
Recap of Lecture 1

• The Universe is expanding: R(t) = a(t)R0
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Scale factor

• The rate of expansion is determined by the Friedmann equation:
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• The energy density of matter, radiation and dark energy dilutes as

E = const
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• The Universe started hot and dense, but then cooled and diluted:



Recap of Lecture 1

This history of the Universe is an observational fact:
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• The basic picture has been confirmed by many independent observations. 
• Many precise details are probed by measurements of the CMB.



Questions?



Structure 
Formation



How did the structure in the Universe form?

Light in the UniverseLight on Earth

The large-scale structure of the Universe isn’t randomly distributed, but has 
spatial correlations. What created these correlations?



Our best answer to these questions involves a fascination connection between 
the physics of the very small and the very large:

Gravitational  
clustering

Quantum  
fluctuations

CMB  
fluctuations Galaxies

Cosmic 
sound waves

Part II.1Part II.2

Part III
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Our best answer to these questions involves a fascination connection between 
the physics of the very small and the very large:

This allows us to use cosmological observations to learn about short-distance/
high-energy particle physics.

Quantum  
fluctuations

CMB  
fluctuations Galaxies
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Gravitational Clustering

Consider a spherical overdensity in a homogeneous Universe:

We are interested in the evolution of the density contrast:

⇢̄(t)
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Galaxies form when the density contrast reaches a critical value.



Gravitational Clustering

• In a static universe, the density contrast grows exponentially:

• In an expanding universe, the growth is slower:

during the matter era

during the radiation era�(t) / ln t
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The clustering of matter only begins after matter-radiation equality.

The evolution of the density contrast can be derived using Newtonian gravity 
(see appendix). Here, I just quote the results:



Fourier Modes

In reality, density perturbations are not spherically symmetric. 
A general density fluctuation can be decomposed into its Fourier modes: 

Each Fourier mode satisfies the same equation of motion as a spherically 
symmetric overdensity.

X

k

�k sin(kx+ �k)
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<latexit sha1_base64="8hvGbuyIGGv3tkKBGbdSoUNHp3A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUfBgwYvHFuwHtKFstpN27WYTdjdiCf0FXjwo4tWf5M1/4U9wm/agrQ8GHu/NMDPPjzlT2nG+rNzK6tr6Rn6zsLW9s7tX3D9oqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90M/VbDygVi8SdHsfohWQgWMAo0UaqP/aKJafsZLCXiTsnpetvyFDrFT+7/YgmIQpNOVGq4zqx9lIiNaMcJ4VuojAmdEQG2DFUkBCVl2aHTuwTo/TtIJKmhLYz9fdESkKlxqFvOkOih2rRm4r/eZ1EB5deykScaBR0tihIuK0je/q13WcSqeZjQwiVzNxq0yGRhGqTTcGE4C6+vEyaZ2W3Uj6vV0rVq1kakIcjOIZTcOECqnALNWgABYQneIFX6956tt6s91lrzprPHMIfWB8/gciOLA==</latexit>

=

<latexit sha1_base64="lveoVE5IZSYn/C68IjApdiN+XaU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKREHEgBePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/4Sc42eSgiQUNRVU33V1eLLjStv1l5VZW19Y38puFre2d3b3i/kFTRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8ka3U7/1iFLxKLzX4xjdgA5C7nNGtZHq171iyS7bGcgyceakdPMNGWq94me3H7EkwFAzQZXqOHas3ZRKzZnASaGbKIwpG9EBdgwNaYDKTbNDJ+TEKH3iR9JUqEmm/p5IaaDUOPBMZ0D1UC16U/E/r5No/9JNeRgnGkM2W+QnguiITL8mfS6RaTE2hDLJza2EDamkTJtsCiYEZ/HlZdI8KzuV8nm9UqpezdKAPBzBMZyCAxdQhTuoQQMYIDzBC7xaD9az9Wa9z1pz1nzmEP7A+vgBKFyN8Q==</latexit>

=

<latexit sha1_base64="lveoVE5IZSYn/C68IjApdiN+XaU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKREHEgBePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/4Sc42eSgiQUNRVU33V1eLLjStv1l5VZW19Y38puFre2d3b3i/kFTRYlk2GCRiGTbowoFD7GhuRbYjiXSwBPY8ka3U7/1iFLxKLzX4xjdgA5C7nNGtZHq171iyS7bGcgyceakdPMNGWq94me3H7EkwFAzQZXqOHas3ZRKzZnASaGbKIwpG9EBdgwNaYDKTbNDJ+TEKH3iR9JUqEmm/p5IaaDUOPBMZ0D1UC16U/E/r5No/9JNeRgnGkM2W+QnguiITL8mfS6RaTE2hDLJza2EDamkTJtsCiYEZ/HlZdI8KzuV8nm9UqpezdKAPBzBMZyCAxdQhTuoQQMYIDzBC7xaD9az9Wa9z1pz1nzmEP7A+vgBKFyN8Q==</latexit>

k = 2⇡/�

<latexit sha1_base64="Yj7rOT2Hq5e2krvILa75GM0rlgc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVzUpFQURC25cVrAPaEKZTCbt0MmDmYlQQ7/EjQtF3Pop7vwLP8Fp2oW2Hhg4nHMP987xEs6ksqwvo7Cyura+UdwsbW3v7JbNvf22jFNBaIvEPBZdD0vKWURbiilOu4mgOPQ47Xijm6nfeaBCsji6V+OEuiEeRCxgBCst9c3yCF3VnISdOlyHfNw3K1bVyoGWiT0nletvyNHsm5+OH5M0pJEiHEvZs61EuRkWihFOJyUnlTTBZIQHtKdphEMq3Sw/fIKOteKjIBb6RQrl6u9EhkMpx6GnJ0OshnLRm4r/eb1UBRduxqIkVTQis0VBypGK0bQF5DNBieJjTTARTN+KyBALTJTuqqRLsBe/vEzatapdr57d1SuNy1kbUIRDOIITsOEcGnALTWgBgRSe4AVejUfj2Xgz3mejBWOeOYA/MD5+ACcZk4w=</latexit>



Power Spectrum

The power spectrum is the square of the Fourier amplitude: 

The Fourier transform of the power spectrum is the two-point correlation 
function. This is the main statistic of cosmological correlations.

P (k) = |�k|2

<latexit sha1_base64="BNZcHBmvtnH2tLoFJka9qf65W8M=">AAAB/HicbVDLSgNBEOyNrxhf0Ry9DAYhXsJuiCiIGPDiMYJ5QLIus7OzyZDZBzOzQkjir3jxoIhXP8Sbf+EnONnkoIkFDUVVN91dbsyZVKb5ZWRWVtfWN7Kbua3tnd29/P5BU0aJILRBIh6Jtosl5SykDcUUp+1YUBy4nLbcwfXUbz1QIVkU3qlhTO0A90LmM4KVlpx8oV4anKBLNO56lCvsDMb3FSdfNMtmCrRMrDkpXn1DirqT/+x6EUkCGirCsZQdy4yVPcJCMcLpJNdNJI0xGeAe7Wga4oBKe5QeP0HHWvGQHwldoUKp+ntihAMph4GrOwOs+nLRm4r/eZ1E+ef2iIVxomhIZov8hCMVoWkSyGOCEsWHmmAimL4VkT4WmCidV06HYC2+vEyalbJVLZ/eVou1i1kakIVDOIISWHAGNbiBOjSAwBCe4AVejUfj2Xgz3metGWM+U4A/MD5+AIt/lNo=</latexit>

⇠(r) =

Z
d3k

(2⇡)3
P (k) eikr

<latexit sha1_base64="fK0o+zZ3rqNEM4gkOeqT2ySXbd8="></latexit>
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Questions?



µK

<latexit sha1_base64="7uf481fktMFD/i/NHEVWeriS4fU=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKexKxNwMeBG8RDAPyC5hdjKbDJnZWWZmhbDkM7x4UMSrX+PNv/ATnGxy0MSChqKqm+6uMOFMG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWqCG0RyaXqhlhTzmLaMsxw2k0UxSLktBOOb2Z+55EqzWT8YCYJDQQexixiBBsr9XyRosxXAt1N++WKW3VzoFXiLUjl+htyNPvlT38gSSpobAjHWvc8NzFBhpVhhNNpyU81TTAZ4yHtWRpjQXWQ5SdP0ZlVBiiSylZsUK7+nsiw0HoiQtspsBnpZW8m/uf1UhPVg4zFSWpoTOaLopQjI9HsfzRgihLDJ5Zgopi9FZERVpgYm1LJhuAtv7xK2hdVr1a9vK9VGvV5GlCEEziFc/DgChpwC01oAQEJT/ACr45xnp03533eWnAWM8fwB87HD1rZkhE=</latexit>

+300

<latexit sha1_base64="gEio6RSYrZwADMh5MNSMIs6omiQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBAEIexqxNwMePEYwTwgWcLsZDYZMjO7zMwKYckvePGgiFd/yJt/4Sc4u8lBEwsaiqpuuruCmDNtXPfLWVldW9/YLGwVt3d29/ZLB4ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxbea3H6nSLJIPZhJTX+ChZCEj2GTS+aXr9ktlt+LmQMvEm5PyzTfkaPRLn71BRBJBpSEca9313Nj4KVaGEU6nxV6iaYzJGA9p11KJBdV+mt86RadWGaAwUrakQbn6eyLFQuuJCGynwGakF71M/M/rJias+SmTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadoQ/AWX14mrYuKV61c3VfL9dosDSjAMZzAGXhwDXW4gwY0gcAInuAFXh3hPDtvzvusdcWZzxzBHzgfP1rRjo0=</latexit>

�300

<latexit sha1_base64="KdfY2+QU6zIL10Dy0Mpmuf/OySo=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBC8GHY1Ym4GvHiMYB6QLGF2MpsMmZldZmaFsOQXvHhQxKs/5M2/8BOc3eSgiQUNRVU33V1BzJk2rvvlrKyurW9sFraK2zu7e/ulg8OWjhJFaJNEPFKdAGvKmaRNwwynnVhRLAJO28H4NvPbj1RpFskHM4mpL/BQspARbDLp/NJ1+6WyW3FzoGXizUn55htyNPqlz94gIomg0hCOte56bmz8FCvDCKfTYi/RNMZkjIe0a6nEgmo/zW+dolOrDFAYKVvSoFz9PZFiofVEBLZTYDPSi14m/ud1ExPW/JTJODFUktmiMOHIRCh7HA2YosTwiSWYKGZvRWSEFSbGxlO0IXiLLy+T1kXFq1au7qvlem2WBhTgGE7gDDy4hjrcQQOaQGAET/ACr45wnp03533WuuLMZ47gD5yPH13fjo8=</latexit>

The CMB has tiny variations in its intensity, corresponding to small density 
fluctuations in the primordial plasma:

These fluctuations aren’t random, but are highly correlated.
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The observed CMB power spectrum is 
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What created the features in the power spectrum?

CMB Power Spectrum



Photon-Baryon Fluid

At early times, photons and baryons (mostly protons and electrons) are 
strongly coupled and act as a single fluid: 

Dark matter

Baryons

Photons

The photon pressure prevents the collapse of density fluctuations. 
This allows for sound waves (like for density fluctuations in air).



The pattern of the CMB fluctuations is a consequence of these sound waves:

Superposition of many waves CMB correlations

Cosmic Sound Waves



Cosmic Sound Waves

Consider the evolution of a single localized density fluctuation: 



Cosmic Sound Waves

This creates a radial sound wave in the photon-baryon fluid: 

The wave travels a distance of 50 000 light-years (called the sound horizon) 
before the Universe becomes transparent to light.

Dark matter

Photons + baryons

rs

<latexit sha1_base64="MhtzwphAoGBJCKlyNDa1K7Yulz8=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0xMMN6CXjxGNAskQ+jp9CRNerqH7h4hDPkELx4U8eoXefNv7CyC64OCx3tVVNULE8608bx3Z2l5ZXVtPbeR39za3tkt7O03tUwVoQ0iuVTtEGvKmaANwwyn7URRHIectsLR5dRv3VGlmRS3ZpzQIMYDwSJGsLHSjerpXqHoudXTSum8jH4T3/VmKMIC9V7hrduXJI2pMIRjrTu+l5ggw8owwukk3001TTAZ4QHtWCpwTHWQzU6doGOr9FEklS1h0Ez9OpHhWOtxHNrOGJuh/ulNxb+8TmqiapAxkaSGCjJfFKUcGYmmf6M+U5QYPrYEE8XsrYgMscLE2HTyNoTPT9H/pFly/bJbuS4XaxeLOHJwCEdwAj6cQQ2uoA4NIDCAe3iEJ4c7D86z8zJvXXIWMwfwDc7rB+/MjkE=</latexit>

Sound  
horizon



CMB Anisotropies

This sound horizon is imprinted in the pattern of CMB fluctuations:

Temperature Polarization 

�2�

<latexit sha1_base64="CNEjetAJTWTTCn45udqvF56s2MI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZDJB4DXjxGMA9I1jA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dtbWNza3tnM7+d29/YPDwtFxU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSzvzThBP6IDyUPOqLFS+7L80GVcsV6h6JbcOcgq8TJShAz1XuGr249ZGqE0TFCtO56bGH9CleFM4DTfTTUmlI3oADuWShqh9ifze6fk3Cp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMyeJ32ukBkxtoQyxe2thA2poszYiPI2BG/55VXSLJe8SunqrlKsVbM4cnAKZ3ABHlShBrdQhwYwEPAMr/DmPDovzrvzsWhdc7KZE/gD5/MHXFWPgQ==</latexit>

+2�

<latexit sha1_base64="cg7aAbvGu/u06R7rpfHPILUMHiw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyGSDwGvHiMYB6QrGF20psMmZ1dZ2aFEPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777aytb2xubed28rt7+weHhaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81jem3GCfkQHkoecUWOl9mX5ocu4Yr1C0S25c5BV4mWkCBnqvcJXtx+zNEJpmKBadzw3Mf6EKsOZwGm+m2pMKBvRAXYslTRC7U/m907JuVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZk9T/pcITNibAllittbCRtSRZmxEeVtCN7yy6ukWS55ldLVXaVYq2Zx5OAUzuACPKhCDW6hDg1gIOAZXuHNeXRenHfnY9G65mQzJ/AHzucPWT+Pfw==</latexit>

�1�

<latexit sha1_base64="ts2ysOwCnq7OuY3lJnUCrHUWgHQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbArkXgMePEYwTwgWcNsZzYZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5ThayBsYhVO6CaCS5Zw3AjWDtRjEaBYK1gdDPzW09MaR7LezNOmB/RgeQhR2qs1L7wHrrIFfaKJbfszkFWiZeREmSo94pf3X6MacSkQUG17nhuYvwJVYajYNNCN9UsoTiiA9axVNKIaX8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9QwiYtFYSqIicnsedLniqERY0soKm5vJTikiqKxERVsCN7yy6ukeVn2KuWru0qpVs3iyMMJnMI5eFCFGtxCHRqAIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHWsuPgA==</latexit>

+1�

<latexit sha1_base64="G9O2ffSRW5RoscakTkBf+uGnKrY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGFXIvEY8OIxgnlAsobZzmwyZHZ2nZkVQshPePGgiFd/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nClkDYxGrdkA1E1yyhuFGsHaiGI0CwVrB6Gbmt56Y0jyW92acMD+iA8lDjtRYqX3hPXSRK+wVS27ZnYOsEi8jJchQ7xW/uv0Y04hJg4Jq3fHcxPgTqgxHwaaFbqpZQnFEB6xjqaQR0/5kfu+UnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlhEheLwlQQE5PZ86TPFUMjxpZQVNzeSnBIFUVjIyrYELzll1dJ87LsVcpXd5VSrZrFkYcTOIVz8KAKNbiFOjQAQcAzvMKb8+i8OO/Ox6I152Qzx/AHzucPV7WPfg==</latexit>

0

<latexit sha1_base64="cjT03rS3lFUzQCII3jBgvc0nbmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSr+VxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeGKMsQ==</latexit>

�2�

<latexit sha1_base64="CNEjetAJTWTTCn45udqvF56s2MI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZDJB4DXjxGMA9I1jA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dtbWNza3tnM7+d29/YPDwtFxU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSzvzThBP6IDyUPOqLFS+7L80GVcsV6h6JbcOcgq8TJShAz1XuGr249ZGqE0TFCtO56bGH9CleFM4DTfTTUmlI3oADuWShqh9ifze6fk3Cp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMyeJ32ukBkxtoQyxe2thA2poszYiPI2BG/55VXSLJe8SunqrlKsVbM4cnAKZ3ABHlShBrdQhwYwEPAMr/DmPDovzrvzsWhdc7KZE/gD5/MHXFWPgQ==</latexit>

+2�

<latexit sha1_base64="cg7aAbvGu/u06R7rpfHPILUMHiw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyGSDwGvHiMYB6QrGF20psMmZ1dZ2aFEPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSK4Nq777aytb2xubed28rt7+weHhaPjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81jem3GCfkQHkoecUWOl9mX5ocu4Yr1C0S25c5BV4mWkCBnqvcJXtx+zNEJpmKBadzw3Mf6EKsOZwGm+m2pMKBvRAXYslTRC7U/m907JuVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZk9T/pcITNibAllittbCRtSRZmxEeVtCN7yy6ukWS55ldLVXaVYq2Zx5OAUzuACPKhCDW6hDg1gIOAZXuHNeXRenHfnY9G65mQzJ/AHzucPWT+Pfw==</latexit>

�1�

<latexit sha1_base64="ts2ysOwCnq7OuY3lJnUCrHUWgHQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbArkXgMePEYwTwgWcNsZzYZMju7zswKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5ThayBsYhVO6CaCS5Zw3AjWDtRjEaBYK1gdDPzW09MaR7LezNOmB/RgeQhR2qs1L7wHrrIFfaKJbfszkFWiZeREmSo94pf3X6MacSkQUG17nhuYvwJVYajYNNCN9UsoTiiA9axVNKIaX8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9QwiYtFYSqIicnsedLniqERY0soKm5vJTikiqKxERVsCN7yy6ukeVn2KuWru0qpVs3iyMMJnMI5eFCFGtxCHRqAIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHWsuPgA==</latexit>

+1�

<latexit sha1_base64="G9O2ffSRW5RoscakTkBf+uGnKrY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGFXIvEY8OIxgnlAsobZzmwyZHZ2nZkVQshPePGgiFd/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nClkDYxGrdkA1E1yyhuFGsHaiGI0CwVrB6Gbmt56Y0jyW92acMD+iA8lDjtRYqX3hPXSRK+wVS27ZnYOsEi8jJchQ7xW/uv0Y04hJg4Jq3fHcxPgTqgxHwaaFbqpZQnFEB6xjqaQR0/5kfu+UnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlhEheLwlQQE5PZ86TPFUMjxpZQVNzeSnBIFUVjIyrYELzll1dJ87LsVcpXd5VSrZrFkYcTOIVz8KAKNbiFOjQAQcAzvMKb8+i8OO/Ox6I152Qzx/AHzucPV7WPfg==</latexit>

0

<latexit sha1_base64="cjT03rS3lFUzQCII3jBgvc0nbmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W96+pN87pSr+VxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeGKMsQ==</latexit>

�20

<latexit sha1_base64="Qxr9kWtmDOsPj/U096biVGaYw9Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbI3oMePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4uK2yuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLV/dV0u1yyyOPJzAKZyDB9dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AUY+NIA==</latexit>

�40

<latexit sha1_base64="LQNTSXKmzPEVWbkBKyckSB4lHMw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRa0WPBi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cF51e6WyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTQvKl61cnVfLdcu8zgKcAwncAYeXEMN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wdUmY0i</latexit>

�60

<latexit sha1_base64="t0sWgFBevf2Et7RXuLCnj3YidfU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbCr8XEMePEY0TwgWcLsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup36zSeujYjUI45j7od0oERfMIpWeji7crvFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6NnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0zstepXx5XylVL7I48nAEx3AKHlxDFe6gBnVgMIBneIU3RzovzrvzMW/NOdnMIfyB8/kDV6ONJA==</latexit>

�80

<latexit sha1_base64="67a3RyNQAZ+14Hg6L12Ke+d9jp4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrEXMMePEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4uq2yuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNy7JXKV/fV0q1qyyOPJzAKZyDBzdQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AWq2NJg==</latexit>

0

<latexit sha1_base64="VJ92yozg5zAZM2/27hglBuYx+a8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWrluVMu1qzyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBdy6MrQ==</latexit>

0.4

<latexit sha1_base64="nH6yIxc1NMaNzrkol6g3vhIK5cE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0i0oseCF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04LnVXrniud4cZJX4OalAjnqv/NXtJyyLURomqNYd30tNMKHKcCZwWupmGlPKRnSAHUsljVEHk/mpU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CaYcJlmBiVbLIoyQUxCZn+TPlfIjBhbQpni9lbChlRRZmw6JRuCv/zyKmleuH7VvbqvVmqXeRxFOIFTOAcfrqEGd1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFWHY0j</latexit>

�0.2

<latexit sha1_base64="Sr3rj1FA4Z/7zoH9m5zPoQ+hgXI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSS1oseCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5tUGl6rneHGiV+AWpQoHmoPLVH8YkFVQawrHWPd9LTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6DjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfXr7vVDvdq4KuIowSmcwQX4cAMNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx+8uI1Y</latexit>

�0.4

<latexit sha1_base64="emVB7e8/SsPITDPsC603VGWsUgA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyHRih4LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxy6cJz64NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90GGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtS9evu9cP9VrjqoijDCdwCufgww004B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz+/wI1a</latexit>

intensity of 11396 cold spots

✓s

<latexit sha1_base64="gYmxU3SS3i+m1Zbp4fQYiDg/Hbo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoicpePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2Tb9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHq16uV9rVK/yeMowgmcwjl4cAV1uIMGNIGBhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8y4pAS</latexit>

✓s

<latexit sha1_base64="LAqXWibfk+x/UwWG4FJis2/T/so=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GnrMphcJePEYwSyQDKGn05M06VnsrhHCkJ/w4kERr/6ON//GniSCij4oeLxXRVU9L5ZCAyEfVm5ldW19I79Z2Nre2d0r7h+0dZQoxlsskpHqelRzKULeAgGSd2PFaeBJ3vEmV5nfuedKiyi8hWnM3YCOQuELRsFI3T6MOdCBHhRLxCYVp1quYWKXSa3sZKROSLV2gR2bzFFCSzQHxff+MGJJwENgkmrdc0gMbkoVCCb5rNBPNI8pm9AR7xka0oBrN53fO8MnRhliP1KmQsBz9ftESgOtp4FnOgMKY/3by8S/vF4C/rmbijBOgIdsschPJIYIZ8/joVCcgZwaQpkS5lbMxlRRBiaiggnh61P8P2mf2U7Frt5USo3LZRx5dISO0SlyUB010DVqohZiSKIH9ISerTvr0XqxXhetOWs5c4h+wHr7BJCFkFM=</latexit>

1
2✓s

<latexit sha1_base64="zfV/Efr3s0Po2pTS5lj4k6b6yQI=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoPgaZhJJhovEvDiMYJZIDOEnk5P0qRnobtGiEPwV7x4UMSr/+HNv7GzCCr6oODxXhVV9fxEcAWW9WHklpZXVtfy64WNza3tneLuXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q59du3TCoeRzcwTpgXkkHEA04JaKlXPHAhkIRm9iQrT1wYMiA91SuWLPO84pQdB1umU6tVqqeaWLVK2XKwbVozlNACjV7x3e3HNA1ZBFQQpbq2lYCXEQmcCjYpuKliCaEjMmBdTSMSMuVls+sn+FgrfRzEUlcEeKZ+n8hIqNQ49HVnSGCofntT8S+vm0JQ8zIeJSmwiM4XBanAEONpFLjPJaMgxpoQKrm+FdMh0WmADqygQ/j6FP9PWmXTdszqtVOqXyziyKNDdIROkI3OUB1doQZqIoru0AN6Qs/GvfFovBiv89acsZjZRz9gvH0CSU+Vxw==</latexit>

Planck (2015)



CMB Anisotropies

This sound horizon is imprinted in the pattern of CMB fluctuations:
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CMB Anisotropies

The precise pattern of the CMB fluctuations depends on the composition of the 
Universe (and its initial conditions):

Atoms

Dark matter

Dark energy

Observations of the CMB have therefore allowed us to determine the parameters 
of the cosmological standard model.



Without dark matter, the data would look very different:

Figures courtesy of Zhiqi Huang and Dick Bond [ACT collaboration] 

Data No Dark Matter 

Dark Matter
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This can also be seen in the power spectrum: ⌦m = 0.32

<latexit sha1_base64="oTeptNf860oZAvnEjzZ84AVP3Pc=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPIWkVvQiFETwZgVbC00Im+2mXbq7CbsboYSCf8WLB0W8+ju8+W/ctjlo64OBx3szzMyLUkaVdt1vq7S0vLK6Vl6vbGxube/Yu3ttlWQSkxZOWCI7EVKEUUFammpGOqkkiEeMPETDq4n/8Eikoom416OUBBz1BY0pRtpIoX3g33LSR2HuSw75GF5C1zmthXbVddwp4CLxClIFBZqh/eX3EpxxIjRmSKmu56Y6yJHUFDMyrviZIinCQ9QnXUMF4kQF+fT8MTw2Sg/GiTQlNJyqvydyxJUa8ch0cqQHat6biP953UzHF0FORZppIvBsUZwxqBM4yQL2qCRYs5EhCEtqboV4gCTC2iRWMSF48y8vknbN8erO2V292rgu4iiDQ3AEToAHzkED3IAmaAEMcvAMXsGb9WS9WO/Wx6y1ZBUz++APrM8f7N2ULA==</latexit>

without dark matter

Planck (2018)



Without dark energy, the data would look very different:

Data No Dark Energy 

Dark Energy

Figures courtesy of Zhiqi Huang and Dick Bond [ACT collaboration] 
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This can also be seen in the power spectrum:

Planck (2018)

⌦⇤ = 0.68

<latexit sha1_base64="sANq/8m+DShtmmqAn06nuBOHaBo=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5BI1W6EggguBCvYBzQhTCaTduhkEmYmQgl146+4caGIW//CnX/jtM1CWw8MHM65hzv3BCmjUtn2t7GwuLS8slpaK69vbG5tmzu7LZlkApMmTlgiOgGShFFOmooqRjqpICgOGGkHg8ux334gQtKE36thSrwY9TiNKEZKS765797GpIf83L3RoRCN4AW0rbMa9M2KbdkTwHniFKQCCjR888sNE5zFhCvMkJRdx06VlyOhKGZkVHYzSVKEB6hHuppyFBPp5ZMLRvBIKyGMEqEfV3Ci/k7kKJZyGAd6MkaqL2e9sfif181UVPNyytNMEY6ni6KMQZXAcR0wpIJgxYaaICyo/ivEfSQQVrq0si7BmT15nrROLKdqnd5VK/Wroo4SOACH4Bg44BzUwTVogCbA4BE8g1fwZjwZL8a78TEdXTCKzB74A+PzB/W8lUg=</latexit>

without dark energy

with dark energy



with  
dark energy

without  
dark energy

Riess et al (1998) 
Perlmutter et al (1998)

This is consistent with the direct observation of dark energy from supernova 
observations: 



The peak heights depend on the baryon density: ⌦b = 0.04

<latexit sha1_base64="X3b3J1IGmmZkX1CYd41e1x1ApjE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEywFV2VGKroRCiK4s4J9QGcomfROG5rMDElGKGMX/oobF4q49Tfc+Tem7Sy09UDI4Zxc7skJEs6Udpxva2l5ZXVtvbBR3Nza3tm19/abKk4lhQaNeSzbAVHAWQQNzTSHdiKBiIBDKxheTfzWA0jF4uhejxLwBelHLGSUaCN17UPvVkCfdDNPChyM8SV2Kk4Vd+2SuafAi8TNSQnlqHftL68X01RApCknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQyMiQPnZNP8Yl43Sw2EszYk0nqq/JzIilBoJE68siB6oeW8i/ud1Uh1e+BmLklRDRGeLwpRjHeNJGbjHJFDNR4YQKpnJiumASEK1qaxoSnDnv7xImqcVt1o5u6uWatd5HQV0hI7RCXLROaqhG1RHDUTRI3pGr+jNerJerHfrY/Z0ycpnDtAfWJ8/NqSUSg==</latexit>

The measured baryon density is consistent with BBN.

more baryons
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Planck (2018)

Baryons
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<latexit sha1_base64="tdtpamLoE1uTKAxX4eNmOGxFjNc="></latexit>

The CMB power spectrum also probes the initial conditions: 

A B C D

A

B

C

D

Amplitude

scale-dependence

As = 2.20⇥ 10�9

<latexit sha1_base64="NRWxEw1JTmfvSP3Kh/n4jXr1mzg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSEpFXUhVN24rGAf0MQwmU7boTNJmJkIJWTpxl9x40IRt36CO//GaZuFth64cDjnXu69J4gZlcq2v43CwuLS8kpxtbS2vrG5ZW7vNGWUCEwaOGKRaAdIEkZD0lBUMdKOBUE8YKQVDK/HfuuBCEmj8E6NYuJx1A9pj2KktOSb+5d+6goOZQYvYMWq2NBVlBMJHfs+PT7PfLNsW/YEcJ44OSmDHHXf/HK7EU44CRVmSMqOY8fKS5FQFDOSldxEkhjhIeqTjqYh0su8dPJIBg+10oW9SOgKFZyovydSxKUc8UB3cqQGctYbi/95nUT1zryUhnGiSIini3oJgyqC41RglwqCFRtpgrCg+laIB0ggrHR2JR2CM/vyPGlWLKdqndxWy7WrPI4i2AMH4Ag44BTUwA2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB/okl2k=</latexit>

evolution

Initial Conditions



ns = 0.96

<latexit sha1_base64="iaIwf5T1LI0+Tdpf4skVdS6FfEk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgKiTicyEURHBZwT6gDWEynbRDJ5MwMymU0D9x40IRt/6JO//GaZuFth64cDjnXu69J0w5U9p1v63Syura+kZ5s7K1vbO7Z+8fNFWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDu+mfmtEpWKJeNLjlPox7gsWMYK1kQLbFkHelTFSE3SLXOfmMrCrruPOgJaJV5AqFKgH9le3l5AspkITjpXqeG6q/RxLzQink0o3UzTFZIj7tGOowDFVfj67fIJOjNJDUSJNCY1m6u+JHMdKjePQdMZYD9SiNxX/8zqZjq79nIk001SQ+aIo40gnaBoD6jFJieZjQzCRzNyKyABLTLQJq2JC8BZfXibNM8c7dy4ez6u1+yKOMhzBMZyCB1dQgweoQwMIjOAZXuHNyq0X6936mLeWrGLmEP7A+vwBYHiSMw==</latexit>

The primordial power spectrum is close to scale invariant: 

WMAP (2009) 
Planck (2018)
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ns = 0.75

<latexit sha1_base64="tiTX8LVsEhXcChulIfOaR5HML64=">AAAB+XicdVDLSgMxFM34rPU16tJNsAiuhnRobbsQC25cVrAPaMuQSTNtaJIZkkyhDP0TNy4UceufuPNvTB+Cih64cHLOveTeEyacaYPQh7O2vrG5tZ3bye/u7R8cukfHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8c3cb0+o0iyW92aa0L7AQ8kiRrCxUuC6Msh6SkA9g1cQeZVy4BaQh/xSrVa1b9+vVSrIkpJ/ifwqLHpogQJYoRG4771BTFJBpSEca90tosT0M6wMI5zO8r1U0wSTMR7SrqUSC6r72WLzGTy3ygBGsbIlDVyo3ycyLLSeitB2CmxG+rc3F//yuqmJqv2MySQ1VJLlR1HKoYnhPAY4YIoSw6eWYKKY3RWSEVaYGBtW3obwdSn8n7R8r1jyynelQv16FUcOnIIzcAGKoALq4BY0QBMQMAEP4Ak8O5nz6Lw4r8vWNWc1cwJ+wHn7BM+Hkns=</latexit>

ns = 1.25

<latexit sha1_base64="IfQH0ZzwG1NBPoO26Nu0vm63fzc=">AAAB+XicdVDLSgMxFM34rPU16tJNsAiuhszQ2nYhFty4rGAf0A5DJs20oZnMkGQKZeifuHGhiFv/xJ1/Y/oQVPRA4HDOudybE6acKY3Qh7W2vrG5tV3YKe7u7R8c2kfHbZVkktAWSXgiuyFWlDNBW5ppTruppDgOOe2E45u535lQqVgi7vU0pX6Mh4JFjGBtpMC2RZD3ZQzVDF5B1/EqgV1CDvLK9XoNIsfz6tUqMqTsXSKvZhJogRJYoRnY7/1BQrKYCk04VqrnolT7OZaaEU5nxX6maIrJGA9pz1CBY6r8fHH5DJ4bZQCjRJonNFyo3ydyHCs1jUOTjLEeqd/eXPzL62U6qvk5E2mmqSDLRVHGoU7gvAY4YJISzaeGYCKZuRWSEZaYaFNW0ZTw9VP4P2l7jlt2KnflUuN6VUcBnIIzcAFcUAUNcAuaoAUImIAH8ASerdx6tF6s12V0zVrNnIAfsN4+Acl1knc=</latexit>

The observed deviation from scale invariance is significant. 



The Standard Model

A simple 5-parameter model fits all observations:

Amount of ordinary matter

Amount of dark matter

Amount of dark energy

Amplitude of density fluctuations

Scale dependence of the fluctuations

⌦b = 0.04

<latexit sha1_base64="X3b3J1IGmmZkX1CYd41e1x1ApjE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEywFV2VGKroRCiK4s4J9QGcomfROG5rMDElGKGMX/oobF4q49Tfc+Tem7Sy09UDI4Zxc7skJEs6Udpxva2l5ZXVtvbBR3Nza3tm19/abKk4lhQaNeSzbAVHAWQQNzTSHdiKBiIBDKxheTfzWA0jF4uhejxLwBelHLGSUaCN17UPvVkCfdDNPChyM8SV2Kk4Vd+2SuafAi8TNSQnlqHftL68X01RApCknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQyMiQPnZNP8Yl43Sw2EszYk0nqq/JzIilBoJE68siB6oeW8i/ud1Uh1e+BmLklRDRGeLwpRjHeNJGbjHJFDNR4YQKpnJiumASEK1qaxoSnDnv7xImqcVt1o5u6uWatd5HQV0hI7RCXLROaqhG1RHDUTRI3pGr+jNerJerHfrY/Z0ycpnDtAfWJ8/NqSUSg==</latexit>

ns = 0.96

<latexit sha1_base64="iaIwf5T1LI0+Tdpf4skVdS6FfEk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgKiTicyEURHBZwT6gDWEynbRDJ5MwMymU0D9x40IRt/6JO//GaZuFth64cDjnXu69J0w5U9p1v63Syura+kZ5s7K1vbO7Z+8fNFWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDu+mfmtEpWKJeNLjlPox7gsWMYK1kQLbFkHelTFSE3SLXOfmMrCrruPOgJaJV5AqFKgH9le3l5AspkITjpXqeG6q/RxLzQink0o3UzTFZIj7tGOowDFVfj67fIJOjNJDUSJNCY1m6u+JHMdKjePQdMZYD9SiNxX/8zqZjq79nIk001SQ+aIo40gnaBoD6jFJieZjQzCRzNyKyABLTLQJq2JC8BZfXibNM8c7dy4ez6u1+yKOMhzBMZyCB1dQgweoQwMIjOAZXuHNyq0X6936mLeWrGLmEP7A+vwBYHiSMw==</latexit>

109As = 2.20

<latexit sha1_base64="Rd56BDJE52GkGppLYryDebgFZo8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgKiSloi6EigguK9gHtDFMppN26MwkzEyEEuqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMmjCrtut9WYWV1bX2juFna2t7Z3bP3D1oqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph6Prqd9+JFLRWNzrcUJ8jgaCRhQjbaTALnvuw8VVkPUkh2oCL6tO1Q3siuu4M8Bl4uWkAnI0Avur149xyonQmCGlup6baD9DUlPMyKTUSxVJEB6hAekaKhAnys9mx0/gsVH6MIqlKaHhTP09kSGu1JiHppMjPVSL3lT8z+umOjr3MyqSVBOB54uilEEdw2kSsE8lwZqNDUFYUnMrxEMkEdYmr5IJwVt8eZm0qo5Xc07vapX6TR5HERyCI3ACPHAG6uAWNEATYDAGz+AVvFlP1ov1bn3MWwtWPlMGf2B9/gDLYpLx</latexit>

⌦⇤ = 0.68

<latexit sha1_base64="sANq/8m+DShtmmqAn06nuBOHaBo=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5BI1W6EggguBCvYBzQhTCaTduhkEmYmQgl146+4caGIW//CnX/jtM1CWw8MHM65hzv3BCmjUtn2t7GwuLS8slpaK69vbG5tmzu7LZlkApMmTlgiOgGShFFOmooqRjqpICgOGGkHg8ux334gQtKE36thSrwY9TiNKEZKS765797GpIf83L3RoRCN4AW0rbMa9M2KbdkTwHniFKQCCjR888sNE5zFhCvMkJRdx06VlyOhKGZkVHYzSVKEB6hHuppyFBPp5ZMLRvBIKyGMEqEfV3Ci/k7kKJZyGAd6MkaqL2e9sfif181UVPNyytNMEY6ni6KMQZXAcR0wpIJgxYaaICyo/ivEfSQQVrq0si7BmT15nrROLKdqnd5VK/Wroo4SOACH4Bg44BzUwTVogCbA4BE8g1fwZjwZL8a78TEdXTCKzB74A+PzB/W8lUg=</latexit>

⌦m = 0.32

<latexit sha1_base64="oTeptNf860oZAvnEjzZ84AVP3Pc=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPIWkVvQiFETwZgVbC00Im+2mXbq7CbsboYSCf8WLB0W8+ju8+W/ctjlo64OBx3szzMyLUkaVdt1vq7S0vLK6Vl6vbGxube/Yu3ttlWQSkxZOWCI7EVKEUUFammpGOqkkiEeMPETDq4n/8Eikoom416OUBBz1BY0pRtpIoX3g33LSR2HuSw75GF5C1zmthXbVddwp4CLxClIFBZqh/eX3EpxxIjRmSKmu56Y6yJHUFDMyrviZIinCQ9QnXUMF4kQF+fT8MTw2Sg/GiTQlNJyqvydyxJUa8ch0cqQHat6biP953UzHF0FORZppIvBsUZwxqBM4yQL2qCRYs5EhCEtqboV4gCTC2iRWMSF48y8vknbN8erO2V292rgu4iiDQ3AEToAHzkED3IAmaAEMcvAMXsGb9WS9WO/Wx6y1ZBUz++APrM8f7N2ULA==</latexit>



The Standard Model

A key challenge of modern cosmology is to explain these numbers:

⌦b = 0.04

<latexit sha1_base64="X3b3J1IGmmZkX1CYd41e1x1ApjE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEywFV2VGKroRCiK4s4J9QGcomfROG5rMDElGKGMX/oobF4q49Tfc+Tem7Sy09UDI4Zxc7skJEs6Udpxva2l5ZXVtvbBR3Nza3tm19/abKk4lhQaNeSzbAVHAWQQNzTSHdiKBiIBDKxheTfzWA0jF4uhejxLwBelHLGSUaCN17UPvVkCfdDNPChyM8SV2Kk4Vd+2SuafAi8TNSQnlqHftL68X01RApCknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQyMiQPnZNP8Yl43Sw2EszYk0nqq/JzIilBoJE68siB6oeW8i/ud1Uh1e+BmLklRDRGeLwpRjHeNJGbjHJFDNR4YQKpnJiumASEK1qaxoSnDnv7xImqcVt1o5u6uWatd5HQV0hI7RCXLROaqhG1RHDUTRI3pGr+jNerJerHfrY/Z0ycpnDtAfWJ8/NqSUSg==</latexit>

ns = 0.96

<latexit sha1_base64="iaIwf5T1LI0+Tdpf4skVdS6FfEk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgKiTicyEURHBZwT6gDWEynbRDJ5MwMymU0D9x40IRt/6JO//GaZuFth64cDjnXu69J0w5U9p1v63Syura+kZ5s7K1vbO7Z+8fNFWSSUIbJOGJbIdYUc4EbWimOW2nkuI45LQVDu+mfmtEpWKJeNLjlPox7gsWMYK1kQLbFkHelTFSE3SLXOfmMrCrruPOgJaJV5AqFKgH9le3l5AspkITjpXqeG6q/RxLzQink0o3UzTFZIj7tGOowDFVfj67fIJOjNJDUSJNCY1m6u+JHMdKjePQdMZYD9SiNxX/8zqZjq79nIk001SQ+aIo40gnaBoD6jFJieZjQzCRzNyKyABLTLQJq2JC8BZfXibNM8c7dy4ez6u1+yKOMhzBMZyCB1dQgweoQwMIjOAZXuHNyq0X6936mLeWrGLmEP7A+vwBYHiSMw==</latexit>

109As = 2.20

<latexit sha1_base64="Rd56BDJE52GkGppLYryDebgFZo8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgKiSloi6EigguK9gHtDFMppN26MwkzEyEEuqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMmjCrtut9WYWV1bX2juFna2t7Z3bP3D1oqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph6Prqd9+JFLRWNzrcUJ8jgaCRhQjbaTALnvuw8VVkPUkh2oCL6tO1Q3siuu4M8Bl4uWkAnI0Avur149xyonQmCGlup6baD9DUlPMyKTUSxVJEB6hAekaKhAnys9mx0/gsVH6MIqlKaHhTP09kSGu1JiHppMjPVSL3lT8z+umOjr3MyqSVBOB54uilEEdw2kSsE8lwZqNDUFYUnMrxEMkEdYmr5IJwVt8eZm0qo5Xc07vapX6TR5HERyCI3ACPHAG6uAWNEATYDAGz+AVvFlP1ov1bn3MWwtWPlMGf2B9/gDLYpLx</latexit>

⌦⇤ = 0.68

<latexit sha1_base64="sANq/8m+DShtmmqAn06nuBOHaBo=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5BI1W6EggguBCvYBzQhTCaTduhkEmYmQgl146+4caGIW//CnX/jtM1CWw8MHM65hzv3BCmjUtn2t7GwuLS8slpaK69vbG5tmzu7LZlkApMmTlgiOgGShFFOmooqRjqpICgOGGkHg8ux334gQtKE36thSrwY9TiNKEZKS765797GpIf83L3RoRCN4AW0rbMa9M2KbdkTwHniFKQCCjR888sNE5zFhCvMkJRdx06VlyOhKGZkVHYzSVKEB6hHuppyFBPp5ZMLRvBIKyGMEqEfV3Ci/k7kKJZyGAd6MkaqL2e9sfif181UVPNyytNMEY6ni6KMQZXAcR0wpIJgxYaaICyo/ivEfSQQVrq0si7BmT15nrROLKdqnd5VK/Wroo4SOACH4Bg44BzUwTVogCbA4BE8g1fwZjwZL8a78TEdXTCKzB74A+PzB/W8lUg=</latexit>

⌦m = 0.32

<latexit sha1_base64="oTeptNf860oZAvnEjzZ84AVP3Pc=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPIWkVvQiFETwZgVbC00Im+2mXbq7CbsboYSCf8WLB0W8+ju8+W/ctjlo64OBx3szzMyLUkaVdt1vq7S0vLK6Vl6vbGxube/Yu3ttlWQSkxZOWCI7EVKEUUFammpGOqkkiEeMPETDq4n/8Eikoom416OUBBz1BY0pRtpIoX3g33LSR2HuSw75GF5C1zmthXbVddwp4CLxClIFBZqh/eX3EpxxIjRmSKmu56Y6yJHUFDMyrviZIinCQ9QnXUMF4kQF+fT8MTw2Sg/GiTQlNJyqvydyxJUa8ch0cqQHat6biP953UzHF0FORZppIvBsUZwxqBM4yQL2qCRYs5EhCEtqboV4gCTC2iRWMSF48y8vknbN8erO2V292rgu4iiDQ3AEToAHzkED3IAmaAEMcvAMXsGb9WS9WO/Wx6y1ZBUz++APrM8f7N2ULA==</latexit>

Why is there more matter 
than antimatter?

What is the dark matter?

What is the dark energy?

What was the origin of 
the fluctuations?



Appendix



Gravitational Clustering

Consider a spherical overdensity in a homogeneous universe:

We are interested in the evolution of the density contrast:

R(t)

<latexit sha1_base64="ZOlOSxLNYTh76E6cCIBl9JA/Yac=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXIgoeDHjxGMU8IFnC7GQ2GTIzu8zMCiHkF7x4UMSrP+TNv/ATnN3koIkFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJP6rUeqNIvkgxnH1Bd4IFnICDapdF82p71iya24GdAy8eakdP0NGeq94me3H5FEUGkIx1p3PDc2/gQrwwin00I30TTGZIQHtGOpxIJqf5LdOkUnVumjMFK2pEGZ+ntigoXWYxHYToHNUC96qfif10lMeOlPmIwTQyWZLQoTjkyE0sdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmmeVbxq5fyuWqpdzdKAPBzBMZTBgwuowS3UoQEEhvAEL/DqCOfZeXPeZ605Zz5zCH/gfPwA4z+O6Q==</latexit>

⇢̄(t)

<latexit sha1_base64="l4azmenii7rt9XC65XhngKLpFCc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKRMGDAS8eI5gHZJcwO5lNhszOLDOzQljyG148KOLVn/HmX/gJTjY5aGJBQ1HVTXdXmHCmjet+OSura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Obqd++5EqzaR4MOOEBjEeCBYxgo2VfD/ECvlqKCvmrFcqu1U3B1om3pyUb74hR6NX+vT7kqQxFYZwrHXXcxMTZFgZRjidFP1U0wSTER7QrqUCx1QHWX7zBJ1apY8iqWwJg3L190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKshsUZRyZCSaBoD6TFFi+NgSTBSztyIyxAoTY2Mq2hC8xZeXSeu86tWqF/e1cv16lgYU4BhOoAIeXEId7qABTSCQwBO8wKuTOs/Om/M+a11x5jNH8AfOxw+zK5I9</latexit>

⇢(t)

<latexit sha1_base64="fxCJe/Dw7Ueq4eEeUJipnjlCUBQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJexKRMGDAS8eI5gHJEuYncwmQ2ZnlpleIYR8hBcPinj1e7z5F36Ck00OmljQUFR1090VJoIb9LwvZ2V1bX1jM7eV397Z3dsvHBw2jEo1ZXWqhNKtkBgmuGR15ChYK9GMxKFgzXB4O/Wbj0wbruQDjhIWxKQvecQpQSs1O3qgSnjWLRS9spfBXSb+nBRvviFDrVv47PQUTWMmkQpiTNv3EgzGRCOngk3yndSwhNAh6bO2pZLEzATj7NyJe2qVnhspbUuim6m/J8YkNmYUh7YzJjgwi95U/M9rpxhdBWMukxSZpLNFUSpcVO70d7fHNaMoRpYQqrm91aUDoglFm1DehuAvvrxMGudlv1K+uK8Uq9ezNCAHx3ACJfDhEqpwBzWoA4UhPMELvDqJ8+y8Oe+z1hVnPnMEf+B8/ABaVZBa</latexit>

� ⌘ ⇢� ⇢̄

⇢̄

<latexit sha1_base64="n/o1gSm94cMA6WS0YZdvJMgpTj8=">AAACGXicbZDJSgNBEIZrXGPcoh69NAbBi2FGIgoeDHjxGMEskAmhp1OTNOlZ7O4JhCGv4cVX8eJBEY968i18BDsLqIk/NHz8VUV1/V4suNK2/WktLC4tr6xm1rLrG5tb27md3aqKEsmwwiIRybpHFQoeYkVzLbAeS6SBJ7Dm9a5G9VofpeJReKsHMTYD2gm5zxnVxmrlbLeNQlPi4l3C+8T1JWWpK7sROSauRyUZ8TD9wVYubxfsscg8OFPIX37BWOVW7t1tRywJMNRMUKUajh3rZkql5kzgMOsmCmPKerSDDYMhDVA10/FlQ3JonDbxI2leqMnY/T2R0kCpQeCZzoDqrpqtjcz/ao1E++fNlIdxojFkk0V+IoiOyCgm0uYSmRYDA5RJbv5KWJeacLQJM2tCcGZPnofqScEpFk5vivnSxSQNyMA+HMAROHAGJbiGMlSAwT08wjO8WA/Wk/VqvU1aF6zpzB78kfXxDbmaoY0=</latexit>



Let us first study this overdensity in a static universe. 
The acceleration at the sphere’s surface is

R̈ = �G
�M

R2
= � G

R2

✓
4⇡

3
R3 ⇢̄�

◆

<latexit sha1_base64="dkI9OS3X098cGE4W8LXWGyQGNJ4="></latexit>

R̈

R
= �4⇡G⇢̄

3
�(t)

<latexit sha1_base64="rhe30Ca77Qo+x4Di2cO/dzhqNvo="></latexit>

M =
4⇡

3
R3(t) ⇢̄ [1 + �(t)] = const

<latexit sha1_base64="s1ioLDzj51NvzkRjX0TwvBt20Uc="></latexit>

Conservation of mass implies , so that

for |�| ⌧ 1 .

<latexit sha1_base64="qEEJaKZbrXPacwL5kCHvzZ6EOak=">AAACCHicbVC7SgNBFL3rM8bXqqWFg0GwkGVXIgoWBmwsI5gHZEOYncwmQ2Z2l5lZIWxS2vgrNhaK2PoJdv6Fn+DkUWjiGQYO59zLvfcECWdKu+6XtbC4tLyymlvLr29sbm3bO7tVFaeS0AqJeSzrAVaUs4hWNNOc1hNJsQg4rQW965Ffu6dSsTi60/2ENgXuRCxkBGsjteyDzJcChbEcIt+8gd+mXOOBzzny/BPktOyC67hjoHniTUnh6hvGKLfsT78dk1TQSBOOlWp4bqKbGZaaEU6HeT9VNMGkhzu0YWiEBVXNbHzIEB0ZpT3axvxIo7H6uyPDQqm+CEylwLqrZr2R+J/XSHV40cxYlKSaRmQyKEw50jEapYLaTFKied8QTCQzuyLSxRITbbLLmxC82ZPnSfXU8YrO2W2xULqcpAE52IdDOAYPzqEEN1CGChB4gCd4gVfr0Xq23qz3SemCNe3Zgz+wPn4ADnyZfA==</latexit>

R(t) =

✓
3M

4⇡⇢̄

◆1/3 h
1 + �(t)

i�1/3
⇡ R0


1� 1

3
�(t)

�

<latexit sha1_base64="BerILNqTbrBYjbABjoUvxPHHXSQ="></latexit>

Substituting this into the equation of motion, we get

�̈ = (4⇡G ⇢̄) �

<latexit sha1_base64="7T7cx1Ofy+iCO5MJOPTo4llsL3k=">AAACHXicbVDLSgMxFL3j2/qqunQTLEIFKTNSURBRcKFLBauFTimZTGpDM5OQ3BFK8Ufc+CtuXCjiwo34F36C6WOhrQcCh3PO5eaeSEth0fe/vInJqemZ2bn53MLi0vJKfnXt2qrMMF5hSipTjajlUqS8ggIlr2rDaRJJfhO1T3v+zR03Vqj0Cjua1xN6m4qmYBSd1MiXwzhWSMKYS6TkiBTLoRbkLGzZttAk0M6KqCGhaantcGeYa+QLfsnvg4yTYEgKx9/Qx0Uj/xHGimUJT5FJam0t8DXWu9SgYJLf58LMck1Zm97ymqMpTbitd/vX3ZMtp8SkqYx7KZK++nuiSxNrO0nkkgnFlh31euJ/Xi3D5kG9K1KdIU/ZYFEzkwQV6VVFYmE4Q9lxhDIj3F8Ja1FDGbpCc66EYPTkcXK9WwrKpb3LcuHkcNAGzMEGbEIRAtiHEziHC6gAgwd4ghd49R69Z+/Nex9EJ7zhzDr8gff5A7sSoUI=</latexit>

�(t) = Aet/⌧ +Be�t/⌧

<latexit sha1_base64="kp4CBeuzVZIxjs1hXKlEMrz3bTY="></latexit>

Exponential growth

Gravitational Clustering



Adding Expansion

Now, consider the same overdensity in an expanding universe with only 
pressureless matter:

R(t)

<latexit sha1_base64="ZOlOSxLNYTh76E6cCIBl9JA/Yac=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXIgoeDHjxGMU8IFnC7GQ2GTIzu8zMCiHkF7x4UMSrP+TNv/ATnN3koIkFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJP6rUeqNIvkgxnH1Bd4IFnICDapdF82p71iya24GdAy8eakdP0NGeq94me3H5FEUGkIx1p3PDc2/gQrwwin00I30TTGZIQHtGOpxIJqf5LdOkUnVumjMFK2pEGZ+ntigoXWYxHYToHNUC96qfif10lMeOlPmIwTQyWZLQoTjkyE0sdRnylKDB9bgoli9lZEhlhhYmw8BRuCt/jyMmmeVbxq5fyuWqpdzdKAPBzBMZTBgwuowS3UoQEEhvAEL/DqCOfZeXPeZ605Zz5zCH/gfPwA4z+O6Q==</latexit>

⇢(t)

<latexit sha1_base64="fxCJe/Dw7Ueq4eEeUJipnjlCUBQ=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJexKRMGDAS8eI5gHJEuYncwmQ2ZnlpleIYR8hBcPinj1e7z5F36Ck00OmljQUFR1090VJoIb9LwvZ2V1bX1jM7eV397Z3dsvHBw2jEo1ZXWqhNKtkBgmuGR15ChYK9GMxKFgzXB4O/Wbj0wbruQDjhIWxKQvecQpQSs1O3qgSnjWLRS9spfBXSb+nBRvviFDrVv47PQUTWMmkQpiTNv3EgzGRCOngk3yndSwhNAh6bO2pZLEzATj7NyJe2qVnhspbUuim6m/J8YkNmYUh7YzJjgwi95U/M9rpxhdBWMukxSZpLNFUSpcVO70d7fHNaMoRpYQqrm91aUDoglFm1DehuAvvrxMGudlv1K+uK8Uq9ezNCAHx3ACJfDhEqpwBzWoA4UhPMELvDqJ8+y8Oe+z1hVnPnMEf+B8/ABaVZBa</latexit>

⇢̄(t) / a�3(t)

<latexit sha1_base64="jQk63GcJbNvsJ5HtNqVF9+UJuqI=">AAACB3icbVDLSgMxFL1TX7W+qi4FCRahLiwzWlFwYcGNywr2AZ2xZNJMG5qZDElGKEN3bvwVNy4UcesvuPMv/ATTx0KrBwKHc+7l5hw/5kxp2/60MnPzC4tL2eXcyura+kZ+c6uuRCIJrRHBhWz6WFHOIlrTTHPajCXFoc9pw+9fjvzGHZWKiehGD2LqhbgbsYARrI3Uzu+6PpbIlT1R1AfIjaWItUD4Nj08HhqlnS/YJXsM9Jc4U1K4+IIxqu38h9sRJAlppAnHSrUcO9ZeiqVmhNNhzk0UjTHp4y5tGRrhkCovHecYon2jdFAgpHmRRmP150aKQ6UGoW8mQ6x7atYbif95rUQHZ17KojjRNCKTQ0HCkYk6KgV1mKRE84EhmEhm/opID0tMtKkuZ0pwZiP/JfWjklMunVyXC5XzSRuQhR3YgyI4cAoVuIIq1IDAPTzCM7xYD9aT9Wq9TUYz1nRnG37Bev8GivWZPg==</latexit>

The acceleration at the sphere’s surface is

R̈ = �GM

R2
= � G

R2

✓
4⇡

3
R3⇢

◆

= �4⇡G

3
⇢̄R� 4⇡G

3
(⇢̄�)R

<latexit sha1_base64="GNnExUp4mIJqEs5TyfwAY+5rFx4="></latexit>



M =
4⇡

3
R3(t) ⇢̄(t) [1 + �(t)] = const

<latexit sha1_base64="YrKeuA47Hp7+IwiBHNb+RTHxhfQ="></latexit>

Adding Expansion

Mass conservation implies , so that

R(t) / ⇢̄�1/3(t)
h
1 + �(t)

i�1/3
/ a(t)


1� 1

3
�(t)

�

<latexit sha1_base64="0W8NwhPEidHgOmXKmNJIq4oM1ho="></latexit>

Substituting this into the equation of motion, we get

R̈

R
=

ä

a
� 1

3
�̈ � 2

3

ȧ

a
�̇ = �4⇡G

3
⇢̄ � 4⇡G

3
⇢̄�

<latexit sha1_base64="y6/uLc8z+zjIVFlxbzYKDfwwgqY="></latexit>

�̈ + 2H �̇ = (4⇡G⇢̄)�

<latexit sha1_base64="SfjI/u+YNnRBCTuGKINqWAvAO74="></latexit>

The density contrast therefore satisfies 

Hubble friction

Gravitational force



Clustering of Dark Matter

In a matter-dominated universe, with a / t2/3

<latexit sha1_base64="nCnk1m6hXaH4Fs8OPZO1X57sUn8=">AAAB+nicbVDLTgJBEOzFF+Jr0aOXicTEE+4iRhMPknjxiIk8EljJ7DDAhNndycyshqx8ihcPGuPVL/HmX/gJDgsHBSvppFLVne4uX3CmtON8WZml5ZXVtex6bmNza3vHzu/WVRRLQmsk4pFs+lhRzkJa00xz2hSS4sDntOEPryZ+455KxaLwVo8E9QLcD1mPEayN1LHzGLWFjISOkL5LSscn445dcIpOCrRI3BkpXH5DimrH/mx3IxIHNNSEY6VariO0l2CpGeF0nGvHigpMhrhPW4aGOKDKS9LTx+jQKF3Ui6SpUKNU/T2R4ECpUeCbzgDrgZr3JuJ/XivWvXMvYaGINQ3JdFEv5mjyqMkBdZmkRPORIZhIZm5FZIAlJtqklTMhuPMvL5J6qeiWi6c35ULlYpoGZGEfDuAIXDiDClxDFWpA4AGe4AVerUfr2Xqz3qetGWs2swd/YH38ANtelIQ=</latexit>

H =
2

3t

<latexit sha1_base64="m+YiHCA/P44ZDhbB8xfCn8+VMD8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS1oiBiwU2XFewD2lAm00k7dDIJM5NCCf0TNy4UceufuPMv/ASnaRfaeuDC4Zx7ufceP+ZMacf5snJr6xubW/ntws7u3v6BfXjUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/up/5rTGVikXiUU9i6oV4IFjACNZG6tl2Dd2ibiAxScvT9EJPe3bRKTkZ0CpxF6R49w0Z6j37s9uPSBJSoQnHSnVcJ9ZeiqVmhNNpoZsoGmMywgPaMVTgkCovzS6fojOj9FEQSVNCo0z9PZHiUKlJ6JvOEOuhWvZm4n9eJ9HBtZcyESeaCjJfFCQc6QjNYkB9JinRfGIIJpKZWxEZYhODNmEVTAju8surpFkuuZXS5UOlWL2ZpwF5OIFTOAcXrqAKNahDAwiM4Qle4NVKrWfrzXqft+asxcwx/IH18QPx85QB</latexit>

and , we get 

�̈ + 2H �̇ =
3

2
H

2
�

<latexit sha1_base64="dePh36cWYB10oCP3DxJudvz+Kxw=">AAACIHicbVDLSgMxFL3j2/qqunQTLIIglJlRURBRcNOlgtVCO5ZMJtOGZh4kd4Qy9FPc+CtuXCiiO/0KP8H0AT7qgcDJOffe5B4/lUKjbb9bE5NT0zOzc/OFhcWl5ZXi6tqVTjLFeJUlMlE1n2ouRcyrKFDyWqo4jXzJr/3OWd+/vuVKiyS+xG7KvYi2YhEKRtFIzeJBIwgSJI2AS6Rkh7ikYi7fyjFphIqyfLeXuz1SuXFHRrNYssv2AGScOCNSOvmEAc6bxTczlmURj5FJqnXdsVP0cqpQMMl7hUameUpZh7Z43dCYRlx7+WDBHtkySkDCRJkTIxmoPztyGmndjXxTGVFs679eX/zPq2cYHnq5iNMMecyGD4WZJJiQflokEIozlF1DKFPC/JWwNjWBoMm0YEJw/q48Tq7csrNX3r/YK50eDdOAOdiATdgGBw7gFCpwDlVgcAcP8ATP1r31aL1Yr8PSCWvUsw6/YH18AX69oiQ=</latexit>

�̈ +
4

3t
�̇ =

2

3t2
�

<latexit sha1_base64="QlQc6dl3PLZx4wQnUh/wnDaN+bs=">AAACKnicbZDLSgMxFIbP1Futt1GXboJFEIQyUysKIipuXCpYLbS1ZDIZDc1cSM4IZZjnceOruHGhiFsfwEcwvYDaeiDw83/nJDm/l0ih0XHercLU9MzsXHG+tLC4tLxir65d6zhVjNdZLGPV8KjmUkS8jgIlbySK09CT/MbrnvX5zQNXWsTRFfYS3g7pXSQCwSgaq2Oftnw/RtLyuURKdkgrUJRltTzbxdy4P+hohKoGEbyt5mREOnbZqTiDIpPCHYny8RcM6qJjv5h7WRryCJmkWjddJ8F2RhUKJnleaqWaJ5R16R1vGhnRkOt2Nlg1J1vG8UkQK3MiJAP390RGQ617oWc6Q4r3epz1zf9YM8XgoJ2JKEmRR2z4UJBKgjHp50Z8oThD2TOCMiXMXwm7pyYRNOmWTAju+MqT4rpacWuVvcta+eRwmAYUYQM2YRtc2IcTOIcLqAODR3iGV3iznqwX6936GLYWrNHMOvwp6/MbrMim/Q==</latexit>

The solution for the density contrast is 

Power-law growth

�(t) = At2/3 +Bt�1

<latexit sha1_base64="c7JXpJwt5ZAlf3pM+LaLbcptl7g="></latexit>

In a radiation-dominated universe, the growth is only logarithmic:

�(t) = A ln t+B

<latexit sha1_base64="fzbWmv6NLmboIbI9sbtRhvjTZbg="></latexit>

The clustering of matter only begins after matter-radiation equality.


