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Disclaimer:

Teaching all of cosmology in 3 hours is an impossible task. 
I will focus on the big picture and suppress technical details.

More can be found in:



OUTLINE:

The Expanding  
Universe

Structure  
Formation

Quantum Origin

• Hubble-Lemaitre law 
• Friedmann equation 
• Matter and radiation 
• Dark energy 
• Nucleosynthesis 
• Cosmic microwave background

• Density fluctuations 
• Gravitational clustering 
• Galaxy formation 
• Power spectrum 
• Cosmic sound waves 
• CMB anisotropies

• Horizon problem 
• Cosmological inflation 
• Quantum fluctuations 
• Primordial perturbations



The Expanding 
Universe



Goal of this Lecture

We wish to derive, and then solve, the equation governing the evolution of 
the entire Universe. 

This is possible because, on large scales, the Universe is homogeneous and 
isotropic, and therefore allows for a simple mathematical description.

100Mpc

<latexit sha1_base64="r9pLAfw6sNvWBwSq0vvDqlgVb8Q=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoiFQUXFty4ESrYBzShTKaTduhMEmYmQg39EjcuFHHrp7jzL/wEp2kX2nrgwuGce7n3niDhTGnH+bKWlldW19YLG8XNre2dkr2711RxKgltkJjHsh1gRTmLaEMzzWk7kRSLgNNWMLye+K0HKhWLo3s9SqgvcD9iISNYG6lrl1zH8U4yTwp0m5Ax6tplp+LkQIvEnZHy1TfkqHftT68Xk1TQSBOOleq4TqL9DEvNCKfjopcqmmAyxH3aMTTCgio/yw8foyOj9FAYS1ORRrn6eyLDQqmRCEynwHqg5r2J+J/XSXV44WcsSlJNIzJdFKYc6RhNUkA9JinRfGQIJpKZWxEZYImJNlkVTQju/MuLpHlacauVs7tquXY5TQMKcACHcAwunEMNbqAODSCQwhO8wKv1aD1bb9b7tHXJms3swx9YHz98UpMd</latexit>

Sloan Digital Sky Survey
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Hubble’s Law

In 1929, Hubble discovered the velocity-distance relation of galaxies:

V = H0R

<latexit sha1_base64="dJa/sVfIBUGEmfGQ4yWimf964cg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohcx6CXHKOYhyRJmJ7PJkJnZZWZWCEu+wosHRbz6Od78Cz/BySYHTSxoKKq66e4KYs60cd0vJ7e0vLK6ll8vbGxube8Ud/caOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDm4nffKRKs0jem1FMfYH7koWMYGOlhwa6RNWui+66xZJbdjOgReLNSOnqGzLUusXPTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj/NDh6jI6v0UBgpW9KgTP09kWKh9UgEtlNgM9Dz3kT8z2snJrzwUybjxFBJpovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o4INwZt/eZE0Tsreafns9rRUuZ6mAXk4gEM4Bg/OoQJVqEEdCAh4ghd4dZTz7Lw579PWnDOb2Yc/cD5+ADBikCc=</latexit>

Inferred from redshifts Inferred from luminosities



Hubble’s Law

In General Relativity, this can be interpreted as the expansion of space:

time

R(t) = a(t)R0

<latexit sha1_base64="vGuJqPRFFlH91fXFgtU/SYTMP34="></latexit>

Scale factor

R0

<latexit sha1_base64="8jbDx+Y+MHxJKxh/gAbNy8YiIq0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKouDBgBeP8ZEHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5F36Ck00OmljQUFR1090VJIJr47pfTm5peWV1Lb9e2Njc2t4p7u7VdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4nviNR1Sax/LBDBP0I9qTPOSMGivd33XcTrHklt0MZJF4M1K6+oYM1U7xs92NWRqhNExQrVuemxh/RJXhTOC40E41JpQNaA9blkoaofZH2aljcmSVLgljZUsakqm/J0Y00noYBbYzoqav572J+J/XSk144Y+4TFKDkk0XhakgJiaTv0mXK2RGDC2hTHF7K2F9qigzNp2CDcGbf3mR1E/K3mn57Pa0VLmcpgF5OIBDOAYPzqECN1CFGjDowRO8wKsjnGfnzXmftuac2cw+/IHz8QNryI6p</latexit>

V ⌘ Ṙ =
ȧ

a
R ⌘ HR

<latexit sha1_base64="nedBGytL9QQpzzBnFFanJpozgQ0="></latexit>

Hubble parameter



Hubble’s Law

The observed value of the Hubble constant is

H0 = (68± 2) km s�1Mpc�1

<latexit sha1_base64="2+gYRlRWAgNzYz4qwz/9FF8qrFY="></latexit>

where Mpc = 3.2⇥ 106 light-years.

<latexit sha1_base64="DmgzLlW4jKagz2LqwbpXb3H6spQ="></latexit>

⇠ 1026 m

<latexit sha1_base64="pW7JV3Y3OYnRREXklM0qBWTEipM=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZSk1Ae4sODGZQX7gKaWyXTaDp1JwsxEKCHgr7hxoYhbv8Odf+EnOE270NYDFw7n3Mu99/gRZ0o7zpe1sLi0vLKaW8uvb2xubds7u3UVxpLQGgl5KJs+VpSzgNY005w2I0mx8Dlt+MPrsd94oFKxMLjTo4i2Be4HrMcI1kbq2PueYgK5zn1SOku9k8STAom0YxecopMBzRN3SgpX35Ch2rE/vW5IYkEDTThWquU6kW4nWGpGOE3zXqxohMkQ92nL0AALqtpJdn6KjozSRb1Qmgo0ytTfEwkWSo2EbzoF1gM1643F/7xWrHsX7YQFUaxpQCaLejFHOkTjLFCXSUo0HxmCiWTmVkQGWGKiTWJ5E4I7+/I8qZeKbrl4elsuVC4naUAODuAQjsGFc6jADVShBgQSeIIXeLUerWfrzXqftC5Y05k9+APr4wdMq5XZ</latexit>

The corresponding Hubble time and Hubble distance are

tH ⌘ H
�1
0 = (14.38± 0.42)Gyrs

<latexit sha1_base64="mc/AL57ltrQB3/XXUiAhi/Yw/cE="></latexit>

dH ⌘ cH
�1
0 = (4380± 130)Mpc

<latexit sha1_base64="s9Ki2jYYAE22Xy1o0WS/qIl7jLQ="></latexit>

These are the characteristic age and size of the universe.



Friedmann Equation

Let us now determine the evolution of the scale factor.   
We will do this using Newtonian gravity (but comment on GR corrections).

The force on a test particle on the surface of the sphere is

F = �GMm

R2

<latexit sha1_base64="qLdVB8NlIhzZD2jkxoT/2mFR3sk=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgEL4aZEFEQMSCoFyGKWSAZQ0+nJ2nSs9DdI4RhwF/x4kERr36HN//CT7CzHDT6oODxXhVV9dyIM6ks69PIzMzOzS9kF3NLyyura+b6Rk2GsSC0SkIeioaLJeUsoFXFFKeNSFDsu5zW3f7Z0K/fUyFZGNyqQUQdH3cD5jGClZba5tY5OkH7qOUJTJKLKz9Nbu6KadvMWwVrBPSX2BOSP/2CESpt86PVCUns00ARjqVs2laknAQLxQinaa4VSxph0sdd2tQ0wD6VTjI6P0W7WukgLxS6AoVG6s+JBPtSDnxXd/pY9eS0NxT/85qx8o6chAVRrGhAxou8mCMVomEWqMMEJYoPNMFEMH0rIj2sk1A6sZwOwZ5++S+pFQt2qXBwXcqXj8dpQBa2YQf2wIZDKMMlVKAKBBJ4hGd4MR6MJ+PVeBu3ZozJzCb8gvH+DchQlYg=</latexit>

Consider a spherical region in a homogeneous universe:

⇢(t)

<latexit sha1_base64="fxCJe/Dw7Ueq4eEeUJipnjlCUBQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJexKRMGDAS8eI5gHJEuYncwmQ2ZnlpleIYR8hBcPinj1e7z5F36Ck00OmljQUFR1090VJoIb9LwvZ2V1bX1jM7eV397Z3dsvHBw2jEo1ZXWqhNKtkBgmuGR15ChYK9GMxKFgzXB4O/Wbj0wbruQDjhIWxKQvecQpQSs1O3qgSnjWLRS9spfBXSb+nBRvviFDrVv47PQUTWMmkQpiTNv3EgzGRCOngk3yndSwhNAh6bO2pZLEzATj7NyJe2qVnhspbUuim6m/J8YkNmYUh7YzJjgwi95U/M9rpxhdBWMukxSZpLNFUSpcVO70d7fHNaMoRpYQqrm91aUDoglFm1DehuAvvrxMGudlv1K+uK8Uq9ezNCAHx3ACJfDhEqpwBzWoA4UhPMELvDqJ8+y8Oe+z1hVnPnMEf+B8/ABaVZBa</latexit>

R(t)

<latexit sha1_base64="ZOlOSxLNYTh76E6cCIBl9JA/Yac=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXIgoeDHjxGMU8IFnC7GQ2GTIzu8zMCiHkF7x4UMSrP+TNv/ATnN3koIkFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJP6rUeqNIvkgxnH1Bd4IFnICDapdF82p71iya24GdAy8eakdP0NGeq94me3H5FEUGkIx1p3PDc2/gQrwwin00I30TTGZIQHtGOpxIJqf5LdOkUnVumjMFK2pEGZ+ntigoXWYxHYToHNUC96qfif10lMeOlPmIwTQyWZLQoTjkyE0sdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmmeVbxq5fyuWqpdzdKAPBzBMZTBgwuowS3UoQEEhvAEL/DqCOfZeXPeZ605Zz5zCH/gfPwA4z+O6Q==</latexit>

M

<latexit sha1_base64="QK7iMPzIlOR7tGFKvMUzpYUgz40=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRMGDAS9ehATMA5IlzE56kzGzD2ZmhbDkC7x4UMSrn+TNv/ATnGxy0MSChqKqm+4uLxZcadv+snIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmjm6nfekSpeBTe63GMbkAHIfc5o9pI9btesWSX7QxkmThzUrr+hgy1XvGz249YEmComaBKdRw71m5KpeZM4KTQTRTGlI3oADuGhjRA5abZoRNyYpQ+8SNpKtQkU39PpDRQahx4pjOgeqgWvan4n9dJtH/ppjyME40hmy3yE0F0RKZfkz6XyLQYG0KZ5OZWwoZUUqZNNgUTgrP48jJpnpWdSvm8XilVr2ZpQB6O4BhOwYELqMIt1KABDBCe4AVerQfr2Xqz3metOWs+cwh/YH38AECcjgE=</latexit>

m

<latexit sha1_base64="Zk1o7MS0D9c7U+dZbKxG8fBH/w8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKouDBgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5F36Ck00OmljQUFR1090VJIJr47pfTm5ldW19I79Z2Nre2d0r7h80dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8nfrNR1Sax/LejBL0I9qXPOSMGivVom6x5JbdDGSZeHNSuvmGDNVu8bPTi1kaoTRMUK3bnpsYf0yV4UzgpNBJNSaUDWkf25ZKGqH2x9mhE3JilR4JY2VLGpKpvyfGNNJ6FAW2M6JmoBe9qfif105NeOWPuUxSg5LNFoWpICYm069JjytkRowsoUxxeythA6ooMzabgg3BW3x5mTTOyt55+aJ2Xqpcz9KAPBzBMZyCB5dQgTuoQh0YIDzBC7w6D86z8+a8z1pzznzmEP7A+fgBcRyOIQ==</latexit>



Friedmann Equation

The acceleration of the test particle is

d2R

dt2
= �GM

R2

<latexit sha1_base64="FH/RlODn8k4S2mXR843dPtv561I=">AAACD3icbZDJSgNBEIZrXGPcoh69NAbFi2EmRBREDHjQixCDWSAbPT09SZOehe4eIQzzBl58FS8eFPHq1Ztv4SPYWQ6a+EPDz1dVVNdvh5xJZZpfxtz8wuLScmolvbq2vrGZ2dquyiAShFZIwANRt7GknPm0opjitB4Kij2b05rdvxzWa/dUSBb4d2oQ0paHuz5zGcFKo07moOkKTGKnnUflJHaQaucTdI6O0Jhf3SRxWaNOJmvmzJHQrLEmJnvxDSOVOpnPphOQyKO+IhxL2bDMULViLBQjnCbpZiRpiEkfd2lDWx97VLbi0T0J2tfEQW4g9PMVGtHfEzH2pBx4tu70sOrJ6doQ/ldrRMo9bcXMDyNFfTJe5EYcqQANw0EOE5QoPtAGE8H0XxHpYR2E0hGmdQjW9MmzpprPWYXc8W0hWzwbpwEp2IU9OAQLTqAI11CCChB4gCd4gVfj0Xg23oz3ceucMZnZgT8yPn4ARDScVQ==</latexit>

Integrating this gives the conservation of energy:

1

2

✓
dR

dt

◆2

� GM

R
= U = const.

<latexit sha1_base64="/DsJY7aTVQPd20+ogWWM6SXbEg4="></latexit>

Substituting M =
4⇡

3
R3⇢

<latexit sha1_base64="mai9mUHLTzxDpyHvJvkdk9PGA/g=">AAACBHicbVDLSgNBEOyNrxhfUY+5DAbBU9g1EQURA168CFHMA7JrmJ3MJkNmH8zMCmHJwYu/4sWDIl79CG/+hZ/gZJODJhY0FFXddHe5EWdSmeaXkVlYXFpeya7m1tY3Nrfy2zsNGcaC0DoJeShaLpaUs4DWFVOctiJBse9y2nQHF2O/eU+FZGFwq4YRdXzcC5jHCFZa6uQLV+gM2Z7AJKnYERsl5RG6uSsjW/TDTr5olswUaJ5YU1I8/4YUtU7+0+6GJPZpoAjHUrYtM1JOgoVihNNRzo4ljTAZ4B5taxpgn0onSZ8YoX2tdJEXCl2BQqn6eyLBvpRD39WdPlZ9OeuNxf+8dqy8EydhQRQrGpDJIi/mSIVonAjqMkGJ4kNNMBFM34pIH+tElM4tp0OwZl+eJ43DklUpHV1XitXTSRqQhQLswQFYcAxVuIQa1IHAAzzBC7waj8az8Wa8T1ozxnRmF/7A+PgBPyeX/w==</latexit>

and R(t) = a(t)R0

<latexit sha1_base64="ONTrjmwTUyAxXizLr42ZrmLZ+Jg=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKIgYsGNy1rsA9phyKSZNjTzIMkItfRL3LhQxK2f4s6/8BPMTLvQ1gOXezjnXnJzvJgzqSzry8itrK6tb+Q3C1vbO7tFc2+/JaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve6Cb12w9USBaF92ocUyfAg5D5jGClJdcsNsrqBF0hnLaGa7lmyapYGdAyseekdP0NGequ+dnrRyQJaKgIx1J2bStWzgQLxQin00IvkTTGZIQHtKtpiAMqnUl2+BQda6WP/EjoChXK1N8bExxIOQ48PRlgNZSLXir+53UT5V84ExbGiaIhmT3kJxypCKUpoD4TlCg+1gQTwfStiAyxwETprAo6BHvxy8ukdVqxq5Wzu2qpdjlLA/JwCEdQBhvOoQa3UIcmEEjgCV7g1Xg0no034302mjPmOwfwB8bHDwqtkiw=</latexit>

, we find

✓
ȧ

a

◆2

=
8⇡G

3
⇢+

2U

R2
0

1

a2

<latexit sha1_base64="FrtopnZsmMVctFEGjjO0qweip5A="></latexit>

Friedmann  
Equation

Hubble 
parameter



U > 0

<latexit sha1_base64="etoqcyXtnR95miZd5Xx9V5P+QRI=">AAAB7HicdVBNSwMxEJ31s9avqkcvwSJ4WrK1dlsELXjxWMFtC20p2TStodnskmSFUvobvHhQxKs/yJv/wp9g2iqo6IOBx3szzMwLE8G1wfjNWVhcWl5Zzaxl1zc2t7ZzO7t1HaeKsoDGIlbNkGgmuGSB4UawZqIYiULBGuHwYuo3bpnSPJbXZpSwTkQGkvc5JcZKQYDOEO7m8tjFJc/3ywi7Rd87LvuWeIVSBVeQ5+IZ8ufvMEOtm3tt92KaRkwaKojWLQ8npjMmynAq2CTbTjVLCB2SAWtZKknEdGc8O3aCDq3SQ/1Y2ZIGzdTvE2MSaT2KQtsZEXOjf3tT8S+vlZp+uTPmMkkNk3S+qJ8KZGI0/Rz1uGLUiJElhCpub0X0hihCjc0na0P4+hT9T+oF1yu6J1fFfPV0ngZkYB8O4Ag88KEKl1CDAChwuIMHeHSkc+88Oc/z1gXnc2YPfsB5+QBm0o81</latexit>

U < 0

<latexit sha1_base64="1FzhsnAlP/jKRjKWwJ0tXELVZzU=">AAAB7HicdVDLSsNAFL3xWeur6tLNYBFchaRULChYcOOygmkLbSiT6aQdOpmEmYlQQr/BjQtF3PpB7vwLP8FJqqBFDwxzOOde7r0nSDhT2nHeraXlldW19dJGeXNre2e3srffVnEqCfVIzGPZDbCinAnqaaY57SaS4ijgtBNMrnK/c0elYrG41dOE+hEeCRYygrWRPA9dIGdQqTp2w8mBHLu2QFy7+J3q5QcUaA0qb/1hTNKICk04VqrnOon2Myw1I5zOyv1U0QSTCR7RnqECR1T5WbHsDB0bZYjCWJonNCrUnx0ZjpSaRoGpjLAeq0UvF//yeqkOG37GRJJqKsh8UJhypGOUX46GTFKi+dQQTCQzuyIyxhITbfIpmxC+L0X/k3bNduv26U292jyfpwElOIQjOAEXzqAJ19ACDwgwuIdHeLKE9WA9Wy/z0iXrq+cAfsF6/QT5FY7p</latexit>

U = 0

<latexit sha1_base64="KBEGz7VNzTGQPcCueGknmD3ZrNo=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbB05K2W62IWPDisYJbC20p2TRtQ7PZJckKpfQ3ePGgiFd/kDf/hT/BdKugog8GHu/NMDMviAXXBuM3J7OwuLS8kl3Nra1vbG7lt3caOkoUZT6NRKSaAdFMcMl8w41gzVgxEgaC3QSji5l/c8uU5pG8NuOYdUIykLzPKTFW8n10hnA3X8DuSdkreR7CrletlitHluBquYQ9VHRxisL5O6Sod/Ov7V5Ek5BJQwXRulXEselMiDKcCjbNtRPNYkJHZMBalkoSMt2ZpMdO0YFVeqgfKVvSoFT9PjEhodbjMLCdITFD/dubiX95rcT0q50Jl3FimKTzRf1EIBOh2eeoxxWjRowtIVRxeyuiQ6IINTafnA3h61P0P2mU3KLnVq68Qu10ngZkYQ/24RCKcAw1uIQ6+ECBwx08wKMjnXvnyXmet2acz5ld+AHn5QNYyo8r</latexit>

Friedmann Equation

✓
ȧ

a

◆2

=
8⇡G

3
⇢+

2U

R2
0

1

a2

<latexit sha1_base64="FrtopnZsmMVctFEGjjO0qweip5A="></latexit>

There are three different cases:

expands forever stops and recollapses limiting case

In GR, these correspond to:

negatively curved positively curved flat

Observations favor a flat universe.



Friedmann Equation

For a flat universe, the Friedmann equation reduces to

H
2 =

8⇡G

3
⇢

<latexit sha1_base64="3OSE8WVfHpF79TEdb9M8Zm8I8j0=">AAACBHicbVDJSgNBEK1xjXGLesylMQiewkyMGBAx4MEcI5gFMmPo6fQkTXoWunuEMMzBi7/ixYMiXv0Ib/6Fn2BnOWjig4LHe1VU1XMjzqQyzS9jaXlldW09s5Hd3Nre2c3t7TdlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1ejf3WPRWShcGtGkXU8XE/YB4jWGmpm8vX7kroAtmewCSp2BFD12lykiJbDMJurmAWzQnQIrFmpHD5DRPUu7lPuxeS2KeBIhxL2bHMSDkJFooRTtOsHUsaYTLEfdrRNMA+lU4yeSJFR1rpIS8UugKFJurviQT7Uo58V3f6WA3kvDcW//M6sfIqTsKCKFY0INNFXsyRCtE4EdRjghLFR5pgIpi+FZEB1nkonVtWh2DNv7xImqWiVS6e3pQL1fNpGpCBPBzCMVhwBlWoQR0aQOABnuAFXo1H49l4M96nrUvGbOYA/sD4+AEnA5fy</latexit>

From the measured value of the Hubble constant, we infer the average 
density of the Universe today:

⇢0 =
3H2

0

8⇡G

<latexit sha1_base64="cLuOCmvP0cHILdaHkvbg2YmX0AI=">AAACCHicbVDJSgNBEK1xjXEb9ejBxiB4CjMxYkDEgAdzjGAWyMShp9OTNOlZ6O4RwpCjF3/FiwdFvPoJ3vwLP8HOctDEBwWP96qoqufFnEllWV/GwuLS8spqZi27vrG5tW3u7NZllAhCayTikWh6WFLOQlpTTHHajAXFgcdpw+tfjfzGPRWSReGtGsS0HeBuyHxGsNKSax44ohe5FrpAji8wSU9Q5a7gWsO05MQMXQ9dM2flrTHQPLGnJHf5DWNUXfPT6UQkCWioCMdStmwrVu0UC8UIp8Osk0gaY9LHXdrSNMQBle10/MgQHWmlg/xI6AoVGqu/J1IcSDkIPN0ZYNWTs95I/M9rJcovtVMWxomiIZks8hOOVIRGqaAOE5QoPtAEE8H0rYj0sA5E6eyyOgR79uV5Ui/k7WL+9KaYK59P0oAM7MMhHIMNZ1CGClShBgQe4Ale4NV4NJ6NN+N90rpgTGf24A+Mjx+Xlpk4</latexit>

= 0.8⇥ 10�29 grams cm�3

= 1.3⇥ 1011 M� Mpc�3

= 5.1 protonsm�3

<latexit sha1_base64="rv9NFLKZBMHBVXtqVQBp2fO2v0c="></latexit>



Rµ⌫ � 1

2
Rgµ⌫ = 8⇡GTµ⌫

<latexit sha1_base64="J9gSnUGJ7fLI4/Qa4JOjRbdrdJA="></latexit>

H
2 =

8⇡G

3
⇢

<latexit sha1_base64="3OSE8WVfHpF79TEdb9M8Zm8I8j0=">AAACBHicbVDJSgNBEK1xjXGLesylMQiewkyMGBAx4MEcI5gFMmPo6fQkTXoWunuEMMzBi7/ixYMiXv0Ib/6Fn2BnOWjig4LHe1VU1XMjzqQyzS9jaXlldW09s5Hd3Nre2c3t7TdlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1ejf3WPRWShcGtGkXU8XE/YB4jWGmpm8vX7kroAtmewCSp2BFD12lykiJbDMJurmAWzQnQIrFmpHD5DRPUu7lPuxeS2KeBIhxL2bHMSDkJFooRTtOsHUsaYTLEfdrRNMA+lU4yeSJFR1rpIS8UugKFJurviQT7Uo58V3f6WA3kvDcW//M6sfIqTsKCKFY0INNFXsyRCtE4EdRjghLFR5pgIpi+FZEB1nkonVtWh2DNv7xImqWiVS6e3pQL1fNpGpCBPBzCMVhwBlWoQR0aQOABnuAFXo1H49l4M96nrUvGbOYA/sD4+AEnA5fy</latexit>

Friedmann Equation

In GR, the Friedmann equation is derived from the Einstein equation:

Curvature tensor Energy-momentum tensor

where the mass density is replaced by the energy density ." ⌘ ⇢c2

<latexit sha1_base64="nqTSvdkd7QAlBQxwXQUu5poVX4Y=">AAACBXicbVA9SwNBEJ2L3/EraqnFYhCswl2IKFgYsLFUMCrkzrC3mZjFvd1zdy8QjjQ2/hUbC0Vs/Q92/gt/gpeLhSY+GHi8N8PMvDAW3FjX/XQKU9Mzs3PzC8XFpeWV1dLa+oVRiWbYYEoofRVSg4JLbFhuBV7FGmkUCrwMb4+H/mUPteFKntt+jEFEbyTvcEZtJrVKW36PaowNF0oSH+8S3iO+7irCrqvFVqnsVtwcZJJ4P6R89AU5TlulD7+tWBKhtExQY5qeG9sgpdpyJnBQ9BODMWW39AabGZU0QhOk+RcDspMpbdJROitpSa7+nkhpZEw/CrPOiNquGfeG4n9eM7GdgyDlMk4sSjZa1EkEsYoMIyFtrpFZ0c8IZZpntxLWpZoymwU3DMEbf3mSXFQrXq2yd1Yr1w9HacA8bMI27IIH+1CHEziFBjC4h0d4hhfnwXlyXp23UWvB+ZnZgD9w3r8BJSOZGg==</latexit>

(In natural units (       c ⌘ 1

<latexit sha1_base64="GOHqeP+19CO0BaM/YF6GwY4adc4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRMGDAS8eI5iHJEuYncwmQ2Zm15nZQFjyFV48KOLVz/HmX/gJTjY5aGJBQ1HVTXdXEHOmjet+ObmV1bX1jfxmYWt7Z3evuH/Q0FGiCK2TiEeqFWBNOZO0bpjhtBUrikXAaTMY3kz95ogqzSJ5b8Yx9QXuSxYygo2VHkiHPiZshLxuseSW3QxomXhzUrr+hgy1bvGz04tIIqg0hGOt254bGz/FyjDC6aTQSTSNMRniPm1bKrGg2k+zgyfoxCo9FEbKljQoU39PpFhoPRaB7RTYDPSiNxX/89qJCS/9lMk4MVSS2aIw4chEaPo96jFFieFjSzBRzN6KyAArTIzNqGBD8BZfXiaNs7JXKZ/fVUrVq1kakIcjOIZT8OACqnALNagDAQFP8AKvjnKenTfnfdaac+Yzh/AHzscP5b2RPg==</latexit>

), we use ⇢

<latexit sha1_base64="mZ+0B/zMKdtgm42UrzrOywG2W4E=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgqiSiKLiw4MZlBfuANpTJdNIMncmEmYlQQn/BjQtF3PpD7vwLP8FJ2oW2HrhwOOde7r0nSDjTxnW/nNLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6AdaUs5i2DDOcdhNFsQg47QTj29zvPFKlmYwfzCShvsCjmIWMYJNLfRXJQbXm1t0CaJl4c1K7+YYCzUH1sz+UJBU0NoRjrXuemxg/w8owwum00k81TTAZ4xHtWRpjQbWfFbdO0YlVhiiUylZsUKH+nsiw0HoiAtspsIn0opeL/3m91IRXfsbiJDU0JrNFYcqRkSh/HA2ZosTwiSWYKGZvRSTCChNj46nYELzFl5dJ+6zundcv7s9rjetZGlCGIziGU/DgEhpwB01oAYEInuAFXh3hPDtvzvusteTMZw7hD5yPH7ssj3c=</latexit>

     interchangeably.)"

<latexit sha1_base64="zACnZmQHRLklGDXvjitnJLNaufo=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRMGDAS8eI5gHbJYwO5lNhszOLDOzgbDkM7x4UMSrX+PNv/ATnGxy0MSChqKqm+6uMOFMG9f9cgpr6xubW8Xt0s7u3v5B+fCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2O7mZ+e0yVZlI8mklCgxgPBIsYwcZKfneMFU0041L0yhW36uZAq8RbkMrtN+Ro9Mqf3b4kaUyFIRxr7XtuYoIMK8MIp9NSN9U0wWSEB9S3VOCY6iDLT56iM6v0USSVLWFQrv6eyHCs9SQObWeMzVAvezPxP89PTXQdZEwkqaGCzBdFKUdGotn/qM8UJYZPLMFEMXsrIkOsMDE2pZINwVt+eZW0LqperXr5UKvUb+ZpQBFO4BTOwYMrqMM9NKAJBCQ8wQu8OsZ5dt6c93lrwVnMHMMfOB8/VV6Stw==</latexit>

and

To solve the Friedmann equation, we need to know how the energy density 
evolves as the Universe expands.



Cosmic Inventory

Radiation
(photons, neutrinos)

Dark matter

Atoms

Dark energy

The Universe is filled with four different types of energy:

We need to determine how each of these components evolves and sources 
the expansion of the Universe.



Fluid Equation

Consider a fluid in a box:

E,P

<latexit sha1_base64="RqKrYXNZ5k/B+LcoqT4t5Er6tUA=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgQsqMtOjOggguK9gHtINk0kwbmmSGJCOUob/gxoUibv0hd/6Fn2Bm2oW2HggczjmX3HuCmDNtXPfLKaysrq1vFDdLW9s7u3vl/YO2jhJFaItEPFLdAGvKmaQtwwyn3VhRLAJOO8H4OvM7j1RpFsl7M4mpL/BQspARbDLp5gw1H8oVt+rmQMvEm5PK1TfksPnP/iAiiaDSEI617nlubPwUK8MIp9NSP9E0xmSMh7RnqcSCaj/Nd52iE6sMUBgp+6RBufp7IsVC64kIbFJgM9KLXib+5/USE176KZNxYqgks4/ChCMToexwNGCKEsMnlmCimN0VkRFWmBhbT8mW4C2evEza51WvVq3f1SqNxqwNKMIRHMMpeHABDbiFJrSAwAie4AVeHeE8O2/O+yxacOYzh/AHzscPknWOuA==</latexit>

V

<latexit sha1_base64="TOGlx2gc5UdbvPgZtSiIkryaXos=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRG8GvHhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/8BOcbHLQxIKGoqqb7q4gEVwb1/1ycmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89otI8lvdmnKAf0YHkIWfUWKne7BVLbtnNQFaJtyClm2/IUOsVP7v9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/kh06JWdW6ZMwVrakIZn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNl8UZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKl/VKqVqdpwF5OIFTOAcPrqAKd1CDBjBAeIIXeHUenGfnzXmft+acxcwx/IHz8QNPwY4P</latexit>

The energy density is ⇢ = E/V

<latexit sha1_base64="xoUqQZkseSL/pKPRUg4K9K58Uls=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKe5KRC9iQASPEcwDkyXMTmaTIbMzy8ysEJb8hRcPinj1b7z5F36Ck00OmljQUFR1090VxJxp47pfTm5peWV1Lb9e2Njc2t4p7u41tEwUoXUiuVStAGvKmaB1wwynrVhRHAWcNoPh9cRvPlKlmRT3ZhRTP8J9wUJGsLHSQ0cNJLpENyeNbrHklt0MaJF4M1K6+oYMtW7xs9OTJImoMIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWypwRLWfZheP0ZFVeiiUypYwKFN/T6Q40noUBbYzwmag572J+J/XTkx44adMxImhgkwXhQlHRqLJ+6jHFCWGjyzBRDF7KyIDrDAxNqSCDcGbf3mRNE7LXqV8dlcpVavTNCAPB3AIx+DBOVThFmpQBwICnuAFXh3tPDtvzvu0NefMZvbhD5yPH5abkP8=</latexit>

How does this evolve with increasing scale factor?

This can be derived from the First Law of thermodynamics (see appendix), 
or we can guess it.



Matter

For a pressureless fluid (= matter), we get

⇢ ⌘ E

V
/ a�3

<latexit sha1_base64="hw7s11tAy7jYLi/1Yoh4lH4dQko=">AAACD3icbVDLSsNAFL3xWesr6tLNYFHcWBIfKLiwIIJLBfuAJpbJdGKHTjJxZiKUkD9w46+4caGIW7fu/As/wWnqwteBgcM593LnnCDhTGnHebfGxicmp6ZLM+XZufmFRXtpuaFEKgmtE8GFbAVYUc5iWtdMc9pKJMVRwGkz6B8P/eYNlYqJ+EIPEupH+CpmISNYG6ljb3iyJ5BHr1N2g7xQYpKd5FkjR14iRaIFwpfZ1k7esStO1SmA/hL3i1SOPqDAWcd+87qCpBGNNeFYqbbrJNrPsNSMcJqXvVTRBJM+vqJtQ2McUeVnRZ4crRuli0IhzYs1KtTvGxmOlBpEgZmMsO6p395Q/M9rpzo88DMWJ6mmMRkdClOOTM5hOajLJCWaDwzBRDLzV0R62JSiTYVlU4L7O/Jf0tiuurvVvfPdSu1w1AaUYBXWYBNc2IcanMIZ1IHALdzDIzxZd9aD9Wy9jEbHrK+dFfgB6/UTTdadnA==</latexit>

E = const

<latexit sha1_base64="Zme6bAul5qdt+HNmxb302B/fw3Y=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuKAoiBkTwGME8IFnC7GSSDJmZXWZmhbjkS7x4UMSrn+LNv/ATnGxy0MSChqKqm+6uMOZMG8/7cnJLyyura/n1wsbm1nbR3dmt6yhRhNZIxCPVDLGmnElaM8xw2owVxSLktBEOryd+44EqzSJ5b0YxDQTuS9ZjBBsrddziDbpEaVsJRCKpzbjjlryylwEtEn9GSlffkKHacT/b3YgkgkpDONa65XuxCVKsDCOcjgvtRNMYkyHu05alEguqgzQ7fIwOrdJFvUjZkgZl6u+JFAutRyK0nQKbgZ73JuJ/XisxvfMgZTJODJVkuqiXcGQiNEkBdZmixPCRJZgoZm9FZIAVJsZmVbAh+PMvL5L6cdk/KZ/enZQqF9M0IA/7cABH4MMZVOAWqlADAgk8wQu8Oo/Os/PmvE9bc85sZg/+wPn4AVeXk60=</latexit>

Feeding ⇢ / a�3

<latexit sha1_base64="5Em2JFpfwjwU23vC6Fbnb0tcE3U=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBjSXRioILC25cVrAPaGKZTCft0EkmzEyEEOqvuHGhiFs/xJ1/4Sc4fSy09cCFwzn3cu89fsyZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eU4lEEtogggvZ9rGinEW0oZnmtB1LikOf05Y/vB77rQcqFRPRnU5j6oW4H7GAEayN1C2WXDkQyI2liLVA+D47Ph11i2W7Yk+AFokzI+Wrb5ig3i1+uj1BkpBGmnCsVMexY+1lWGpGOB0V3ETRGJMh7tOOoREOqfKyyfEjdGiUHgqENBVpNFF/T2Q4VCoNfdMZYj1Q895Y/M/rJDq48DIWxYmmEZkuChKOzJ/jJFCPSUo0Tw3BRDJzKyIDLDHRJq+CCcGZf3mRNE8qTrVydlst1y6naUAe9uEAjsCBc6jBDdShAQRSeIIXeLUerWfrzXqftuas2UwJ/sD6+AG0rZWV</latexit>

into the Friedmann equation, we find

✓
ȧ

a

◆2

/ ⇢ / a�3

<latexit sha1_base64="RdgekBGa/SifUBxxWIZ9b3eqrM4="></latexit>

a / t2/3

<latexit sha1_base64="nCnk1m6hXaH4Fs8OPZO1X57sUn8=">AAAB+nicbVDLTgJBEOzFF+Jr0aOXicTEE+4iRhMPknjxiIk8EljJ7DDAhNndycyshqx8ihcPGuPVL/HmX/gJDgsHBSvppFLVne4uX3CmtON8WZml5ZXVtex6bmNza3vHzu/WVRRLQmsk4pFs+lhRzkJa00xz2hSS4sDntOEPryZ+455KxaLwVo8E9QLcD1mPEayN1LHzGLWFjISOkL5LSscn445dcIpOCrRI3BkpXH5DimrH/mx3IxIHNNSEY6VariO0l2CpGeF0nGvHigpMhrhPW4aGOKDKS9LTx+jQKF3Ui6SpUKNU/T2R4ECpUeCbzgDrgZr3JuJ/XivWvXMvYaGINQ3JdFEv5mjyqMkBdZmkRPORIZhIZm5FZIAlJtqklTMhuPMvL5J6qeiWi6c35ULlYpoGZGEfDuAIXDiDClxDFWpA4AGe4AVerUfr2Xqz3qetGWs2swd/YH38ANtelIQ=</latexit>

Most of the matter in the Universe is non-luminous dark matter. 
Ordinary matter is less than 5%.



Radiation

For a relativistic fluid (= radiation), we get

E / a�1

<latexit sha1_base64="ShoTrwNpv0pFYTy4zBW7Oh44pKw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRSUXBhQQSXFewD2lgm00k7dJIMMxOlxH6KGxeKuPVL3PkXfoLTtAttPXDhcM693HuPLzhT2nG+rIXFpeWV1dxafn1jc2vbLuzUVZxIQmsk5rFs+lhRziJa00xz2hSS4tDntOEPLsd+455KxeLoVg8F9ULci1jACNZG6tiFK9QWMhY6RgjfpUfuqGMXnZKTAc0Td0qKF9+QodqxP9vdmCQhjTThWKmW6wjtpVhqRjgd5duJogKTAe7RlqERDqny0uz0ETowShcFsTQVaZSpvydSHCo1DH3TGWLdV7PeWPzPayU6OPNSFolE04hMFgUJR+bRcQ6oyyQlmg8NwUQycysifSwx0SatvAnBnX15ntSPS265dHJTLlbOJ2lADvZgHw7BhVOowDVUoQYEHuAJXuDVerSerTfrfdK6YE1nduEPrI8fb4KUPw==</latexit>

Most of the radiation in the Universe are photons from the early universe  
(= cosmic microwave background). Starlight is less than 0.1%.

✓
ȧ

a

◆2

/ ⇢ / a�4

<latexit sha1_base64="lkZDSKq2wluVPnYyfPr+JdxPkMg="></latexit>

a / t1/2

<latexit sha1_base64="hPnLQMjyJyuKriu6AojhDr/W/EM=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4qkmpKLiw4MZlBfuANpbJdNIOnUzCzEQpsZ/ixoUibv0Sd/6Fn+A07UJbD1w4nHMv997jx5wp7Thf1tLyyuraem4jv7m1vbNrF/YaKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSHVxO/eU+lYpG41aOYeiHuCxYwgrWRunYBo04so1hHSN+l7kl53LWLTsnJgBaJOyPFy2/IUOvan51eRJKQCk04VqrtOrH2Uiw1I5yO851E0RiTIe7TtqECh1R5aXb6GB0ZpYeCSJoSGmXq74kUh0qNQt90hlgP1Lw3Ef/z2okOzr2UiTjRVJDpoiDhaPKoyQH1mKRE85EhmEhmbkVkgCUm2qSVNyG48y8vkka55FZKpzeVYvVimgbk4AAO4RhcOIMqXEMN6kDgAZ7gBV6tR+vZerPep61L1mxmH/7A+vgB2FKUgg==</latexit>

Feeding into the Friedmann equation, we find⇢ / a�4

<latexit sha1_base64="L1H2tnt09o5WkZvme+owj1nLvyU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSWRioILC25cVrAPaGKZTCft0EkmzEyEEuqvuHGhiFs/xJ1/4Sc4TV1o64ELh3Pu5d57goQzpR3n0yosLa+srhXXSxubW9s79u5eS4lUEtokggvZCbCinMW0qZnmtJNIiqOA03Ywupr67XsqFRPxrR4n1I/wIGYhI1gbqWeXPTkUyEukSLRA+C47rk16dsWpOjnQInF/SOXyC3I0evaH1xckjWisCcdKdV0n0X6GpWaE00nJSxVNMBnhAe0aGuOIKj/Lj5+gQ6P0USikqVijXP09keFIqXEUmM4I66Ga96bif1431eG5n7E4STWNyWxRmHJk/pwmgfpMUqL52BBMJDO3IjLEEhNt8iqZENz5lxdJ66Tq1qqnN7VK/WKWBhRhHw7gCFw4gzpcQwOaQGAMj/AML9aD9WS9Wm+z1oL1M1OGP7DevwG2MpWW</latexit>

⇢ ⌘ E

V
/ a�4

<latexit sha1_base64="ry5FyD3MsaxvHZuOj9wTnC9o1ZI=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHdWGakouDCggguK9gHdGrJpJk2NDMZk0yhDPMJbvwVNy4UcevSnX/hJ5g+Ftp6IHA4515uzvEizpS27S9rbn5hcWk5s5JdXVvf2MxtbVeViCWhFSK4kHUPK8pZSCuaaU7rkaQ48Diteb3LoV/rU6mYCG/1IKLNAHdC5jOCtZFauQNXdgVy6X3M+sj1JSbJVZpUU+RGUkRaIITvkqNi2srl7YI9ApolzoTkL75hhHIr9+m2BYkDGmrCsVINx450M8FSM8JpmnVjRSNMerhDG4aGOKCqmYwCpWjfKG3kC2leqNFI/b2R4ECpQeCZyQDrrpr2huJ/XiPW/lkzYWEUaxqS8SE/5sgEHbaD2kxSovnAEEwkM39FpItNK9p0mDUlONORZ0n1uOAUCyc3xXzpfNwGZGAX9uAQHDiFElxDGSpA4AGe4AVerUfr2Xqz3sejc9ZkZwf+wPr4AbIWncc=</latexit>



Matter and Radiation

The Universe was first dominated by radiation, then by matter:
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Dark Energy

In 1998, it was discovered that the Universe is accelerating. 
The source of the acceleration is unknown. We call it dark energy.
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Dark Energy

In 1998, it was discovered that the Universe is accelerating. 
The source of the acceleration is unknown. We call it dark energy.

The simplest form of dark energy is a cosmological constant:

Rµ⌫ � 1

2
Rgµ⌫ +⇤gµ⌫ = 8⇡GTµ⌫

<latexit sha1_base64="elGmG3YZh90XnPzgQsk+5BZHbkw="></latexit>

Moving this term to the RHS, it becomes a vacuum energy:

E / V

<latexit sha1_base64="NtURCobsFad/Z2/XoZJVkmK3F9g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRcGFBRFcVrAPmA4lk2ba0EwyJBmhDP0MNy4UcevXuPMv/ATTaRfaeiBwOOdecs8JE860cd0vp7Cyura+UdwsbW3v7O6V9w9aWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+HoZuq3H6nSTIoHM05oEOOBYBEj2FjJv0XdRMnESNTqlStu1c2Blok3J5Xrb8jR6JU/u31J0pgKQzjW2vfcxAQZVoYRTielbqppgskID6hvqcAx1UGWnzxBJ1bpo0gq+4RBufp7I8Ox1uM4tJMxNkO96E3F/zw/NdFlkDGRpIYKMvsoSjmyEaf5UZ8pSgwfW4KJYvZWRIZYYWJsSyVbgrcYeZm0zqperXp+X6vUr2ZtQBGO4BhOwYMLqMMdNKAJBCQ8wQu8OsZ5dt6c99lowZnvHMIfOB8/KDKR8w==</latexit>

⇢ ⌘ E

V
= const

<latexit sha1_base64="J2OKnlUI2z8469ArJeUM+OBr9Bs=">AAACDnicbVDLSsNAFL3xbX1FXboZLIKrkkhFQcSCCC4VbCs0pUymEzt0MhNnJoUS8gVu/BU3LhRx69qdf+EnOE278HXgwuGce7n3njDhTBvP+3Cmpmdm5+YXFktLyyura+76RkPLVBFaJ5JLdR1iTTkTtG6Y4fQ6URTHIafNsH868psDqjST4soME9qO8Y1gESPYWKnj7gSqJ1FAb1M2QEGkMMnO8qyRo2OUBSpGRApt8o5b9ipeAfSX+BNSPvmEAhcd9z3oSpLGVBjCsdYt30tMO8PKMMJpXgpSTRNM+viGtiwVOKa6nRXv5GjHKl0USWVLGFSo3ycyHGs9jEPbGWPT07+9kfif10pNdNjOmEhSQwUZL4pSjoxEo2xQlylKDB9agoli9lZEethmYmyCJRuC//vlv6SxV/Grlf3Larl2NE4DFmALtmEXfDiAGpzDBdSBwB08wBM8O/fOo/PivI5bp5zJzCb8gPP2BYPynTI=</latexit>

✓
ȧ

a

◆2

/ ⇢ = const

<latexit sha1_base64="Y34iVFL/wkkrtdcudpXEuA90yQo="></latexit>

a / eH0t

<latexit sha1_base64="itbHsLdrleF3K5PpNZAIyeoevIE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlEUXBhwU2XFewD2hgm02k7dJIJMxMhhPorblwo4tYPcedf+AlO0y609cCFwzn3cu89QcyZ0o7zZRVWVtfWN4qbpa3tnd09e/+gpUQiCW0SwYXsBFhRziLa1Exz2oklxWHAaTsY30z99gOVionoTqcx9UI8jNiAEayN5NtljHqxFLEWiN5ndd9BeuLbFafq5EDLxJ2TyvU35Gj49mevL0gS0kgTjpXquk6svQxLzQink1IvUTTGZIyHtGtohEOqvCw/foKOjdJHAyFNRRrl6u+JDIdKpWFgOkOsR2rRm4r/ed1EDy69jEVxomlEZosGCUfm1WkSqM8kJZqnhmAimbkVkRGWmGiTV8mE4C6+vExap1X3rHp+e1apXc3SgCIcwhGcgAsXUIM6NKAJBFJ4ghd4tR6tZ+vNep+1Fqz5TBn+wPr4AWFJlWA=</latexit>

Feeding this into the Friedmann equation gives



Dark Energy
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Today, the Universe is dominated by dark energy (Why now?):

today



⇢QFT ⇠
⇤UVZ

0

dk3

(2⇡)3
1

2
~! ⇠ ⇤4

UV o ⇢obs = (2⇥ 10�3eV)4

<latexit sha1_base64="MPDhErF/buU2njP2mWngX7prxQc="></latexit>

Cosmological Constant Problem

The observed value of the dark energy density is much smaller than our 
(naive) theoretical expectation:

Quantum zero-point fluctuations

Sum over wavelengths

Explaining the observed dark energy density remains one of the most 
important open questions in fundamental physics.



Questions?



The Hot Big Bang

The Universe started in a hot and dense state:

As the Universe expands, it cools. 
Many interesting things happened.

temperature

earlier later
time

hotter colder

T (t) / a(t)�1

<latexit sha1_base64="EvJB7TTbIhbkTm6Fnzqvm3/UUW8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsQl1YZqSiO4tuXFboC9qxZNK0Dc08SDJCGWbjr7hxoYhbP8Odf+EnmJl2oa0HAifn3EtyjhtyJpVlfRm5peWV1bX8emFjc2t7x9zda8ogEoQ2SMAD0XaxpJz5tKGY4rQdCoo9l9OWO75J/dYDFZIFfl1NQup4eOizASNYaalnHtRL6gR1QxGEKkBYX+7jUzsp9MyiVbYyoEViz0jx6hsy1HrmZ7cfkMijviIcS9mxrVA5MRaKEU6TQjeSNMRkjIe0o6mPPSqdOAuQoGOt9NEgEPr4CmXq740Ye1JOPFdPeliN5LyXiv95nUgNLp2Y+WGkqE+mDw0ijnTWtA3UZ4ISxSeaYCKY/isiIywwUbqztAR7PvIiaZ6V7Ur5/K5SrF5P24A8HMIRlMCGC6jCLdSgAQQSeIIXeDUejWfjzXifjuaM2c4+/IHx8QO/K5YF</latexit>



The Universe is filled with almost equal 
amounts of matter and antimatter

For some mysterious reason, there was initially a fraction more matter 
than antimatter.  This matter survived the annihilation.

10 000 000 001 10 000 000 000
matter

Without this asymmetry we wouldn’t exist.

As the universe cools, matter 
and antimatter annihilate.

+ =

light

t = 10�19 s

<latexit sha1_base64="PEeoTyOrCH1McJ3+uBF6+6DfeC4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1oSqagLteDGZQX7gCaWyXTSDp08mJkINQR/xY0LRdz6H+78Cz/BJO1CqwcuHM65l3vvcULOpDKMT60wMzs3v1BcLC0tr6yu6esbTRlEgtAGCXgg2g6WlDOfNhRTnLZDQbHncNpyhpeZ37qjQrLAv1GjkNoe7vvMZQSrVOrqW+rMNG7jA/M0sfZjS3hIJqWuXjYqRg70l5gTUr74gh z1rv5h9QISedRXhGMpO6YRKjvGQjHCaVKyIklDTIa4Tzsp9bFHpR3n1ydoN1V6yA1EWr5CufpzIsaelCPPSTs9rAZy2svE/7xOpNwTO2Z+GCnqk/EiN+JIBSiLAvWYoETxUUowESy9FZEBFpioNLAsBHP65b+keVgxq5Wj62q5dj5OA4qwDTuwByYcQw2uoA4NIHAPj/AML9qD9qS9am/j1oI2mdmEX9DevwHbEJT9</latexit>



t = 10�5 s

<latexit sha1_base64="XCoUqd89ECzl567JTFDjNM/iqhE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZZEWnSjFty4rGAf0MQymU7boZMHMxMhhPgrblwo4tYPcedf+AkmaRfaeuDC4Zx7ufceJ+BMKsP40gpLyyura8X10sbm1vaOvrvXln4oCG0Rn/ui62BJOfNoSzHFaTcQFLsOpx1ncp35nQcqJPO9OxUF1HbxyGNDRrBKpb5eVhemcR+f1BPrOLaEi2RS6usVo2rkQIvEnJHK1TfkaP b1T2vgk9ClniIcS9kzjUDZMRaKEU6TkhVKGmAywSPaS6mHXSrtOD8+QYepMkBDX6TlKZSrvydi7EoZuU7a6WI1lvNeJv7n9UI1PLdj5gWhoh6ZLhqGHCkfZUmgAROUKB6lBBPB0lsRGWOBiUrzykIw519eJO3Tqlmr1m9rlcblNA0owj4cwBGYcAYNuIEmtIBABE/wAq/ao/asvWnv09aCNpspwx9oHz9hBZS+</latexit>

Quarks and gluons condense into nuclei:

temperature
time

u

du

u

dd

proton

neutron

10 μs



t = 1 s

<latexit sha1_base64="GPgbm/463sEKJ9a7bqWHsHIzOns=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBFcSEmkohu14MZlBfuAJpTJdNIOnUnizKRQQr/DjQtF3Pox7vwLP8FJ2oW2HrhwOOde7r3HjzlT2ra/rKXlldW19cJGcXNre2e3tLffVFEiCW2QiEey7WNFOQtpQzPNaTuWFAuf05Y/vM381ohKxaLwQY9j6gncD1nACNZG8vSV456mrhRITYrdUtmu2DnQInFmpHzzDTnq3dKn24tIIm ioCcdKdRw71l6KpWaE00nRTRSNMRniPu0YGmJBlZfmR0/QsVF6KIikqVCjXP09kWKh1Fj4plNgPVDzXib+53USHVx6KQvjRNOQTBcFCUc6QlkCqMckJZqPDcFEMnMrIgMsMdEmpywEZ/7lRdI8qzjVyvl9tVy7nqYBBTiEIzgBBy6gBndQhwYQeIQneIFXa2Q9W2/W+7R1yZrNHMAfWB8/Ci6SaQ==</latexit>

Neutrinos decouple and neutrons freeze out:

temperature
time

1 s

Free-streaming neutrinos
• 40% of the energy density 
• Significant effect on the expansion



t = 3min

<latexit sha1_base64="2lOJa3iOzk+Xwzx96ypIWHKqTnE=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISrehGLbhxWcE+oCllMp22Q2cmYWYi1NAvceNCEbd+ijv/wk8wSbvQ1gMXDufcy733+CFn2jjOl5VbWl5ZXcuvFzY2t7aL9s5uQweRIrROAh6olo815UzSumGG01aoKBY+p01/dJP6zQeqNAvkvRmHtCPwQLI+I9gkUtcumstT7zj2lECCyUmha5ecspMBLRJ3RkrX35Ch1rU/vV 5AIkGlIRxr3Xad0HRirAwjnE4KXqRpiMkID2g7oRILqjtxdvgEHSZKD/UDlZQ0KFN/T8RYaD0WftIpsBnqeS8V//PakelfdGImw8hQSaaL+hFHJkBpCqjHFCWGjxOCiWLJrYgMscLEJFmlIbjzLy+SxknZrZTP7iql6tU0DcjDPhzAEbhwDlW4hRrUgUAET/ACr9aj9Wy9We/T1pw1m9mDP7A+fgAVRJOB</latexit>

Light elements (H, He, and Li) form:

temperature
time

H He

3 min

• Heavier nuclei were fused inside stars.

• Big Bang nucleosynthesis (BBN) predicts the  
correct abundances of the light elements.

25%

75%



Atoms form and the first light is released:

370 000 yrs

e-

e-

e-

e-
e-

e-

H He

e

temperature
time

Free-streaming 
photons

t = 370 000 yrs

<latexit sha1_base64="EMkBeGNrJewHjF48z3EbnVe7sjc=">AAACAHicbVC7SgNBFL3rM8ZX1MLCZjAIFhJmNRIbNWBjGcE8ILuE2clsMmT2wcyssCxp/BUbC0Vs/Qw7/8JPcPIoNPHAvRzOuZeZe7xYcKUx/rIWFpeWV1Zza/n1jc2t7cLObkNFiaSsTiMRyZZHFBM8ZHXNtWCtWDISeII1vcHNyG8+MKl4FN7rNGZuQHoh9zkl2kidwr6+PKtg5wRj01DmyAClUg3znUIRl/AYaJ7YU1K8/o Yxap3Cp9ONaBKwUFNBlGrbONZuRqTmVLBh3kkUiwkdkB5rGxqSgCk3Gx8wREdG6SI/kqZCjcbq742MBEqlgWcmA6L7atYbif957UT7F27GwzjRLKSTh/xEIB2hURqoyyWjWqSGECq5+SuifSIJ1SazUQj27MnzpHFassul87tysXo1SQNycACHcAw2VKAKt1CDOlAYwhO8wKv1aD1bb9b7ZHTBmu7swR9YHz/8c5WK</latexit>



• 410 photons per cubic centimeter 
• cooled by the expansion: 2.7 K 
• faint microwave radiation: CMB

This afterglow of the Big Bang is still seen today:
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temperature
time

1 billion yrs

t > 1 billion yrs

<latexit sha1_base64="I/jPWfSZc8RC4+Acoe54C+ssfDY=">AAACA3icbVDLSgNBEOyNrxhfq970MhgET2FXInqKAS8eI5gHJCHMTibJkNkHM71iWAJe/BUvHhTx6k948y/8BGeTHDSxoKGo6qa7y4uk0Og4X1ZmaXlldS27ntvY3NresXf3ajqMFeNVFspQNTyquRQBr6JAyRuR4tT3JK97w6vUr99xpUUY3OIo4m2f9gPRE4yikTr2AZIScVukhfweE09IaWQyUnqc69h5p+BMQBaJOyP5y2 +YoNKxP1vdkMU+D5BJqnXTdSJsJ1ShYJKPc61Y84iyIe3zpqEB9bluJ5MfxuTYKF3SC5WpAMlE/T2RUF/rke+ZTp/iQM97qfif14yxd9FORBDFyAM2XdSLJcGQpIGQrlCcoRwZQpkS5lbCBlRRhia2NAR3/uVFUjstuMXC2U0xXy5N04AsHMIRnIAL51CGa6hAFRg8wBO8wKv1aD1bb9b7tDVjzWb24Q+sjx8xPpgL</latexit>

Matter collapses into stars and galaxies:



This history of the Universe is an observational fact:

10 μs 370 000 yrs1 s 3 min

QCD phase 
transition

Neutrino 
decoupling BBN

e-

Photon 
decoupling

Structure 
formation

1 billion yrs

• The basic picture has been confirmed by many independent observations. 
• Many precise details are probed by measurements of the CMB.



Where did it all 
come from?



Appendix



Fluid Equation

Consider a fluid in a box:

E,P

<latexit sha1_base64="RqKrYXNZ5k/B+LcoqT4t5Er6tUA=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgQsqMtOjOggguK9gHtINk0kwbmmSGJCOUob/gxoUibv0hd/6Fn2Bm2oW2HggczjmX3HuCmDNtXPfLKaysrq1vFDdLW9s7u3vl/YO2jhJFaItEPFLdAGvKmaQtwwyn3VhRLAJOO8H4OvM7j1RpFsl7M4mpL/BQspARbDLp5gw1H8oVt+rmQMvEm5PK1TfksPnP/iAiiaDSEI617nlubPwUK8MIp9NSP9E0xmSMh7RnqcSCaj/Nd52iE6sMUBgp+6RBufp7IsVC64kIbFJgM9KLXib+5/USE176KZNxYqgks4/ChCMToexwNGCKEsMnlmCimN0VkRFWmBhbT8mW4C2evEza51WvVq3f1SqNxqwNKMIRHMMpeHABDbiFJrSAwAie4AVeHeE8O2/O+yxacOYzh/AHzscPknWOuA==</latexit>

V

<latexit sha1_base64="TOGlx2gc5UdbvPgZtSiIkryaXos=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRG8GvHhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/8BOcbHLQxIKGoqqb7q4gEVwb1/1ycmvrG5tb+e3Czu7e/kHx8Kip41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHtzG89otI8lvdmnKAf0YHkIWfUWKne7BVLbtnNQFaJtyClm2/IUOsVP7v9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/kh06JWdW6ZMwVrakIZn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNl8UZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7FXKl/VKqVqdpwF5OIFTOAcPrqAKd1CDBjBAeIIXeHUenGfnzXmft+acxcwx/IHz8QNPwY4P</latexit>

dE = dQ� PdV

<latexit sha1_base64="Cd/2RjvxgUUX3JSIzG1aNUycigI=">AAACCXicbZDLSgMxFIbP1Futt1GXboJFcGOZkYpuxIIILluwF2iHkslk2tDMhSQjlKFbN76KGxeKuPUN3PkWPoLptAVt/SHw5T/nkJzfjTmTyrK+jNzS8srqWn69sLG5tb1j7u41ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXI/rzXsqJIvCOzWMqRPgXsh8RrDSVtdEaUcEyBvdoMsZ1tAJqs4uja5ZtEpWJrQI9hSKV9+Qqdo1PzteRJKAhopwLGXbtmLlpFgoRjgdFTqJpDEmA9yjbY0hDqh00myTETrSjof8SOgTKpS5vydSHEg5DFzdGWDVl/O1sflfrZ0o/8JJWRgnioZk8pCfcKQiNI4FeUxQovhQAyaC6b8i0scCE6XDK+gQ7PmVF6FxWrLLpbNauVipTNKAPBzAIRyDDedQgVuoQh0IPMATvMCr8Wg8G2/G+6Q1Z0xn9uGPjI8fMV+Ziw==</latexit>

The First Law of thermodynamics implies

Homogeneity doesn’t allow any heat flow (          ), so thatdQ = 0

<latexit sha1_base64="xqVQFyL0Jycg5HmUweNQ1oWnGlQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoiBiwIvHBMwDkiXMzk6SITOz68xsICz5Di8eFPHqx3jzL/wEJ5scNLGgoajqprsriDnTxnW/nNzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkM76Z+c0SVZpF8MOOY+gL3Jesxgo2V/LSjBAonqIZukNstltyymwEtE29OSrffkKHaLX52wogkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/TQ7eoJOrBKiXqRsSYMy9fdEioXWYxHYToHNQC96U/E/r52Y3pWfMhknhkoyW9RLODIRmiaAQqYoMXxsCSaK2VsRGWCFibE5FWwI3uLLy6RxVvbOyxe181LlepYG5OEIjuEUPLiECtxDFepA4BGe4AVenZHz7Lw577PWnDOfOYQ/cD5+AHHikgE=</latexit>

dE

dt
= �P

dV

dt

<latexit sha1_base64="faW/T4WLPrUsg+zhxrJOROu1cFY=">AAACCnicbZDLSsNAFIZPvNZ6i7p0M1oEN5ZEKgoiFkRwWcFeoA1lMpm0QycXZiZCCVm78VXcuFDErU/gzrfwEZymXWjrDwM/3zmHM+d3Y86ksqwvY25+YXFpubBSXF1b39g0t7YbMkoEoXUS8Ui0XCwpZyGtK6Y4bcWC4sDltOkOrkb15j0VkkXhnRrG1AlwL2Q+I1hp1DX3Or7AJPWus9RTGbpAR6iGJqyRs65ZsspWLjRr7IkpXX5DrlrX/Ox4EUkCGirCsZRt24qVk2KhGOE0K3YSSWNMBrhH29qGOKDSSfNTMnSgiYf8SOgXKpTT3xMpDqQcBq7uDLDqy+naCP5XayfKP3NSFsaJoiEZL/ITjlSERrkgjwlKFB9qg4lg+q+I9LHOQen0ijoEe/rkWdM4LtuV8sltpVQ9H6cBBdiFfTgEG06hCjdQgzoQeIAneIFX49F4Nt6M93HrnDGZ2YE/Mj5+AAI2m0I=</latexit>



Fluid Equation

d⇢

dt
= �3

ȧ

a
(⇢+ P )

<latexit sha1_base64="VUoPXDhiKrfTFwFYg7oO9Lwu290=">AAACGnicbVDLSgMxFL3j2/qqunQTLIIilhmtKIgouHFZwdZCW0omk7GhmQfJHaEM8x1u/BU3LhRxJ278Cz/BTMeFrwOBwznnJrnHjaXQaNvv1tj4xOTU9MxsaW5+YXGpvLzS1FGiGG+wSEaq5VLNpQh5AwVK3ooVp4Er+ZU7OMv9qxuutIjCSxzGvBvQ61D4glE0Uq/sdHxFWep1VD/KUg8zckx2yB4p5I4XIaFZSrPNPEC2SX2rV67YVXsE8pc4X6Ry8gEj1HvlV3MNSwIeIpNU67Zjx9hNqULBJM9KnUTzmLIBveZtQ0MacN1NR6tlZMMoHvEjZU6IZKR+n0hpoPUwcE0yoNjXv71c/M9rJ+gfdlMRxgnykBUP+YkkGJG8J+IJxRnKoSGUKWH+SlifmlLQtFkyJTi/V/5LmrtVp1bdv6hVTo+KNmAG1mAdNsGBAziFc6hDAxjcwj08wpN1Zz1Yz9ZLER2zvmZW4Qest0+1+qDJ</latexit>

Cosmological fluids are described by a constant equation of state:

w ⌘ P/⇢

<latexit sha1_base64="nVwUndBSPss52DLxfEhkeSC9n3U=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwFGckouDBgBePEcwCmSH0dDpJk57FXiJxyJd48aCIVz/Fm3/hJ9iZ5KCJDwoe71VRVS9IOJPKcb6speWV1bX13EZ+c2t7p2Dv7tVlrAWhNRLzWDQDLClnEa0ppjhtJoLiMOC0EQyuJ35jSIVkcXSnRgn1Q9yLWJcRrIzUtgsPyKP3mg1R9cQT/bhtF52SkwEtEndGilffkKHatj+9Tkx0SCNFOJay5TqJ8lMsFCOcjvOeljTBZIB7tGVohEMq/TQ7fIyOjNJB3ViYihTK1N8TKQ6lHIWB6Qyx6st5byL+57W06l74KYsSrWhEpou6miMVo0kKqMMEJYqPDMFEMHMrIn0sMFEmq7wJwZ1/eZHUT0tuuXR2Wy5WLqdpQA4O4BCOwYVzqMANVKEGBDQ8wQu8Wo/Ws/VmvU9bl6zZzD78gfXxA5Wjk9I=</latexit>

The fluid equation then becomes

⇢̇

⇢
= �3(1 + w)

ȧ

a

<latexit sha1_base64="WPj/gedQ5cCMZH8hphFQ21RMj5Y=">AAACHXicbVDLSgMxFL1TX7W+Rl26CRahIpYZrSiIWHDjsoJ9QFtKJs20oZkHSUYpw/yIG3/FjQtFXLgR/8JPMJ12UasXEg7nQXKPE3ImlWV9GZm5+YXFpexybmV1bX3D3NyqySAShFZJwAPRcLCknPm0qpjitBEKij2H07ozuBrp9TsqJAv8WzUMadvDPZ+5jGClqY5ZarkCk7jVDRRqiX6QxOmNLtAhOkYFGx2g+/0pD05inHTMvFW00kF/gT0B+ctvSKfSMT90mEQe9RXhWMqmbYWqHWOhGOE0ybUiSUNMBrhHmxr62KOyHafbJWhPM13kBkIfX6GUnU7E2JNy6Dna6WHVl7PaiPxPa0bKPWvHzA8jRX0yfsiNOFIBGlWFukxQovhQA0wE039FpI91FUoXmtMl2LMr/wW1o6JdKp7clPLl83EbkIUd2IUC2HAKZbiGClSBwAM8wQu8Go/Gs/FmvI+tGWOS2YZfY3z+AJhCocY=</latexit>

⇢ / a�3(1+w)

<latexit sha1_base64="g3MN3/6hbTKwvYuN8ZApuliF7JI=">AAACAXicbVDLSgMxFL1TX7W+qm4EN8EiVMQyoxUFFxbcuKxgH9AZSyZNbWhmMiQZpQx146+4caGIW//CnX/hJ5g+Ftp6IHA4515uzvEjzpS27S8rNTM7N7+QXswsLa+srmXXN6pKxJLQChFcyLqPFeUspBXNNKf1SFIc+JzW/O7FwK/dUamYCK91L6JegG9D1mYEayM1s1uu7AjkRlJEWiB8kxwc5Z39+71+M5uzC/YQaJo4Y5I7/4Yhys3sp9sSJA5oqAnHSjUcO9JegqVmhNN+xo0VjTDp4lvaMDTEAVVeMkzQR7tGaaG2kOaFGg3V3xsJDpTqBb6ZDLDuqElvIP7nNWLdPvUSFkaxpiEZHWrHHJmwgzpQi0lKNO8Zgolk5q+IdLDERJvSMqYEZzLyNKkeFpxi4fiqmCudjdqANGzDDuTBgRMowSWUoQIEHuAJXuDVerSerTfrfTSassY7m/AH1scPTOCW6w==</latexit>

Fluid  
Equation

Using E = ⇢V

<latexit sha1_base64="hdAU2TUJ4SrMF0tJ3rSm7Cw1aBU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKREHEgAgeI5gHJkuYncwmQ2ZnlplZISz5Cy8eFPHq33jzL/wEJ5scNLGgoajqprsriDnTxnW/nNzS8srqWn69sLG5tb1T3N1raJkoQutEcqlaAdaUM0HrhhlOW7GiOAo4bQbD64nffKRKMynuzSimfoT7goWMYGOlhxt0iTpqIFGjWyy5ZTcDWiTejJSuviFDrVv87PQkSSIqDOFY67bnxsZPsTKMcDoudBJNY0yGuE/blgocUe2n2cVjdGSVHgqlsiUMytTfEymOtB5Fge2MsBnoeW8i/ue1ExOe+ykTcWKoINNFYcKRkWjyPuoxRYnhI0swUczeisgAK0yMDalgQ/DmX14kjZOyVymf3lVK1YtpGpCHAziEY/DgDKpwCzWoAwEBT/ACr452np03533amnNmM/vwB87HD3sVkOs=</latexit>

and V / a3

<latexit sha1_base64="mtBw7sMYIxLiCrd+v4RvuxPwe/8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexqRMGDAS8eI5gHJGuYncwmQ2Znx5nZQFjyHV48KOLVj/HmX/gJTjYeNLGgoajqprsrkJxp47qfTm5peWV1Lb9e2Njc2t4p7u41dJwoQusk5rFqBVhTzgStG2Y4bUlFcRRw2gyG11O/OaJKs1jcmbGkfoT7goWMYGMlv4E6UsXSxAjfn3aLJbfsZkCLxPshpasvyFDrFj86vZgkERWGcKx123Ol8VOsDCOcTgqdRFOJyRD3adtSgSOq/TQ7eoKOrNJDYaxsCYMy9fdEiiOtx1FgOyNsBnrem4r/ee3EhBd+yoRMDBVktihMOLJPThNAPaYoMXxsCSaK2VsRGWCFibE5FWwI3vzLi6RxUvYq5bPbSql6OUsD8nAAh3AMHpxDFW6gBnUg8ACP8Awvzsh5cl6dt1lrzvmZ2Yc/cN6/AYFdkrQ=</latexit>

, we find

dE

dt
= �P

dV

dt

<latexit sha1_base64="faW/T4WLPrUsg+zhxrJOROu1cFY=">AAACCnicbZDLSsNAFIZPvNZ6i7p0M1oEN5ZEKgoiFkRwWcFeoA1lMpm0QycXZiZCCVm78VXcuFDErU/gzrfwEZymXWjrDwM/3zmHM+d3Y86ksqwvY25+YXFpubBSXF1b39g0t7YbMkoEoXUS8Ui0XCwpZyGtK6Y4bcWC4sDltOkOrkb15j0VkkXhnRrG1AlwL2Q+I1hp1DX3Or7AJPWus9RTGbpAR6iGJqyRs65ZsspWLjRr7IkpXX5DrlrX/Ox4EUkCGirCsZRt24qVk2KhGOE0K3YSSWNMBrhH29qGOKDSSfNTMnSgiYf8SOgXKpTT3xMpDqQcBq7uDLDqy+naCP5XayfKP3NSFsaJoiEZL/ITjlSERrkgjwlKFB9qg4lg+q+I9LHOQen0ijoEe/rkWdM4LtuV8sltpVQ9H6cBBdiFfTgEG06hCjdQgzoQeIAneIFX49F4Nt6M93HrnDGZ2YE/Mj5+AAI2m0I=</latexit>



⇢ / a�4

<latexit sha1_base64="L1H2tnt09o5WkZvme+owj1nLvyU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjSWRioILC25cVrAPaGKZTCft0EkmzEyEEuqvuHGhiFs/xJ1/4Sc4TV1o64ELh3Pu5d57goQzpR3n0yosLa+srhXXSxubW9s79u5eS4lUEtokggvZCbCinMW0qZnmtJNIiqOA03Ywupr67XsqFRPxrR4n1I/wIGYhI1gbqWeXPTkUyEukSLRA+C47rk16dsWpOjnQInF/SOXyC3I0evaH1xckjWisCcdKdV0n0X6GpWaE00nJSxVNMBnhAe0aGuOIKj/Lj5+gQ6P0USikqVijXP09keFIqXEUmM4I66Ga96bif1431eG5n7E4STWNyWxRmHJk/pwmgfpMUqL52BBMJDO3IjLEEhNt8iqZENz5lxdJ66Tq1qqnN7VK/WKWBhRhHw7gCFw4gzpcQwOaQGAMj/AML9aD9WS9Wm+z1oL1M1OGP7DevwG2MpWW</latexit>

w = 0

<latexit sha1_base64="D92jkgOYUcRvSAeBu1sL1IXMIto=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKREHEgBePEc0DkiXMTmaTITOzy8ysEpZ8ghcPinj1i7z5F36Ck00OmljQUFR1090VxJxp47pfTm5peWV1Lb9e2Njc2t4p7u41dJQoQusk4pFqBVhTziStG2Y4bcWKYhFw2gyG1xO/+UCVZpG8N6OY+gL3JQsZwcZKd4+XbrdYcstuBrRIvBkpXX1Dhlq3+NnpRSQRVBrCsdZtz42Nn2JlGOF0XOgkmsaYDHGfti2VWFDtp9mpY3RklR4KI2VLGpSpvydSLLQeicB2CmwGet6biP957cSE537KZJwYKsl0UZhwZCI0+Rv1mKLE8JElmChmb0VkgBUmxqZTsCF48y8vksZJ2auUT28rperFNA3IwwEcwjF4cAZVuIEa1IFAH57gBV4d7jw7b877tDXnzGb24Q+cjx9wfI6s</latexit>

Equation of State

• For a pressureless fluid (= matter), we get

⇢ / a�3

<latexit sha1_base64="5Em2JFpfwjwU23vC6Fbnb0tcE3U=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBjSXRioILC25cVrAPaGKZTCft0EkmzEyEEOqvuHGhiFs/xJ1/4Sc4fSy09cCFwzn3cu89fsyZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eU4lEEtogggvZ9rGinEW0oZnmtB1LikOf05Y/vB77rQcqFRPRnU5j6oW4H7GAEayN1C2WXDkQyI2liLVA+D47Ph11i2W7Yk+AFokzI+Wrb5ig3i1+uj1BkpBGmnCsVMexY+1lWGpGOB0V3ETRGJMh7tOOoREOqfKyyfEjdGiUHgqENBVpNFF/T2Q4VCoNfdMZYj1Q895Y/M/rJDq48DIWxYmmEZkuChKOzJ/jJFCPSUo0Tw3BRDJzKyIDLDHRJq+CCcGZf3mRNE8qTrVydlst1y6naUAe9uEAjsCBc6jBDdShAQRSeIIXeLUerWfrzXqftuas2UwJ/sD6+AG0rZWV</latexit>

E = const

<latexit sha1_base64="Zme6bAul5qdt+HNmxb302B/fw3Y=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuKAoiBkTwGME8IFnC7GSSDJmZXWZmhbjkS7x4UMSrn+LNv/ATnGxy0MSChqKqm+6uMOZMG8/7cnJLyyura/n1wsbm1nbR3dmt6yhRhNZIxCPVDLGmnElaM8xw2owVxSLktBEOryd+44EqzSJ5b0YxDQTuS9ZjBBsrddziDbpEaVsJRCKpzbjjlryylwEtEn9GSlffkKHacT/b3YgkgkpDONa65XuxCVKsDCOcjgvtRNMYkyHu05alEguqgzQ7fIwOrdJFvUjZkgZl6u+JFAutRyK0nQKbgZ73JuJ/XisxvfMgZTJODJVkuqiXcGQiNEkBdZmixPCRJZgoZm9FZIAVJsZmVbAh+PMvL5L6cdk/KZ/enZQqF9M0IA/7cABH4MMZVOAWqlADAgk8wQu8Oo/Os/PmvE9bc85sZg/+wPn4AVeXk60=</latexit>

• For a relativistic fluid (= radiation), we get

w = 1/3

<latexit sha1_base64="Rh3AFxv6CItEpf2MHC3FQreakiU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01sRUHEghePFUxbaEPZbDft0s0m7G6UEvobvHhQxKs/yJv/wp/gNu1BWx8MPN6bYWaeH3OmtG1/Wbml5ZXVtfx6YWNza3unuLvXUFEiCXVJxCPZ8rGinAnqaqY5bcWS4tDntOkPbyZ+84FKxSJxr0cx9ULcFyxgBGsjuY9XzkmlWyzZZTsDWiTOjJSuvyFDvVv87PQikoRUaMKxUm3HjrWXYqkZ4XRc6CSKxpgMcZ+2DRU4pMpLs2PH6MgoPRRE0pTQKFN/T6Q4VGoU+qYzxHqg5r2J+J/XTnRw4aVMxImmgkwXBQlHOkKTz1GPSUo0HxmCiWTmVkQGWGKiTT4FE4Iz//IiaZyWnWr57K5aql1O04A8HMAhHIMD51CDW6iDCwQYPMELvFrCerberPdpa86azezDH1gfP1JijyM=</latexit>

E / a�1

<latexit sha1_base64="ShoTrwNpv0pFYTy4zBW7Oh44pKw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRSUXBhQQSXFewD2lgm00k7dJIMMxOlxH6KGxeKuPVL3PkXfoLTtAttPXDhcM693HuPLzhT2nG+rIXFpeWV1dxafn1jc2vbLuzUVZxIQmsk5rFs+lhRziJa00xz2hSS4tDntOEPLsd+455KxeLoVg8F9ULci1jACNZG6tiFK9QWMhY6RgjfpUfuqGMXnZKTAc0Td0qKF9+QodqxP9vdmCQhjTThWKmW6wjtpVhqRjgd5duJogKTAe7RlqERDqny0uz0ETowShcFsTQVaZSpvydSHCo1DH3TGWLdV7PeWPzPayU6OPNSFolE04hMFgUJR+bRcQ6oyyQlmg8NwUQycysifSwx0SatvAnBnX15ntSPS265dHJTLlbOJ2lADvZgHw7BhVOowDVUoQYEHuAJXuDVerSerTfrfdK6YE1nduEPrI8fb4KUPw==</latexit>

E / V

<latexit sha1_base64="NtURCobsFad/Z2/XoZJVkmK3F9g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRcGFBRFcVrAPmA4lk2ba0EwyJBmhDP0MNy4UcevXuPMv/ATTaRfaeiBwOOdecs8JE860cd0vp7Cyura+UdwsbW3v7O6V9w9aWqaK0CaRXKpOiDXlTNCmYYbTTqIojkNO2+HoZuq3H6nSTIoHM05oEOOBYBEj2FjJv0XdRMnESNTqlStu1c2Blok3J5Xrb8jR6JU/u31J0pgKQzjW2vfcxAQZVoYRTielbqppgskID6hvqcAx1UGWnzxBJ1bpo0gq+4RBufp7I8Ox1uM4tJMxNkO96E3F/zw/NdFlkDGRpIYKMvsoSjmyEaf5UZ8pSgwfW4KJYvZWRIZYYWJsSyVbgrcYeZm0zqperXp+X6vUr2ZtQBGO4BhOwYMLqMMdNKAJBCQ8wQu8OsZ5dt6c99lowZnvHMIfOB8/KDKR8w==</latexit>

• For the vacuum energy, we have

⇢ / a0

<latexit sha1_base64="z8a0FVdZF5pqU/i9eXc8rYjuQB4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkouDCghuXFewD2lgm00k7dJIJMxOxhPyKGxeKuPVH3PkXfoLTtAttPXDhcM693HuPH3OmtON8WYWV1bX1jeJmaWt7Z3fP3i+3lEgkoU0iuJAdHyvKWUSbmmlOO7GkOPQ5bfvj66nffqBSMRHd6UlMvRAPIxYwgrWR+na5J0cC9WIpYi0Qvk+drG9XnKqTAy0Td04qV9+Qo9G3P3sDQZKQRppwrFTXdWLtpVhqRjjNSr1E0RiTMR7SrqERDqny0vz2DB0bZYACIU1FGuXq74kUh0pNQt90hliP1KI3Ff/zuokOLryURXGiaURmi4KEI/PmNAg0YJISzSeGYCKZuRWREZaYaBNXyYTgLr68TFqnVbdWPbutVeqXszSgCIdwBCfgwjnU4QYa0AQCj/AEL/BqZdaz9Wa9z1oL1nzmAP7A+vgBQEyVWw==</latexit>

w = �1

<latexit sha1_base64="bldxIrPAI9C7R3yv5tso5ialu0g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbArEQURA148RjAPSJYwO5lNhszMLjOzSljyC148KOLVH/LmX/gJziY5aGJBQ1HVTXdXEHOmjet+Obml5ZXVtfx6YWNza3unuLvX0FGiCK2TiEeqFWBNOZO0bpjhtBUrikXAaTMY3mR+84EqzSJ5b0Yx9QXuSxYygk0mPV6deN1iyS27E6BF4s1I6fobJqh1i5+dXkQSQaUhHGvd9tzY+ClWhhFOx4VOommMyRD3adtSiQXVfjq5dYyOrNJDYaRsSYMm6u+JFAutRyKwnQKbgZ73MvE/r52Y8MJPmYwTQyWZLgoTjkyEssdRjylKDB9Zgoli9lZEBlhhYmw8BRuCN//yImmclr1K+eyuUqpeTtOAPBzAIRyDB+dQhVuoQR0IDOAJXuDVEc6z8+a8T1tzzmxmH/7A+fgB2/2O5A==</latexit>



Acceleration Equation

Combining the Friedmann equation with the fluid equation

d

dt

"✓
ȧ

a

◆2

=
8⇡G

3
⇢

#

<latexit sha1_base64="Eon/E5f0g1RN/icWNqyGGudKthE="></latexit>

+ d⇢

dt
= �3

ȧ

a
(⇢+ P )

<latexit sha1_base64="VUoPXDhiKrfTFwFYg7oO9Lwu290=">AAACGnicbVDLSgMxFL3j2/qqunQTLIIilhmtKIgouHFZwdZCW0omk7GhmQfJHaEM8x1u/BU3LhRxJ278Cz/BTMeFrwOBwznnJrnHjaXQaNvv1tj4xOTU9MxsaW5+YXGpvLzS1FGiGG+wSEaq5VLNpQh5AwVK3ooVp4Er+ZU7OMv9qxuutIjCSxzGvBvQ61D4glE0Uq/sdHxFWep1VD/KUg8zckx2yB4p5I4XIaFZSrPNPEC2SX2rV67YVXsE8pc4X6Ry8gEj1HvlV3MNSwIeIpNU67Zjx9hNqULBJM9KnUTzmLIBveZtQ0MacN1NR6tlZMMoHvEjZU6IZKR+n0hpoPUwcE0yoNjXv71c/M9rJ+gfdlMRxgnykBUP+YkkGJG8J+IJxRnKoSGUKWH+SlifmlLQtFkyJTi/V/5LmrtVp1bdv6hVTo+KNmAG1mAdNsGBAziFc6hDAxjcwj08wpN1Zz1Yz9ZLER2zvmZW4Qest0+1+qDJ</latexit>

ä

a
= �4⇡G

3
(⇢+ 3P )

<latexit sha1_base64="HR1P23aDbOWI5rf/Vp7NskSrxZc="></latexit>

Acceleration  
Equationwe get

There are two different cases:

P > �1

3
⇢

<latexit sha1_base64="HVW98E6c5qp58bKdNFxZtQCQyEQ="></latexit>

P < �1

3
⇢

<latexit sha1_base64="EFXe/+BANllIMuA1iiHmS7NZE2w=">AAAB/3icdVDJSgNBEK2JW4xbVPDipTEIXhxmYmIiCga8eIxgFkhC6On0JE16Frp7hDDOwV/x4kERr/6GN//CT7CTKC7og4LHe1VU1XNCzqSyrFcjNTM7N7+QXswsLa+srmXXN+oyiAShNRLwQDQdLClnPq0ppjhthoJiz+G04QzPxn7jigrJAv9SjULa8XDfZy4jWGmpm92qohO0j9quwCS2k/ggQW0xCLrZnGWWLPvo0EaWaVvFcjn/RWzTmiB3+gYTVLvZl3YvIJFHfUU4lrJlW6HqxFgoRjhNMu1I0hCTIe7TlqY+9qjsxJP7E7SrlR5yA6HLV2iifp+IsSflyHN0p4fVQP72xuJfXitSbrkTMz+MFPXJdJEbcaQCNA4D9ZigRPGRJpgIpm9FZIB1FEpHltEhfH6K/if1vGkXzOJFIVc5nqYBadiGHdgDG0pQgXOoQg0IXMMt3MODcWPcGY/G07Q1ZXzMbMIPGM/v0/2WKQ==</latexit>

Expansion slows down Expansion speeds up
ä < 0

<latexit sha1_base64="SygZj0S8CHzEoRagj0+o+UsKCs4=">AAAB8nicdVDLSgNBEOz1bXxFPXoZDIKnZVZjNkFBwYtHBRMDSZDZ2YkOmd1ZZnqFEPwMLx4U8erXePMv/AQniYKKFjQUVd10d0WZkhYpffMmJqemZ2bn5gsLi0vLK8XVtYbVueGizrXSphkxK5RMRR0lKtHMjGBJpMRF1Dse+hc3wlip03PsZ6KTsKtUdiVn6KRWO441EkYOCL0slqhPK0EYVgn1y2GwWw0dCXYqNVojgU9HKB2+wwinl8XXdqx5nogUuWLWtgKaYWfADEquxG2hnVuRMd5jV6LlaMoSYTuD0cm3ZMspMelq4ypFMlK/TwxYYm0/iVxnwvDa/vaG4l9eK8dutTOQaZajSPl4UTdXBDUZ/k9iaQRH1XeEcSPdrYRfM8M4upQKLoSvT8n/pLHjB2V/76xcOtofpwFzsAGbsA0BhHAEJ3AKdeCg4Q4e4NFD79578p7HrRPe58w6/ID38gGnwZGi</latexit>

ä > 0

<latexit sha1_base64="fGsnk9yf+5VPOc2VVkMNWEld8HE=">AAAB8nicdVDLSgNBEOz1bXxFPXoZDIKnZTYYExFU8OIxgkmEJITZ2YkOmd1ZZnqFEPIZXjwo4tWv8eZf+AlOEsUHWtBQVHXT3RWmSlqk9NWbmp6ZnZtfWMwtLa+sruXXN+pWZ4aLGtdKm8uQWaFkImooUYnL1AgWh0o0wt7pyG/cCGOlTi6wn4p2zK4S2ZWcoZOarSjSSBg5IrSTL1C/TIOD/YBQP6ClSqX4RQKfjlE4foMxqp38SyvSPItFglwxa5sBTbE9YAYlV2KYa2VWpIz32JVoOpqwWNj2YHzykOw4JSJdbVwlSMbq94kBi63tx6HrjBle29/eSPzLa2bYrbQHMkkzFAmfLOpmiqAmo/9JJI3gqPqOMG6ku5Xwa2YYR5dSzoXw+Sn5n9SLfrDnl873CieHkzRgAbZgG3YhgDKcwBlUoQYcNNzCPTx46N15j97TpHXK+5jZhB/wnt8Blo+Rlg==</latexit>


