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• Critical Phenomena in Dirac Materials 

• Equivalent field-theoretical description of Criticality


• Recent quantum Monte Carlo simulation             Criticality found 


• Describe QMC Criticality with a Gross—Neveu—Yukawa field theory 

• RG Fixed-Point Analysis at one-loop order              Criticality lost              two-loop?
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Collaboration with: Michael M. Scherer (RUB), Igor F. Herbut (SFU), Emmanuel Stamou (TUDO)

[Liu, Huffmann, Chandrasekharan, Kaul ’22, PRL] [Herbut, Scherer ’22, PRB]

[Herbut, Scherer ’22, PRB]



• Electrons in a solid effectively described by the Dirac equation 

• Examples: graphene, topological insulators, …


• Strong electron-electron interaction           massive fermion phase


Critical Phenomena in Dirac Materials
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• Phases connected by continuous phase transition             Critical Phenomena 


• Mass generation described by Spontaneous Symmetry Breaking (SSB) 

• Governed by Order Parameter  associated to the symmetry
Φ

Critical Phenomena in Dirac Materials
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• At critical point  : system is scale invariant, i.e. 


• Connection to field theory? 

Renormalize              Beta functions  

Roots of Beta function = Fixed Points (FPs)             scale invariance  

  

FPs of field theory correspond to critical points

g = gc ξ → ∞

ℒDirac β(g) =
dg

d log μ

β(g) = dg
d log μ = 0 ⟹ g = gc

Critical Phenomena in Dirac Materials
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Critical Phenomena in Dirac Materials: Recent QMC Analysis
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[Liu, Huffmann, Chandrasekharan, Kaul ’22, PRL]
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• H. Liu et. al. ’22: Quantum Monte Carlo (QMC) analysis 

of Dirac criticality with two order parameters (OPs) 
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Critical Phenomena in Dirac Materials: Recent QMC Analysis
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• QMC data: continuous transition between massless 

Dirac phase and massive phase


• Both OPs simultaneously break their associated 

symmetry:  ! 

• Divergence:


              Capture criticality with field theory

L → 0 : CS/U ≠ 0

[Liu, Huffmann, Chandrasekharan, Kaul ’22, PRL]

g → gc : ξ ∝ |g − gc |−ν

Tuning parameter  
(e.g. coupling )g

gc
Ordered 
phase

Unordered 
Dirac semimetal phase

CS, CU ≠ 0CS, CU = 0

νQMC = 0.78(7)

g > gc



Next: 
Describe quantum Monte Carlo Criticality with a  

Field Theory 






• Represent two OPs as massive scalar fields : vectors of 


• Combine OPs into global  symmetry; same as QMC lattice


• Couple OPs to bidoublet fermion           fermionic “mass terms”  

• Include fluctuations of the OPs            quartics 

ℒ ≃ ℒfree − gaΨ ( ⃗a ⃗σ) Ψ − gbΨ (b⃗ ⃗σ) Ψ − λa ⃗a2 − λbb⃗2 − λab ⃗ab⃗

⃗a, b⃗ SO(3) ≃ SU(2)

SO(4) ≃ SU(2)A × SU(2)B

SU(2)−

Gross—Neveu—Yukawa (GNY) Theory in d = 2 + 1
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Dear Production Editor,

we thank you for providing a redlined article to be proof-read and would like to address
your queries.

1 In the manuscript, the references [4], [24], [44] and [80] are only given as an arXiv
reference. Currently, all of them are still unpublished which is why there are no
references to update.

2 Please remove the duplicate reference [78] and replace its only occurrence in line
536 by [72].

FQ All funding agencies are correct.

Q The reference [45] refers to this article: https://inspirehep.net/literature/
96662.

Further comments:

• Please include Emmanuel Stamou’s ORCID reference in line 2: https://orcid.
org/0000-0002-8385-6159.

• Please add byline footnotes containing the email address of all authors. Max Ue-
trecht (max.uetrecht@tu-dortmund.de), Igor F. Herbut (igor herbut@sfu.ca),
Emmanuel Stamou (emmanuel.stamou@tu-dortmund.de),
Michael M. Scherer (scherer@tp3.rub.de).

• Please replace MMS in line 600 by M.M.S. to be consistent with the initials of the
other authors (e.g., M.U. instead of MU in line 604).

[t]

SU(2)A SU(2)B

 2 2

ai 3 –

bj – 3

Sincerely,

[Liu, Huffmann, Chandrasekharan, Kaul ’22, PRL]
[Herbut, Scherer ’22, PRB]






•  couplings are dimensionful          no direct perturbative expansion  

• Continue  analytically to  and expand for small  

• Obtain predictions in the limit           

              Beta functions & anomalous dimensions at two-loops in 

ℒ ≃ ℒfree − gaΨ ( ⃗a ⃗σ) Ψ − gbΨ (b⃗ ⃗σ) Ψ − λa ⃗a2 − λbb⃗2 − λab ⃗ab⃗

d = 2 + 1 :

ℒ d = 4 − ϵ ϵ

ϵ → 1

d = 4 − ϵ

Gross—Neveu—Yukawa (GNY) Theory in d = 4 − ϵ
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RGEs



 

Checks of our  functions?           

• 1-loop results


• (Chiral) Heisenberg subsectors @ 2-loop 

• Independent 2-loop results using ARGES 

ℒ ≃ ℒfree − gaΨ ( ⃗a ⃗σ) Ψ − gbΨ (b⃗ ⃗σ) Ψ − λa ⃗a2 − λbb⃗2 − λab ⃗ab⃗

β

Gross—Neveu—Yukawa (GNY) Theory in d = 4 − ϵ
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[Zerf, Mihaila, Marquard, Herbut, Scherer ’17, PRD]

✓ 
✓ 

[Litim, Steudtner '21, Comp. Phys. Comm.]✓ 

[Herbut, Scherer ’22, PRB], [Liu, Huffmann, Chandrasekharan, Kaul ’22, PRL]



Finally: 
Fixed-Point Analysis @ 2-loops for QMC model 



•  theory has Wilson—Fisher FPs in the IR — UV: trivial Gaussian FP


• Linearize  functions around FP            stability matrix S       





• Eigenvalues determine stability


d = 4 − ϵ

β gc

β(g) = S(g − gc) + 𝒪((g − gc)2)

Fixed-Point Analysis @ 2-loop
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g

β(g) =
dg

d log μ

Stable IR WF FPGaussian UV FP

gc

Is it real-valued?

Critical behavior



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop
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[MU, Herbut, Stamou, Scherer ’23, PRB]

βg2 = − ϵg2 +
1

16π2
g4(5 + Nf) +

1
(16π2)2

g2 [g4 (−6Nf −
49
8 ) − g2 (5λ + 9λc) +

5
2

λ2 +
3
2

λ2
c ]

βλ = − ϵλ +
1

16π2 [−Nf g4 + 2Nf g2λ + 11λ2 + 3λ2
c ]

+
1

(16π2)2 [8Nf g6 + Nf g4 (3λc −
9
2

λ) − Nf g2 (11λ2 + 3λ2
c ) − 3 (23λ3 + 5λλ2

c + 4λ3
c )]

βλc
= − ϵλc +

1
16π2 [−3Nf g4 + 2Nf g2λc + 2λc(5λ + 2λc)]

+
1

(16π2)2 [16Nf g6 + Nf g4 (5λ −
5
2

λc) − 2Nf g2λc(5λ + 2λc) − λc(5λ + λc)(5λ + 11λc)]



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop
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Numerically search for FPs 


• 1-loop: no stable FP — FP Annihilation at 


     N>
c ≈ 16.83
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stable FP @ 1-loopstable FP @ 2-loop (red)
Extrapolations to 3d  
from small ϵ

[MU, Herbut, Stamou, Scherer ’23, PRB] @ FP: mOPs = 0



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop

16

0 0.25 0.5 0.75 1
≤

0.01

0.1

1
2

10

50

N
f

stable FP N7
c (≤)

   

 

 

stable FP @ 1-loopstable FP @ 2-loop (red)
Extrapolations to 3d  
from small ϵ

[MU, Herbut, Stamou, Scherer ’23, PRB]

a#rac&ve FP  
→ cri&cal behavior!

no FP   
→ no true cri&cal behavior!

∈ ℝ

βg(N)

g

N > Nc
N = Nc
N < Nc

Numerically search for FPs 


• 1-loop: no stable FP — FP Annihilation at 


     N>
c ≈ 16.83

Fig: [Song, Zhao, Janssen, Scherer, Meng ’23]

@ FP: mOPs = 0



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop
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Numerically search for FPs 


• 2-loop: no stable FP — FP Annihilation at 


     


          how to explain QMC data?

N>
c ≈ 16.83 − 7.14ϵ

[MU, Herbut, Stamou, Scherer ’23, PRB]
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@ FP: mOPs = 0



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop
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a#rac&ve FP  
→ cri&cal behavior!

no FP   
→ no true cri&cal behavior!

∈ ℝ

βg(N)

g

N > Nc
N = Nc
N < Nc

How to possibly explain QMC data? 

• For : complex FPs


• Close to  slowly walking RG flow


• Corr. length  large but finite

Nf < Nc

Nc :

ξ

Fig: [Song, Zhao, Janssen, Scherer, Meng ’23]



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop
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a#rac&ve FP  
→ cri&cal behavior!

no FP   
→ no true cri&cal behavior!

∈ ℝ

βg(N)

g

N > Nc
N = Nc
N < Nc

How to possibly explain QMC data? 

• For : complex FPs


• Close to  slowly walking RG flow


• Corr. length  large but finite


• Higher orders suppress  

 Stable FP restored 

Nf < Nc

Nc :

ξ

Nc to Nf = 2

Fig: [Song, Zhao, Janssen, Scherer, Meng ’23]



• Study model corresponding to quantum Monte Carlo:  ga = gb, λa = λb, Nf = 2

Fixed-Point Analysis @ 2-loop
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How to possibly explain QMC data? 

• For : complex FPs


• Close to  slowly walking RG flow


• Corr. length  large but finite


• Drifting critical exponents 

 Weak First-Order Transition


Nf < Nc

Nc :

ξ

Challenging to confirm with QMC

cri&cal scaling

N ↗ Nc

log of RG scale

RG
 c

ou
pl

in
g

pseudo-cri&cal 
walking

Fig: [Song, Zhao, Janssen, Scherer, Meng ’23]

[Kaplan, Lee, Son, Stephanov '09, PRD]



• Dirac theory emerges in Dirac Materials like graphene


• Criticality: Dynamic fermion mass generation through SSB


• Independent benchmark of QMC / many-body methods   


• RG @ 2-loop in : No stable FP            QMC-observed Criticality lost? 

• FP restored at loop orders > 2 ?


• Pseudo-Critical Behavior/Walking ? 

d = 4 − ϵ

Conclusion & Outlook
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gc

m, ⟨Φ⟩ = 0 m, ⟨Φ⟩ ≠ 0
g[Kaplan, Lee, Son '09, PRD]

A

B

[Liu, Huffmann, Chandrasekharan, Kaul ’22, PRL]

[MU, Herbut, Stamou, Scherer ’23, PRB]


