neutral2 all of which will be left invariant under gluon ex- 2 See Eq. (6.10) for the definition.

change. We already saw that color-octet states (like red anti-green

above in example 1) will be left invariant in the amplitude. The final state in example 1 is also
red anti-green.

For the color singlet states, which can go to any color-anticolor

combination, the invariant, normalized combination is

|1ci =
1

p
3
(|rr̄i + |bb̄i + |gḡi) (6.10)

QED V(r) = − e2

4πr

electron-proton potential is attractive74 andreas weiler, tum

e.g. for |rr̄i ! |rr̄i the color factor is Tr(T a

j1
T a

1l
) = 4

3
.

Combining all the pre-factors and the multiplicity Nc of the final

state, we get relative to the QED amplitude:

|1ci ! anything ) pre-factor = (
1

p
3
)2

4

3

3?y
Nc. (6.11)

The tree-level potentials are

V (r) =
1

6

g2
s

4⇡r
(color octet)

V (r) = �
4

3

g2
s

4⇡r
. (color singlet)

Only the color singlet state is attractive.

This is consistent with the observation that we do not find colored

mesons3, but only color-neutral bound states! 3 e.g. a quark-antiquark color octet
bound state,! hadrons:

mesons: q̄iqi

baryons: ✏ijkqiqjqk

This tree-level potential is not very useful quantitatively because

QCD at E ⇠ mhadron ⇠ GeV is strongly coupled gs � 1, see

Sec. 6.7.2. For a quantitative calculation of meson and hadron

properties, one needs a numerical, non-perturbative lattice approach.

Figure 6.1: The masses of

“gold-plated” mesons compar-

ing the lattice QCD (HPQCD

collaboration) results to exper-

iment (an update of a figure

that appeared in arxiv:hep-

lat/1207.5149)

u(r)d(g) → u(r)d(g)

u(r)d(r) → u(b)d(b)

ph
ot

on

quark-quark potential is only attractive for color  
neutral combinations * 
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⇢; c

µ; a
⌫; b

�; d

= � ig2[fabef cde(⌘µ⇢⌘⌫�
� ⌘µ�⌘⌫⇢)

+ facef bde(⌘µ⌫⌘⇢�
� ⌘µ�⌘⌫⇢)

+ fadef bce(⌘µ⌫⌘⇢�
� ⌘µ⇢⌘⌫�)]

(four gluon)

p
c̄acc

µ; b

= � gfabcpµ (ghost-vertex)

ij

µ; a

= ig�µT a

ij
(fermion-vertex)

6.2 A tree-level QCD amplitude

Let us first calculate a tree-level amplitude to examine how QCD

di↵ers from QED. Consider the process

ud̄ ! ud̄. (6.3)

Analogously to t-channel scattering in QED we can extract the

QCD potential (at small g-coupling). The tree-level diagram for this

elastic scattering is:

p1 p2

k

p4p3

i j

lk

a

b

u
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⌫vl(p4)

With on-shell spinors, the ⇠-dependence drops out. With k = p2 � p1

and using the EOM,

ū(p2)/ku(p1) = ū(p2)(/p
2

� /p
1
)u(p1)

= ū(p2)(m � m)u(p1) = 0 (like in QED)

We find the amplitude identical to QED with e ! �gs up to the

color factor:

T a

ji
T a

kl
(6.4)

Each u(d̄) can have red, green, or blue (or anti-red, anti-green, and

anti-blue, respectively). Let us examine their impact.

QCD
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⇢; c

µ; a
⌫; b

�; d

= � ig2[fabef cde(⌘µ⇢⌘⌫�
� ⌘µ�⌘⌫⇢)

+ facef bde(⌘µ⌫⌘⇢�
� ⌘µ�⌘⌫⇢)

+ fadef bce(⌘µ⌫⌘⇢�
� ⌘µ⇢⌘⌫�)]

(four gluon)

p
c̄acc

µ; b

= � gfabcpµ (ghost-vertex)

ij

µ; a

= ig�µT a
ij (fermion-vertex)

6.2 A tree-level QCD amplitude

Let us first calculate a tree-level amplitude to examine how QCD

di↵ers from QED. Consider the process

ud̄ ! ud̄. (6.3)

Analogously to t-channel scattering in QED we can extract the

QCD potential (at small g-coupling). The tree-level diagram for this

elastic scattering is:

p1 p2

k

p4p3

i j

lk

a

b

u
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With on-shell spinors, the ⇠-dependence drops out. With k = p2 � p1
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We find the amplitude identical to QED with e ! �gs up to a color

factor:
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* QCD is strongly coupled at 
low energies, perturbative 
calculations are not reliable

(Coulomb)
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Kinetic term for SU(N) gauge boson
We can cannot recycle the Maxwell action. The Lagrangian would not be 
invariant under a local SU(N) transformation

Aμ(x) → U(x)Aμ(x)U(x)† − i
g

(∂μU(x))U(x)† =

Fμν = ∂μAν − ∂νAμ+ig[Aμ, Aν]
Field strength now contains a non-abelian contribution

Fμν → U(x) Fμν U−1(x)
It transforms homogeneously

ℒ = − 1
4 Tr(FμνFμν) = … + gAAA + g2AAAA

and we can build an invariant Lagrangian

Note: Gluons carry colour charge and do interact with themselves.
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Perturbative calculations in non-abelian gauge theo-

ries
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ries, such as QCD. In QCD the gauge group is G = SU(3) and the
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6.2 A tree-level QCD amplitude
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2

� /p
1
)u(p1)
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ℒ = − 1
4 Tr(FμνFμν) = … + gAAA + g2AAAA

and we can build an invariant Lagrangian

Note: Gluons carry colour charge and do interact with themselves.
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Which theory is realized in nature? SU(N) ? U(1) ? Which 
particles? 

How can we discover the Lagrangian of the universe?  

We need experiments!

ℒ = ?

46



• Why was evidence of electromagnetic interactions discovered 
before evidence of strong interactions?


• Why have we never seen a free quark, unlike electrons or 
protons?


• How can we test predictions about quarks if we don’t observe 
them as free particles?

The strong and the electromagnetic interactions
U(1)em SU(3)C

47



QED binds electrons and nuclei 
inside atoms and molecules

But quarks are fundamental objects, 
not the composite nuclei


 p = (uud), n = (udd), …

Charges:


up-quark:        + 2/3 
down-quark:    -1/3


electron:            -1

48



QCD binds quarks into hadrons
p = (uud), n = (udd), π+ = (d̄u), … and hundreds more.

49



Coupling “constants” : QED
Classical physics:              forces depend on distances


Quantum field theory:       charges also depend on distances
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Coupling “constants” : QED
Classical physics:              forces depend on distances


Quantum field theory:       charges also depend on distances
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Evolution of Coupling Constants
Cla,ical #ysics: the forces depend on distances

Quantum #ysics : the charges depend on distances
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254 Quantum Chromodynamics (QCD)

The running of αS is closely related to the concept of renormalisation. A thorough
mathematical treatment of renormalisation is beyond the level of this book. Never-
theless, it is necessary to introduce the basic ideas in order to provide a qualitative
understanding of the running of the coupling constants of both QED and QCD.

10.5.1 *Renormalisation in QED

The strength of the interaction between a photon and an electron is determined by
the coupling at the QED vertex, which up to this point has been taken to be constant
with value e. The experimentally measured value of the electron charge e, which
corresponds to α ≈ 1/137, is obtained from measurements of the strength of the
static Coulomb potential in atomic physics. This is not the same as the strength of
coupling between an electron and photon that appears in Feynman diagrams, which
can be written as e0 (often referred to as the bare electron charge); the experimen-
tally measured value of e is the effective strength of the interaction which results
from the sum over all relevant QED higher-order diagrams.

Up to this point, only the lowest-order contribution to the QED coupling between
a photon and a charged fermion, shown in Figure 10.10a, has been considered.
However, for each QED vertex in a Feynman diagram, there is an infinite set of
higher-order corrections; for example, the O(e2) corrections to the QED e−γe− ver-
tex are shown in Figures 10.10b–10.10e. The experimentally measured strength of
the QED interaction is the effective strength from the sum over of all such dia-
grams. The diagram of Figure 10.10b represents correction to the propagator and
the diagrams in Figures 10.10c–10.10e represent corrections to the electron four-
vector current. In principle, both types of diagram will modify the strength of the
interaction relative to the lowest-order diagram alone.

For each higher-order diagram, it is relatively straightforward to write down the
matrix element using the Feynman rules for QED. Each loop in a Feynman diagram
enters as an integral over the four momenta of the particles in the loop and such dia-
grams lead to divergent (infinite) results. Fortunately, the infinities associated with
the loop corrections to the photon propagator can be absorbed into the definition
of the electron charge (described below). However, the corrections to four-vector

(a) (b) (c) (d) (e)

!Fig. 10.10 The lowest-order diagram for the QED vertex and theO(e2) corrections.
classical  

interaction
one-loop quantum  

corrections

e3
Z

d4k
1

k �me

1

k �me

1

k2 �m2
�

e

1 1

finite (renormalised) electric charge 
but it depends on the energy of the electron
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represents the second diagram in Figure 10.11. This geometric series can be
summed to give

P = P0
1

1 − π(q2) P0
= P0

1
1 − e2

0Π(q2)
,

where Π(q2) = π(q2)/q2 is the one-loop photon self-energy correction. The effec-
tive propagator can then be expressed in terms of the running coupling e(q2) as

P ≡ e2(q2)
q2 =

e2
0

q2

1
1 − e2

0Π(q2)
.

Since scattering cross sections are known to be finite, it is an experimentally estab-
lished fact that e(q2) is finite, therefore

e2(q2) =
e2

0

1 − e2
0Π(q2)

, (10.15)

is finite, even though the denominator contains Π(q2) which is divergent. If the
physical electron charge is known at some scale q2 = µ2, then (10.15) can be
rearranged to give an expression for the bare charge

e2
0 =

e2(µ2)
1 + e2(µ2)Π(µ2)

,

which can be substituted back into (10.15) to give the exact relation,

e2(q2) =
e2(µ2)

1 − e2(µ2) · [Π(q2) − Π(µ2)]
. (10.16)

As a result of the loop integral for the photon self-energy, both Π(q2) and Π(µ2)
are separately divergent. However, the difference Π(q2) − Π(µ2) is finite and cal-
culable. Although the infinities have been renormalised away, the finite difference
between the effective strength of the interaction at different values of q2 remains.
Consequently, the coupling strength is no longer constant, it runs with the q2 scale
of the virtual photon. For values of q2 and µ2 larger than the electron mass squared,
it can be shown that

Π(q2) − Π(µ2) ≈ 1
12π2 ln

(
q2

µ2

)
.

Substituting this into (10.16) and writing α(q2) = e2(q2)/4π gives

α(q2) =
α(µ2)

1 − α(µ2)
1

3π
ln

⎛
⎜⎜⎜⎜⎜⎝

q2

µ2

⎞
⎟⎟⎟⎟⎟⎠

, (10.17)↵(me) = 1/137 ↵(mZ) = 1/128

beautifully verified at LEP

QED
classical  

contribution quantum fluctuations

+ … 

e3 ∫ d4k
1

k − me

1
k − me

1
k2 → ∞e
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intuitive picture

The vacuum screens  
the electric charge  
-> infrared free 


charge weaker at lower E 
                         at larger r 
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The running of αS is closely related to the concept of renormalisation. A thorough
mathematical treatment of renormalisation is beyond the level of this book. Never-
theless, it is necessary to introduce the basic ideas in order to provide a qualitative
understanding of the running of the coupling constants of both QED and QCD.

10.5.1 *Renormalisation in QED

The strength of the interaction between a photon and an electron is determined by
the coupling at the QED vertex, which up to this point has been taken to be constant
with value e. The experimentally measured value of the electron charge e, which
corresponds to α ≈ 1/137, is obtained from measurements of the strength of the
static Coulomb potential in atomic physics. This is not the same as the strength of
coupling between an electron and photon that appears in Feynman diagrams, which
can be written as e0 (often referred to as the bare electron charge); the experimen-
tally measured value of e is the effective strength of the interaction which results
from the sum over all relevant QED higher-order diagrams.

Up to this point, only the lowest-order contribution to the QED coupling between
a photon and a charged fermion, shown in Figure 10.10a, has been considered.
However, for each QED vertex in a Feynman diagram, there is an infinite set of
higher-order corrections; for example, the O(e2) corrections to the QED e−γe− ver-
tex are shown in Figures 10.10b–10.10e. The experimentally measured strength of
the QED interaction is the effective strength from the sum over of all such dia-
grams. The diagram of Figure 10.10b represents correction to the propagator and
the diagrams in Figures 10.10c–10.10e represent corrections to the electron four-
vector current. In principle, both types of diagram will modify the strength of the
interaction relative to the lowest-order diagram alone.

For each higher-order diagram, it is relatively straightforward to write down the
matrix element using the Feynman rules for QED. Each loop in a Feynman diagram
enters as an integral over the four momenta of the particles in the loop and such dia-
grams lead to divergent (infinite) results. Fortunately, the infinities associated with
the loop corrections to the photon propagator can be absorbed into the definition
of the electron charge (described below). However, the corrections to four-vector
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tive propagator can then be expressed in terms of the running coupling e(q2) as
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lished fact that e(q2) is finite, therefore
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is finite, even though the denominator contains Π(q2) which is divergent. If the
physical electron charge is known at some scale q2 = µ2, then (10.15) can be
rearranged to give an expression for the bare charge

e2
0 =

e2(µ2)
1 + e2(µ2)Π(µ2)

,

which can be substituted back into (10.15) to give the exact relation,

e2(q2) =
e2(µ2)

1 − e2(µ2) · [Π(q2) − Π(µ2)]
. (10.16)

As a result of the loop integral for the photon self-energy, both Π(q2) and Π(µ2)
are separately divergent. However, the difference Π(q2) − Π(µ2) is finite and cal-
culable. Although the infinities have been renormalised away, the finite difference
between the effective strength of the interaction at different values of q2 remains.
Consequently, the coupling strength is no longer constant, it runs with the q2 scale
of the virtual photon. For values of q2 and µ2 larger than the electron mass squared,
it can be shown that

Π(q2) − Π(µ2) ≈ 1
12π2 ln
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.

Substituting this into (10.16) and writing α(q2) = e2(q2)/4π gives
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The running of αS is closely related to the concept of renormalisation. A thorough
mathematical treatment of renormalisation is beyond the level of this book. Never-
theless, it is necessary to introduce the basic ideas in order to provide a qualitative
understanding of the running of the coupling constants of both QED and QCD.

10.5.1 *Renormalisation in QED

The strength of the interaction between a photon and an electron is determined by
the coupling at the QED vertex, which up to this point has been taken to be constant
with value e. The experimentally measured value of the electron charge e, which
corresponds to α ≈ 1/137, is obtained from measurements of the strength of the
static Coulomb potential in atomic physics. This is not the same as the strength of
coupling between an electron and photon that appears in Feynman diagrams, which
can be written as e0 (often referred to as the bare electron charge); the experimen-
tally measured value of e is the effective strength of the interaction which results
from the sum over all relevant QED higher-order diagrams.

Up to this point, only the lowest-order contribution to the QED coupling between
a photon and a charged fermion, shown in Figure 10.10a, has been considered.
However, for each QED vertex in a Feynman diagram, there is an infinite set of
higher-order corrections; for example, the O(e2) corrections to the QED e−γe− ver-
tex are shown in Figures 10.10b–10.10e. The experimentally measured strength of
the QED interaction is the effective strength from the sum over of all such dia-
grams. The diagram of Figure 10.10b represents correction to the propagator and
the diagrams in Figures 10.10c–10.10e represent corrections to the electron four-
vector current. In principle, both types of diagram will modify the strength of the
interaction relative to the lowest-order diagram alone.

For each higher-order diagram, it is relatively straightforward to write down the
matrix element using the Feynman rules for QED. Each loop in a Feynman diagram
enters as an integral over the four momenta of the particles in the loop and such dia-
grams lead to divergent (infinite) results. Fortunately, the infinities associated with
the loop corrections to the photon propagator can be absorbed into the definition
of the electron charge (described below). However, the corrections to four-vector
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represents the second diagram in Figure 10.11. This geometric series can be
summed to give
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1 − e2

0Π(q2)
,

where Π(q2) = π(q2)/q2 is the one-loop photon self-energy correction. The effec-
tive propagator can then be expressed in terms of the running coupling e(q2) as

P ≡ e2(q2)
q2 =
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.

Since scattering cross sections are known to be finite, it is an experimentally estab-
lished fact that e(q2) is finite, therefore
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, (10.15)

is finite, even though the denominator contains Π(q2) which is divergent. If the
physical electron charge is known at some scale q2 = µ2, then (10.15) can be
rearranged to give an expression for the bare charge

e2
0 =

e2(µ2)
1 + e2(µ2)Π(µ2)

,

which can be substituted back into (10.15) to give the exact relation,

e2(q2) =
e2(µ2)

1 − e2(µ2) · [Π(q2) − Π(µ2)]
. (10.16)

As a result of the loop integral for the photon self-energy, both Π(q2) and Π(µ2)
are separately divergent. However, the difference Π(q2) − Π(µ2) is finite and cal-
culable. Although the infinities have been renormalised away, the finite difference
between the effective strength of the interaction at different values of q2 remains.
Consequently, the coupling strength is no longer constant, it runs with the q2 scale
of the virtual photon. For values of q2 and µ2 larger than the electron mass squared,
it can be shown that

Π(q2) − Π(µ2) ≈ 1
12π2 ln

(
q2

µ2

)
.

Substituting this into (10.16) and writing α(q2) = e2(q2)/4π gives

α(q2) =
α(µ2)

1 − α(µ2)
1

3π
ln

⎛
⎜⎜⎜⎜⎜⎝

q2

µ2

⎞
⎟⎟⎟⎟⎟⎠

, (10.17)↵(me) = 1/137 ↵(mZ) = 1/128

beautifully verified at LEP

QED
classical  

contribution quantum fluctuations

+ … 

e3 ∫ d4k
1

k − me

1
k − me

1
k2 → ∞e

∞∞ − =     finite ?
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Modern view: “Ignorance is no shame”.


We can’t trust our QFT up to infinite energy, so we should not include virtual  
particles up to infinite energy. We introduce a maximum energy (a cut-off) to regularize the 
theory. We compare with the measurement to determine the value of classical + regularized 
virtual (= renormalize).


This is a good thing: for example, Feynman, Schwinger, Tomonaga, and others who 
developed quantum electrodynamics did not have to know about the top quark.


 

∞ ∞
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Modern view: “Ignorance is no shame”.


We can’t trust our QFT up to infinite energy, so we should not include virtual  
particles up to infinite energy. We introduce a maximum energy (a cut-off) to regularize the 
theory. We compare with the measurement to determine the value of classical + regularized 
virtual (= renormalize).


This is a good thing: for example, Feynman, Schwinger, Tomonaga, and others who 
developed quantum electrodynamics did not have to know about the top quark.


 

∞ ∞

51-3



Coupling “constants” : QED
Classical physics:              forces depend on distances


Quantum field theory:       charges also depend on distances


αQED = e2

4πFine structure constant:
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Coupling “constants” : QED
Classical physics:              forces depend on distances


Quantum field theory:       charges also depend on distances


αQED = e2

4π

1
α(0) = 137.035999074(44)
1

α (90GeV ) = 127.950(17)

Fine structure constant:
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Coupling “constants” : QED
Classical physics:              forces depend on distances


Quantum field theory:       charges also depend on distances


αQED = e2

4π

1
α(0) = 137.035999074(44)
1

α (90GeV ) = 127.950(17)

Fine structure constant:

Energy

charge weaker  
at lower E αQED(μ)

α(0)
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED?
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED? No! Gluons are charged under color, they self-interact
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED?

quantum field theory 2 87

The ghost two-point function gives See exercise !

�3C =
1

✏

g2

16⇡2
C(G). (6.49)

We need the coupling renormalization, which we could get from all

trilinear vertices. We choose gauge-fermion-fermion vertex:

µ; a

i j

= ig(�a
µ)ij . (6.50)

At tree-level: �aµ
ij (q1, q2, p) = �µT a

ij .

µ; a

i

j

�bc

c

b

=
X

b,c

ig(T bT aT b)ij�
bc

Same as in QED?y
�µ

(2A)
(6.51)

Simplify the color factors:4 4 In some books these color factors
are also denoted as

C2(F ) = CF , C(G) = CA

, where F denotes the fundamental
representation.T bT aT b = T bT bT a + T b

ifabcT c?y
[T a, T b]

= C2(r)T
a + ifabcT bT c

= C2(r)T
a + ifabc 1

2
[T b, T c]

= C2(r)T
a

�
1

2
fabcf bcdT d

= (C2(r)x?
CF

�
1

2
C(G)x?

CA

)T a.

Use the result from QED: �e ! g

= ig

✓
CF �

CA

2

◆
T a

ij�
µ

✓
g2

16⇡2

◆✓
2

✏
+ ln

µ̃2

�p2
+ finite

◆
. (6.52)

QED like

88 andreas weiler, tum

Let us calculate the second diagram. Focus on color factors:

p
µ;a

i

j

/ T cT bfabc =
1

2
fabc[T c, T b] (6.53)

=
i

2
fabcf cbd

| {z }
��adC2(G)

T d (6.54)

= �
i

2
C2(G)T a. (6.55)

The result is:

p
µ;a

i

j

= igC2(G)T a
ij�

µ

✓
g2

16⇡2

◆
3

✏
+

3

2
ln

µ̃2

�p2
+ . . .

�

(6.56)

The counterterm is

µ, a

i

j

= igT a
ij�µ �1. (6.57)

Adding both vertex graphs, we find to cancel UV-divergence:

�1 =
1

✏

✓
g2

16⇡2

◆
[�2C2(r) � 2C2(G)] . (6.58)

6.7 Running coupling in non-abelian gauge theories

We have all the results to calculate the �-function. The renormal-

ization group equation is determined by the independence of observ-

ables on UV-cuto↵ or subtraction point at which we renormalize, or

the scale µ of dimensional regularization. We use MS here.5 5 Remember:
MS: remove 1

✏ pole

MS: remove 1

✏ � �E + ln(4⇡).

gluons interact with themselves

+ …

NEW

No! Gluons are charged under color, they self-interact
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED?

quantum field theory 2 87

The ghost two-point function gives See exercise !

�3C =
1

✏

g2

16⇡2
C(G). (6.49)

We need the coupling renormalization, which we could get from all

trilinear vertices. We choose gauge-fermion-fermion vertex:

µ; a

i j

= ig(�a
µ)ij . (6.50)

At tree-level: �aµ
ij (q1, q2, p) = �µT a

ij .

µ; a

i

j

�bc

c

b

=
X

b,c

ig(T bT aT b)ij�
bc

Same as in QED?y
�µ

(2A)
(6.51)

Simplify the color factors:4 4 In some books these color factors
are also denoted as

C2(F ) = CF , C(G) = CA

, where F denotes the fundamental
representation.T bT aT b = T bT bT a + T b

ifabcT c?y
[T a, T b]

= C2(r)T
a + ifabcT bT c

= C2(r)T
a + ifabc 1

2
[T b, T c]

= C2(r)T
a

�
1

2
fabcf bcdT d

= (C2(r)x?
CF

�
1

2
C(G)x?

CA

)T a.

Use the result from QED: �e ! g

= ig

✓
CF �

CA

2

◆
T a

ij�
µ

✓
g2

16⇡2

◆✓
2

✏
+ ln

µ̃2

�p2
+ finite

◆
. (6.52)

QED like

88 andreas weiler, tum

Let us calculate the second diagram. Focus on color factors:

p
µ;a

i

j

/ T cT bfabc =
1

2
fabc[T c, T b] (6.53)

=
i

2
fabcf cbd

| {z }
��adC2(G)

T d (6.54)

= �
i

2
C2(G)T a. (6.55)

The result is:

p
µ;a

i

j

= igC2(G)T a
ij�

µ

✓
g2

16⇡2

◆
3

✏
+

3

2
ln

µ̃2

�p2
+ . . .

�

(6.56)

The counterterm is

µ, a

i

j

= igT a
ij�µ �1. (6.57)

Adding both vertex graphs, we find to cancel UV-divergence:

�1 =
1

✏

✓
g2

16⇡2

◆
[�2C2(r) � 2C2(G)] . (6.58)

6.7 Running coupling in non-abelian gauge theories

We have all the results to calculate the �-function. The renormal-

ization group equation is determined by the independence of observ-

ables on UV-cuto↵ or subtraction point at which we renormalize, or

the scale µ of dimensional regularization. We use MS here.5 5 Remember:
MS: remove 1

✏ pole

MS: remove 1

✏ � �E + ln(4⇡).

gluons interact with themselves

+ …

NEW

No! Gluons are charged under color, they self-interact
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED?

quantum field theory 2 87

The ghost two-point function gives See exercise !

�3C =
1

✏

g2

16⇡2
C(G). (6.49)

We need the coupling renormalization, which we could get from all

trilinear vertices. We choose gauge-fermion-fermion vertex:

µ; a

i j

= ig(�a
µ)ij . (6.50)

At tree-level: �aµ
ij (q1, q2, p) = �µT a

ij .

µ; a

i

j

�bc

c

b

=
X

b,c

ig(T bT aT b)ij�
bc

Same as in QED?y
�µ

(2A)
(6.51)

Simplify the color factors:4 4 In some books these color factors
are also denoted as

C2(F ) = CF , C(G) = CA

, where F denotes the fundamental
representation.T bT aT b = T bT bT a + T b

ifabcT c?y
[T a, T b]

= C2(r)T
a + ifabcT bT c

= C2(r)T
a + ifabc 1

2
[T b, T c]

= C2(r)T
a

�
1

2
fabcf bcdT d

= (C2(r)x?
CF

�
1

2
C(G)x?

CA

)T a.

Use the result from QED: �e ! g

= ig

✓
CF �

CA

2

◆
T a

ij�
µ

✓
g2

16⇡2

◆✓
2

✏
+ ln

µ̃2

�p2
+ finite

◆
. (6.52)

QED like

88 andreas weiler, tum

Let us calculate the second diagram. Focus on color factors:

p
µ;a

i

j

/ T cT bfabc =
1

2
fabc[T c, T b] (6.53)

=
i

2
fabcf cbd

| {z }
��adC2(G)

T d (6.54)

= �
i

2
C2(G)T a. (6.55)

The result is:

p
µ;a

i

j

= igC2(G)T a
ij�

µ

✓
g2

16⇡2

◆
3

✏
+

3

2
ln

µ̃2

�p2
+ . . .

�

(6.56)

The counterterm is

µ, a

i

j

= igT a
ij�µ �1. (6.57)

Adding both vertex graphs, we find to cancel UV-divergence:

�1 =
1

✏

✓
g2

16⇡2

◆
[�2C2(r) � 2C2(G)] . (6.58)

6.7 Running coupling in non-abelian gauge theories

We have all the results to calculate the �-function. The renormal-

ization group equation is determined by the independence of observ-

ables on UV-cuto↵ or subtraction point at which we renormalize, or

the scale µ of dimensional regularization. We use MS here.5 5 Remember:
MS: remove 1

✏ pole

MS: remove 1

✏ � �E + ln(4⇡).

gluons interact with themselves

+ …

NEW

No! Gluons are charged under color, they self-interact
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED?

quantum field theory 2 87

The ghost two-point function gives See exercise !

�3C =
1

✏

g2

16⇡2
C(G). (6.49)

We need the coupling renormalization, which we could get from all

trilinear vertices. We choose gauge-fermion-fermion vertex:

µ; a

i j

= ig(�a
µ)ij . (6.50)

At tree-level: �aµ
ij (q1, q2, p) = �µT a

ij .

µ; a

i

j

�bc

c

b

=
X

b,c

ig(T bT aT b)ij�
bc

Same as in QED?y
�µ

(2A)
(6.51)

Simplify the color factors:4 4 In some books these color factors
are also denoted as

C2(F ) = CF , C(G) = CA

, where F denotes the fundamental
representation.T bT aT b = T bT bT a + T b

ifabcT c?y
[T a, T b]

= C2(r)T
a + ifabcT bT c

= C2(r)T
a + ifabc 1

2
[T b, T c]

= C2(r)T
a

�
1

2
fabcf bcdT d

= (C2(r)x?
CF

�
1

2
C(G)x?

CA

)T a.

Use the result from QED: �e ! g

= ig

✓
CF �

CA

2

◆
T a

ij�
µ

✓
g2

16⇡2

◆✓
2

✏
+ ln

µ̃2

�p2
+ finite

◆
. (6.52)

QED like

88 andreas weiler, tum

Let us calculate the second diagram. Focus on color factors:

p
µ;a

i

j

/ T cT bfabc =
1

2
fabc[T c, T b] (6.53)

=
i

2
fabcf cbd

| {z }
��adC2(G)

T d (6.54)

= �
i

2
C2(G)T a. (6.55)

The result is:

p
µ;a

i

j

= igC2(G)T a
ij�

µ

✓
g2

16⇡2

◆
3

✏
+

3

2
ln

µ̃2

�p2
+ . . .

�

(6.56)

The counterterm is

µ, a

i

j

= igT a
ij�µ �1. (6.57)

Adding both vertex graphs, we find to cancel UV-divergence:

�1 =
1

✏

✓
g2

16⇡2

◆
[�2C2(r) � 2C2(G)] . (6.58)

6.7 Running coupling in non-abelian gauge theories

We have all the results to calculate the �-function. The renormal-

ization group equation is determined by the independence of observ-

ables on UV-cuto↵ or subtraction point at which we renormalize, or

the scale µ of dimensional regularization. We use MS here.5 5 Remember:
MS: remove 1

✏ pole

MS: remove 1

✏ � �E + ln(4⇡).

gluons interact with themselves

+ …

NEW

No! Gluons are charged under color, they self-interact
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Coupling “constants” : QCD
Q: Should we expect the virtual particle contribution to be the same 
     as in QED?

quantum field theory 2 87

The ghost two-point function gives See exercise !

�3C =
1

✏

g2

16⇡2
C(G). (6.49)

We need the coupling renormalization, which we could get from all

trilinear vertices. We choose gauge-fermion-fermion vertex:

µ; a

i j

= ig(�a
µ)ij . (6.50)

At tree-level: �aµ
ij (q1, q2, p) = �µT a

ij .

µ; a

i

j

�bc

c

b

=
X

b,c

ig(T bT aT b)ij�
bc

Same as in QED?y
�µ

(2A)
(6.51)

Simplify the color factors:4 4 In some books these color factors
are also denoted as

C2(F ) = CF , C(G) = CA

, where F denotes the fundamental
representation.T bT aT b = T bT bT a + T b

ifabcT c?y
[T a, T b]

= C2(r)T
a + ifabcT bT c

= C2(r)T
a + ifabc 1

2
[T b, T c]

= C2(r)T
a

�
1

2
fabcf bcdT d

= (C2(r)x?
CF

�
1

2
C(G)x?

CA

)T a.

Use the result from QED: �e ! g

= ig

✓
CF �

CA

2

◆
T a

ij�
µ

✓
g2

16⇡2

◆✓
2

✏
+ ln

µ̃2

�p2
+ finite

◆
. (6.52)

QED-like

88 andreas weiler, tum

Let us calculate the second diagram. Focus on color factors:

p
µ;a

i

j

/ T cT bfabc =
1

2
fabc[T c, T b] (6.53)

=
i

2
fabcf cbd

| {z }
��adC2(G)

T d (6.54)

= �
i

2
C2(G)T a. (6.55)

The result is:

p
µ;a

i

j

= igC2(G)T a
ij�

µ

✓
g2

16⇡2

◆
3

✏
+

3

2
ln

µ̃2

�p2
+ . . .

�

(6.56)

The counterterm is

µ, a

i

j

= igT a
ij�µ �1. (6.57)

Adding both vertex graphs, we find to cancel UV-divergence:

�1 =
1

✏

✓
g2

16⇡2

◆
[�2C2(r) � 2C2(G)] . (6.58)

6.7 Running coupling in non-abelian gauge theories

We have all the results to calculate the �-function. The renormal-

ization group equation is determined by the independence of observ-

ables on UV-cuto↵ or subtraction point at which we renormalize, or

the scale µ of dimensional regularization. We use MS here.5 5 Remember:
MS: remove 1

✏ pole

MS: remove 1

✏ � �E + ln(4⇡).

gluons interact with themselves

+ …

NEW

No! Gluons are charged under color, they self-interact

=

  stronger at lower E  
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Evolution of coupling constants

QED: virtual particles screen charge, weaker longer distances

= “infrared freedom”

infinite range
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Evolution of coupling constants

QED: virtual particles screen charge, weaker longer distances

= “infrared freedom”

QCD: virtual particles anti-screen charge, stronger longer distances

= “asymptotic* freedom”

 (* asymptotic means at high energies)

Cannot separate color charges!

The range of the strong interactions  
determined by the exchange of the  
lightest colorless hadron (= pion)

infinite range
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Measuring the quark charge
Can we measure the electric charge of the quarks? 


Can we test that there are NC = 3 colors?
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Measuring the quark charge
Can we measure the electric charge of the quarks? 


Can we test that there are NC = 3 colors?


If we perform the experiment at high enough energy, the strong coupling  
should be small enough to calculate using almost free quarks!
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Measuring the quark charge
Can we measure the electric charge of the quarks? 


Can we test that there are NC = 3 colors?


If we perform the experiment at high enough energy, the strong coupling  
should be small enough to calculate using almost free quarks!


rp : proton radius

p appears pointlike p has geometric features we see quarks !

E

p p p
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Measuring the quark charge
Can we measure the electric charge of the quarks? 


Can we test that there are NC = 3 colors?


If we perform the experiment at high enough energy, the strong coupling  
should be small enough to calculate the result using free quarks!


Let’s collide an electron and a positron

57-1



≈photon

Measuring the quark charge
Can we measure the electric charge of the quarks? 


Can we test that there are NC = 3 colors?


If we perform the experiment at high enough energy, the strong coupling  
should be small enough to calculate the result using free quarks!


Let’s collide an electron and a positron
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≈photon

Measuring the quark charge
Can we measure the electric charge of the quarks? 


Can we test that there are NC = 3 colors?


If we perform the experiment at high enough energy, the strong coupling  
should be small enough to calculate the result using free quarks!


Let’s collide an electron and a positron

∝ qQuark

up, charm, top: +2/3 
down, strange, bottom: -1/3
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Testing the quark charges and NC

CG SSLP2023 47

SU(3) QCD
Experiments in the 60’s revealed the internal structure of the neutrons and protons 

Gell-Mann and others proposed that they are made of “quarks” 

Up quark (up, charm, top): spin-1/2, Q=2/3 
Down quark (down, strange, bottom): spin-1/2, Q=-1/3

SU(2) weak symmetry that changes neutrino into electron also changes up-quark into down-quark 

Figure 8.3 R  is plotted against electron energy (in GeV). (Source: F. Halzen and A. D. 
Martin, Quarks and Leptons (New York: Wiley, copyright © 1984, p. 229. Reprinted by 
permission of John Wiley & Sons, Inc.)

�(e+e� ! hadrons)

�(e+e� ! µ+µ�)

counts the number of quarks and gives their electric charges 
another remarkable feature: at high energy, the quarks behaves like muons,  

i.e., not sensitive to strong interactions 
Asymptotic freedom of QCD!

u+d+s u+d+s+c u+d+s+c+b

(e+e-) - Energy

Counts the number of quarks and  
tests their electric charges.
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Testing the quark charges and NC

CG SSLP2023 47

SU(3) QCD
Experiments in the 60’s revealed the internal structure of the neutrons and protons 

Gell-Mann and others proposed that they are made of “quarks” 

Up quark (up, charm, top): spin-1/2, Q=2/3 
Down quark (down, strange, bottom): spin-1/2, Q=-1/3

SU(2) weak symmetry that changes neutrino into electron also changes up-quark into down-quark 

Figure 8.3 R  is plotted against electron energy (in GeV). (Source: F. Halzen and A. D. 
Martin, Quarks and Leptons (New York: Wiley, copyright © 1984, p. 229. Reprinted by 
permission of John Wiley & Sons, Inc.)

�(e+e� ! hadrons)

�(e+e� ! µ+µ�)

counts the number of quarks and gives their electric charges 
another remarkable feature: at high energy, the quarks behaves like muons,  

i.e., not sensitive to strong interactions 
Asymptotic freedom of QCD!

mc = 1.27 GeV

u+d+s u+d+s+c u+d+s+c+b

(e+e-) - Energy

Counts the number of quarks and  
tests their electric charges.
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Testing the quark charges and NC

CG SSLP2023 47

SU(3) QCD
Experiments in the 60’s revealed the internal structure of the neutrons and protons 

Gell-Mann and others proposed that they are made of “quarks” 

Up quark (up, charm, top): spin-1/2, Q=2/3 
Down quark (down, strange, bottom): spin-1/2, Q=-1/3

SU(2) weak symmetry that changes neutrino into electron also changes up-quark into down-quark 

Figure 8.3 R  is plotted against electron energy (in GeV). (Source: F. Halzen and A. D. 
Martin, Quarks and Leptons (New York: Wiley, copyright © 1984, p. 229. Reprinted by 
permission of John Wiley & Sons, Inc.)

�(e+e� ! hadrons)

�(e+e� ! µ+µ�)

counts the number of quarks and gives their electric charges 
another remarkable feature: at high energy, the quarks behaves like muons,  

i.e., not sensitive to strong interactions 
Asymptotic freedom of QCD!

mc = 1.27 GeV mb = 4.7 GeV

u+d+s u+d+s+c u+d+s+c+b

(e+e-) - Energy

Counts the number of quarks and  
tests their electric charges.
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Testing the quark charges and NC

R(E) = ∑
mi<E

Q2
i

   “sum over 
=       (quark charges)^2  

    accessible at energy E”

E (GeV)

R(
E)
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Modern version of the measurement

60-1



Modern version of the measurement
QCD strongly coupled
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More on QCD at colliders: 
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• Symmetry:      


• Particles:           (per generation) 
 
 
                  

SU(3) × U(1)em

u = 32/3, d = 31/3, e = 1−1

Summary
SM without weak interactions
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• Symmetry:      


• Particles:           (per generation) 
 
 
                  

SU(3) × U(1)em

u = 32/3, d = 31/3, e = 1−1

Summary
SM without weak interactions

μ

μ

μ

e But: the muon decays!

• One tiny problem: no way to violate individual quark or lepton 
number! ?

62-2



Example of a pion stopping and then 
decaying into a muon. This a `two-
body decay' - the muon is 
accompanied by a neutrino moving in 
the opposite direction with equal and 
opposite momentum. Energy and 
momentum conservation force this 
momentum to be about 30 MeV/c. 
The range of a muon with this 
momentum in hydrogen is about a 
centimetre.


At the end of its short range, the muon 
itself decays into a positron which 
spirals characteristically.

CERN 2 metre hydrogen bubble 
chamber, exposed to a 10 GeV/c K+ 
beam (from top of the picture).
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We are missing an interaction: the weak force!
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