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ü We had a lot of related talks …

ü Will not discuss EW physics (see talk by Fulvio Piccinini)

ü This talk is about trying to guess what QCD may look like at FCCee

ü … we can start by looking at the LHC today and extrapolate

ü The situation at present is pretty amazing: we have many, more-precise calculations for a 
more complicated machine (LHC) than for e+e-!

ü A brief LHC status: 

ü Fully differential NNLO for 2->2 and 2->3. 
ü N3LO already exists for 2->1 processes. 

 On a 10-year timescale we can expect N3LO calculations for the LHC, produced at scale

ü These developments directly translate to e+e- : 

ü There are not as many e+e- implementations currently simply because there is no pressing 
need for them.
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ü The bottleneck at the LHC currently, and for the foreseeable future, is the calculation of 
multiloop amplitudes (translates directly to e+e-). 

ü Progress in multiloop amplitudes

ü Definition of the set of functions needed to describe such processes

ü Example 1: the description of massless 2->3 processes at NNLO required a new set of 
functions, the pentagon functions

ü They evolved in a set which is fully useable for practical calculations

ü Approach currently being generalized up to V+4j at 2 loops
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ü Example 2: Elliptic functions

ü These appear in multiscale problems

ü first such collider example was the NLO tt total inclusive cross-section). 

ü These functions need to be systematized in order to have efficient algebra. Tremendous 
work ongoing.

ü Computing amplitudes will become particularly tricky for multiscale processes (like different 
masses)

ü Likely only fully numeric calculations are feasible. But this is OK: for example, 
tt@LHC@2 loops is known numerically and not yet fully analytically.

ü Finally, even one-loop amplitudes for N3LO calculation will require additional improvements
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Figure 4: Cut forward Feynman integrals whose differential equations introduce a priori unex-
pected singularities at the listed points. Thick lines are massive, whereas thin are massless. Dashed
lines represent cuts (cut lines are on-shell). Notice the crossed momentum flow in the b), c) and d)
cases.

Interestingly, the seemingly simplest graphs in our problem have the singularity that is hardest
to explain. The singularity of Fig. 4 c) at s = m2 does not correspond to any leading singularity
in the sense of Landau equations. If we kept the external momenta as free, then there would be
three master integrals for this topology and mass distribution. Their differential equations do not
have more singularities than those of the one-loop graph without the massless internal line. It is
only when we reach the forward direction that the three integrals collapse to one and generate the
aforementioned singularity in the process. Fortunately, Fig. 4 c) and d) are linked. In fact going
from one to the other while forgetting the cut, can be done by the change s ↔ t. Since in the
forward direction t =−s, the singularity at s= m2 of c) implies a singularity of d) at s=−m2.

A closer examination of the final result for the gg cross section Eq. (12) shows that all four
singular points described above are present in the final result in some form or another. Indeed,
Figs. 4 a), b), c) and d) correspond to F4, F3, F1 and F2 respectively. Whereas s = −16m2 for F4
and s = −m2 for F2 are usual branch points of logarithmic type, s = −4m2 is only a square root
type branch point of F3, and s = m2 is not a branch point of F1 at all. This is exactly the opposite
of what would happen if we had to do with an amplitude, because there, all points in the Euclidean
region would have to be regular.

As a final remark we would like to stress that while at next-to-leading order these additional
singularities are only present in the gluon-gluon channel, we anticipate that they will be present
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ü What can we conclude from the discussion up to here? 

By the time FCCee becomes operational many/most e+e- processes 
will have NNLO or N3LO precision

ü One should expect fully differential calculations, not just inclusive observables

ü This will be a huge progress relative to where we are today for e+e-
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Overview of e+e- processes and their current status
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ü A major aim and potential major achievement for the FCCee

ü A threshold scan allows a very precise measurement of the top quark mass, width and even its 
mass scheme. 

ü Theory known at N3LO in QCD
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Mass scheme issues
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• Pole mass cannot be determined with an accuracy better than O(⇤QCD) [MB, Braun, 1994;
Bigi et al., 1994].
Pole mass renormalon seads to spurious shifts in the peak position of the t̄t cross section
[MB, 1998]

• Solution (“Kill two birds with one stone”): intermediate mass definition mPS, which can
be related precisely to the MS mass (! top Yukawa coupling) AND avoids large,
spurious corrections to the cross section.
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Mass scheme issues

• Potential-subtracted mass [MB, 1998]
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Conversion precision ⇡ 20 MeV.
Cancellation of large perturbative
contributions from the IR.

In the following use
mt,PS(20 GeV) = 171.5 GeV.
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NNNLO QCD result

[MB, Kiyo, Marquard, Penin, Piclum, Steinhauser, 1506.06864]
Photon exchange and Z-vector coupling only.
mt,PS(20 GeV) = 171.5 GeV, �t = 1.33 GeV, ↵s(mZ) = 0.1185 ± 0.006, sin2 ✓W = 0.23,
µ = (50 . . . 80 . . . 350) GeV, µw = 350 GeV.

Position shift: 310 MeV (LO to NLO) 150 MeV (to NNLO) 64 MeV (to NNNLO)
Improvement of factor 3 in uncertainty in peak height.

M. Beneke (TU München) CERN, 08 June 2022 11 / 25
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ü Top Yukawa can also be constrained indirectly (albeit weakly).

ü Sensitivity to the top Yukawa coupling

ü And NNLO EW corrections (EW+QED+non-resonant):
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Sensitivity to yt and ↵s

• Add

�L = �
cNP
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to the SM Lagrangian
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Treat top mass and Yukawa coupling as
independent parameters.

• Caveat: In the framework of SMEFT
there are many more and possibly more
important anomalous coupling effects.
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NNNLO (QCD+Higgs) + NNLO (EW+QED+non-resonant)

[MB, Maier, Piclum, Rauh, 2015; MB, Maier, Rauh, Ruiz-Femenia, 1710.10429]
Inclusive e+e� ! W+W�bb̄ cross section
mt,PS(20 GeV) = 171.5 GeV, �t = 1.33 GeV, ↵s(mZ) = 0.1185 ± 0.006, sin2 ✓W = 0.2229,
µ = (50 . . . 80 . . . 350) GeV, µw = 350 GeV.
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Top quark pair production

Nice connection to the talk by Gauthier Durieux
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ü Further prospects for ttbar at threshold:

ü A main remaining uncertainty is ISR

ü Going beyond N3LO will likely require a multi-decade effort…

ü Continuum top pair production

ü Essentially available only at NLO via MadGraph5 aMC@NLO, Whizard, …

ü No reason not to have full NNLO at present

ü Note: the state of continuum b and c production is similar. 

ü Single inclusive production at high pT is known at NNLO (will revisit later in this talk)
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ü 3-jet production at the LHC is known at NNLO (in full color)

ü 3-jet is also known for e+e- at NNLO

ü 4-jet at NNLO is doable (integrals were just derived for the LHC)

ü Studies of jet substructure, jet algorithms, including flavor, has advanced tremendously during 
the lifetime of the LHC.

ü Ultimately, N3LO for 3 jet production at e+e- will likely be possible within a decade or so.
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Jet production and alpha_s
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Figure 10: Comparison of the values of Us (&) determined from fits to the TEEC functions with the QCD prediction
using the world average as input (hatched band) and the value obtained from the global fit (solid band). Results from
previous analyses, both from ATLAS and from other experiments, are also included, showing an excellent agreement
with the current measurements and with the world average. The value of & for the TEEC 13 TeV points is chosen as
half of the average of �̂T in each �T2 bin.
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half of the average of �̂T in each �T2 bin.
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ü Measurements of the strong coupling 
constant at e+e- will offer exciting possibilities 

ü A remark: FCCee will only give us access to 
alpha_s at scales ~MZ. This is unlike the LHC 
where the running of alpha_s has already 
been probed to 2 TeV or so with full NNLO 
precision.

ATLAS arXiv:2301.09351

Gehrmann-De Ridder, Gehrmann, Glover, Heinrich ‘07
Weinzierl ‘08
Del Duca, Duhr, Kardos, Somogyi, Szor, Trocsanyi, Tulipant ‘16

reviewed in talk by Stefan Kluth
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we can learn from at future e+e- colliders
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ü Precision remeasurement of SM parameters and processes is going to be essential for the 
future precision program we all hope for.

ü It is just like building a house: it can be only as good as the foundation it sits on.

ü Zoltan Ligeti gave an exhaustive introduction to this. Let me just add couple of more 
examples:

ü B and D fragmentation measurements from LEP are rather limited. 
ü Only a mixture of B mesons available
ü Only a single D meson measurement available
ü Quality of available data is currently a major limiting factor on heavy flavor production

ü Another potential great benefit: measurements at different c.m. energies

ü Measurements at higher energies (240GeV, 365 GeV) will be the first time we have high 
precision high-energy data to test precision DGLAP evolution for heavy flavors.

ü B fragmentation is currently restricted to x>0.1 ~mZ/(2mB). Higher c.m. energies will 
allow access to fragmentation measurements with x<0.1.

ü And a bigger lesson: acquiring confidence in treating small mass effects in unrelated 
processes (including muon colliders, how to properly treat the muon or electron mass – 
even in QED context, etc.).
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ü Identified heavy flavor production (fragmentation) is among the basic processes QCD offers 
and has been measured at many colliders. 

ü e+e- the gold standard for such measurements (due to lack of pdf, clean environment and 
ease of directly relating the observable to the fragmentation function)

ü Open B and D production have so far (in the last almost 30 years) been treated in FONLL 
(NLO+NLL).

ü It has been a great success and a major step forward; its main limitation is a significant NLO 
scale uncertainty.

ü NNLO calculations expected to improve this. Indeed, the Tevatron B-production anomaly 
completely disappears at NNLO 
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Small mass effects

Tevatron fiducial x-section for 
bb at quark level

Could also be inferred from

PRELIMINARY

Catani(a), Devoto, Grazzini, Kallweit, Mazzitelli ‘20

Czakon, Generet et al, to appear
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ü Full NNLO +resummation prediction for B mesons and their decays
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Small mass effects

PRELIMINARYPRELIMINARY

ü At future e+e- machine we should expect this observable to be known to N3LO. 

ü Uncertainties dominated by measurements of input parameters and treatment of mass effects.

Czakon, Generet et al, to appear
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ü Example: fitting LEP data is not trivial
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Small mass effects

arXiv:2210.06078
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ü A very legitimate question:

ü How do you make the above results available?

ü If I need a new prediction, where can I get it?

ü There are just two options:

• If there is a public code one can use it to compute what one needs

Ø Problem 1: serious/huge CPU expense

Ø Problem 2: is the user using the code correctly?

• No public code: ask the authors. Hope they are free and have spare CPU to use…

ü Can one bypass all of these problems at once?

YES! 

ü The answer can be found here:

   https://www.precision.hep.phy.cam.ac.uk/hightea/ 
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ü Dedicated website
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https://www.precision.hep.phy.cam.ac.uk/hightea/ 

Czakon, Kassabov, Mitov, Poncelet, Popescu 2023

https://www.precision.hep.phy.cam.ac.uk/hightea/


Precision QCD and FCC_ee                                                      Alexander Mitov                                Corfu, 25 Apr 2024

ü What is HighTEA? A library of precomputed events + all the required infrastructure. 

ü No specialized knowledge needed to fully use it

ü It allows the user to compute any infrared safe n-dimensional differential distribution in 
any process which has already been added to the library 

ü The output of a HighTEA computation is a histogram, and the input is the histogram’s 
specification. 

ü Users can define their own kinematic variables and scales.

ü No need for major computing infrastructure (typically, a large cluster). Example: A quick 
calculation takes 50k CPUh; the most demanding ones – over 10M CPUh.

ü Predictions derived from HighTEA are very fast (~minutes). 

ü All one needs is a computer (or a smart phone) and a free Google account.

ü HighTEA’s limitations

ü Only processes already included can be computed

ü Fixed statistics: fine bins will result in large MC uncertainty (estimate always provided)

ü Fixed parameters like LHC energy and particle masses.
19
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ü HighTEA’s logic:

ü Next:

ü A webform (restricted functionality): https://www.hep.phy.cam.ac.uk/hightea/webform/

ü Our Library implemented in Jupyter notebooks on Google Colab. Has full functionality. 
One needs a device and a free Google account 
https://colab.research.google.com/github/HighteaCollaboration/hightea-
examples/blob/master/Start.ipynb 
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Figure 1. High-level structure of HighTEA. Shown are library’s main components together with
the three access methods. The vertical dashed line delineates the separation of public and private
components.

• Front end: directly accessible by the user. It allows the user to submit requests and

to receive and visualize results.

3.1 Server

We expect this section to be of limited interest and will provide a brief overview only. The

server side consists of the databases for all precomputed processes as well as various software

facilities that enable the analysis of these databases and the transfer of results and/or requests

to/from the user interface. The sizes of the various databases vary greatly from process to

process and can be between hundreds of GBytes to many TBytes. For ease of storage, analysis

and server memory management, each dataset is split into a number of compressed files of

approximately equal size. A typical analysis can take between seconds and an hour, depending

on the size of the database and how extensive the requested analysis is. The bulk of the time

is spent not on reading the database but on the various mathematical operations needed to

recompute scales and especially pdf sets. In fact, re-computations with di↵erent pdf sets tend

to be the slowest part of any computation. The time is proportional to the number of pdf

members used. For this reason we recommend the use of Specialized Minimal pdf (SMPDF)

sets [45] whenever pdf variation is required and when such a set is available.

The CPU and memory consumption for such an analysis can also be significant but are

within the capabilities of a standard 1 server.

The software on the server side also deals with the queuing of requests and the storing

of the final results. We have implemented a solution where all requests and results are stored

long-term and can be retrieved by the user with the help of a token they are provided with

when their request is submitted. For this reason, the user may disconnect once a job request

is submitted and can retrieve the job at a later time.

3.2 Front end

The user interface o↵ers three possible methods of accessing the database of HighTEA, see

fig. 1. These methods are designed with di↵erent types of users in mind:

1Currently, we are using a DELL PowerEdge R620 (2 x 8-core Xeon E5-2650v2) server with 64GB memory.

– 6 –

https://www.hep.phy.cam.ac.uk/hightea/webform/
https://colab.research.google.com/github/HighteaCollaboration/hightea-examples/blob/master/Start.ipynb
https://colab.research.google.com/github/HighteaCollaboration/hightea-examples/blob/master/Start.ipynb


Conclusions

Precision QCD and FCC_ee                                                      Alexander Mitov                                Corfu, 25 Apr 2024
21



Precision QCD and FCC_ee                                                      Alexander Mitov                                Corfu, 25 Apr 2024

ü Steady progress on NNLO and already N3LO calculations for the LHC

ü Future FCCee program will benefit from these developments

ü Expect fully differential NNLO and N3LO to be the standard for FCCee

ü We need FCCee, among others, for (much) more precise measurements of basic SM 
parameters and processes. 

ü This will be critical for the success of the future precision program.
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