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• searches for new physics 
• direct searches — ’bump in the spectrum’ 
• indirect searches —  SM provides relations between processes; 

we can therefore use experiment + theory to over-constrain SM 

Testing the Standard Model

We will now look at Lattice QCD’s role in indirect searches
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SM theory

• Weak gauge bosons so heavy that we can replace them by 
point-interaction described by an Effective Hamiltonian   
(conveniently we thereby get rid of a very high energy scale)

HW

Theory can be hard:

But SM helps us a bit:

• all three sectors of SM contribute
• accuracy important

Theory predictions require computations in  
weak eff. theory, QCD and QED
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Status with “good control” — FLAG

quark masses

kaon decay

low-energy constants

kaon mixing

nucleon matrix elements

-meson decayD(s)

-meson decayB(s)

-mixingB(s)

strong-coupling constant

|Vud | , |Vus | , |Vub | , |Vcd | , |Vcs | , |Vcb |

 SL decaysD(s)

 SL decaysB(s,c)

 SL decaysΛb

1st, 2nd row CKM ME 

FLAG 21 2111.09849
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https://inspirehep.net/literature/1971260


What to do if precision too high?
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pure QCD calculations
(plot based on FLAG 21)

Current accuracy on some 
quantities
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Γ(Pℓ2) = Γtree
P (1 + δRP)

QCD+QED+strong isospin breaking
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quantities: , hadron spectra (e.g. ), decay constants

theoretically challenging: formulations: , , , , , … 

(g − 2)μ Mn − Mp
QEDTL QEDL QEDm QEDC* QED∞

Decay constant:
see M. Di Carlo’s Lattice 23 plenary [arXiv:2401.07666]

other quantities:

virtual photon emission 
[Frezzotti et al. PRD 108 (2023)  
and arXiv:2403.05404]

semileptonic decay 
[Christ et al., arXiv:2402.08915]

[Duncan, Eichten, Thacker, PRL 76 (1996)], [Hayakawa, Uni PTP 120 (2008)]

[Endres et al., PRL 117 (2016)], [Lucini et al. JHEP 02 (2016)] 
[Feng et al. PRD 100 (2019), PRD 108 (2023)]

[Boyle et al. JHEP 02 (2023) 242]

[Di Carlo et al. PRD 100 (2019) 034514]

[Cirigliano et al. Phys. Lett. B 700 (2011) 7]



Leaving precision behind for a moment

8
two examples for new directions



higher-order electro-weak ME
⟨f |T{𝒪EW,2 𝒪EW,1} | i⟩
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Exploration

•  [RBC/UKQCD, e.g PRD 107 (2023) 1, L011503] 
•  [RBC/UKQCD, e.g. PRD 100 (2019) 11, 114506] 
•  [Frezzotti et al. arXiv:2402.03262]

• …

K → πℓ+ℓ−

K → πνν̄
B → μ+μ−γ

Ac
µ(q

2) =

Z
d
4
xh⇡c(p)|T [Jµ(0)HW (x)] |Kc(k)i

complications arise when considering the amplitude 
in Euclidean space …

A
c
µ(Ta, Tb, q

2) =

1Z

0

dE
⇢(E)

2E

h⇡c(p)|Jµ(0)|E,kihE,k|HW (0)|Kc(k)i
EK(k)� E

⇣
1� e

(EK(k)�E)Ta

⌘

+

1Z

0

dE
⇢S(E)

2E

h⇡c(p)|HW (0)|E,pihE,p|Jµ(0)|Kc(k)i
E � E⇡(p)

⇣
1� e

�(E�E⇡(k))Tb

⌘

requires complex control of

• divergent terms, 

• on-shell intermediate states

• renormalisation

• …

Expression in Euclidean space:

Minkowski-space amplitude:

technically extremely challenging but we 
are learning how to do these 

calculations, and there is more to come!

[Isidori et al. PLB 633 (2006) 75-83]



unstable final sates
⟨f1f2 |𝒪EW,1 | i⟩
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e.g.:

•  
•

B → ρℓν̄ℓ → ππℓν̄ℓ
B → K*ℓ+ℓ− → Kπℓ+ℓ−

e.g. [Bonn group, NPB 910 (2016) 387-409]

[Leskovec et al. CKM 2023 arXiv:2403.19543]

go beyond the narrow-
width approximation,


take rescattering of final 
states into account

⟨ f1 f2(P, ℓ) |Jμ |B(p)⟩ = ∑
i

Kμ
i Fi(E*, q2)

T(E*)
kℓ

 two-hadron energy in CMF

 Lorentz decomposition


 scattering amplitude

E*
Kμ

i
T [Lachini et al. arXiv:2211.16601]

unphysical QCD parameters

  scattering  phase shift with physical QCD 
parameters now possible and important 
stepping stone towards full computation

Kπ

comprehensive lattice predictions for 
 and  

are coming within reach
B → ρℓνℓ B → K*ℓ+ℓ−



Returning to precision
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Coming back to precision

new exp. data, new theory data
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… a long-standing puzzle
 
A) Exclusive decay :

• new quality of experimental data

• new quality of lattice data


 new and improved analysis techniques


B) Inclusive decay :

• existing determinations OPE based

• new ideas allow for lattice computations


 discuss new ideas and preliminary results 

B → D*ℓν̄ℓ

→

B → Xcℓν̄ℓ

→

See also Paolo’s talk!



Part I: 
QFT constraints for exclusive 
semileptonic meson decays

based on work in collaboration with 

• Jonathan Flynn (Southampton) and Tobi Tsang (CERN) [JHEP 12 (2023) 175] 
• Marzia Bordone (CERN), in preparation
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https://arxiv.org/abs/2303.11285
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New lattice data  
• four form factors  

 




• first time that lattice data covers kinematical range

• three different and independent collaborations

• just in time for new experimental data ...

f, ℱ1, ℱ2, g

w =
M2

B + M2
D* − q2

2MBMD*
qμ = (pB − pD*)μ

New lattice data — B → D*ℓν̄ℓ

https://arxiv.org/abs/2306.05657
https://inspirehep.net/literature/2649580
https://arxiv.org/abs/2105.14019
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New experimental data  
• four (normalised) differential decay rates in channels 

 



• between 7 and 10 bins per 

• data available on HEPData

• two experimental collaborations

• just in time for new lattice data  …

α = w, cos θℓ, cos θv, χ

α

New experimental data — B → D*ℓν̄ℓ
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How to best analyse this new quality of data  
as part of a precision test of the SM?

Belle  Phys.Rev.D 108 (2023) 1, 012002
Belle II Phys.Rev.D 108 (2023) 9, 9

https://www.hepdata.net
https://inspirehep.net/literature/2624324
https://arxiv.org/abs/2310.01170


Bayesian fit: • fit including higher order  expansion meaningful

• unitarity regulates and controls higher-order coefficients [Flynn, AJ, Tsang JHEP 12 (2023) 175]

• well-defined meaning of unitarity constraint

z

Form-factor parameterisation
fX(q2

i ) =
1

BX(q2
i )ϕX(q2

i , t0)

KX−1

∑
n=0

aX,nz(q2
i )n

Determine all  from finite set of theory dataaX,n

Frequentist fit: •   
 in practice truncation  at low order


• induced systematic difficult to estimate

• meaning of Frequentist with unitarity constraint?

Ndof = Ndata − KX ≥ 1
→ K

|aX |2 ≤ 1
[Boyd, Grinstein, Lebed, PRL 74 (1995)]

Recommendation: Combined Frequentist + Bayesian perspective

unitarity constraint:
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Also have a look: Dispersive-matrix method, Di Carlo et al. PRD 2021

[Okubo, PRD 3, 2807 (1971), PRD 4, 725 (1971)]

[Okubo, Shih, PRD 4, 2020 (1971)]

[Boyd, Grinstein, Lebed, PLB 353, 306 (1995), 
        NPB461, 493 (1996).  PRD 56, 6895 (1997)]

https://arxiv.org/abs/2303.11285
http://arxiv.org/abs/hep-ph/9412324
https://arxiv.org/abs/2105.02497
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Strategy A: Fit to lattice data
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Frequentist fit

• good fit quality

• lattice data superficially compatible  

(covariance contains systematic effects…)

• no unitarity constraint

Bayesian inference

• unitarity constraint regulates higher-order 
coefficients


• truncation independent

[Bordone, AJ in preparation]

PRELIMINARY

PRELIMINARY
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• BGL fit to only lattice data (strategy A) misses experimental points  
for two of the lattice data sets 

• BGL fit to experimental and lattice data of good quality 
 
Frequentist fit quality good 
lat          
lat+exp  

• some BGL coefficients shift between strategy A) and B) by  
up to a few   but precision of lattice data allows for enough  
wiggle room

(p, χ2/Ndof, Ndof) = (0.79,0.75,22)
(p, χ2/Ndof, Ndof) = (0.18,1.15,56)

σ →

JL
Q

C
D

 2
3 

+ 
Be

lle
 II

 2
3

[Bordone, AJ in preparation]

Strategy B: Fit to lattice + exp.data 



Other observables
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[Bordone, AJ in preparation]

• lat: scatter from different lattice collaborations concerning (2-3 ) (see also [Fedele et al. PRD 108, 055037 (2023)])

• lat+exp: lattice consistent, experiments inconsistent

• parameterisation-based observables show high degree of sensitivity

σ

[Isidori, Sumensari, 
 EPJC 80 (2020) 11, 1078]

analysis reveals tensions amongst 
lattice as well as amongst experimental  

data sets

PRELIMINARY

https://inspirehep.net/literature/2662565
https://inspirehep.net/literature/1807472
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 — Strategy A: different lattice input — different |Vcb |
[Bordone, AJ in preparation]

• New AIC-based approach works nicely and reduces bias likely due to 
d’Agostini


• some lattice data however problematic and at odds with expectation

• in particular analysis of angular distributions problematic?

• discard analysis  ?X = cos θv, cos θℓ, χ

PRELIMINARY

|Vcb |α,i = Γexp [ 1
Γ

dΓ
dα ]

(i)

exp
/[ dΓ0

dα
(a)]

(i)

lat

1/2

Γexp =
ℬ(B0 → D*,−ℓ+νℓ)

τ(B0)
,



 — Summary|Vcb |
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[Bordone, AJ in preparation]

• comparison of different lattice and  
experimental input


• by and large good agreement 
(especially if angular bins discarded from AIC)


strategy A) BGL fit to lattice data, then combination  
                   with experiment

strategy B) BGL fit to both lattice and experiment

• We find no noteworthy tensions between 
the results from both strategies 

• This analysis confirms a slight tension 
with inclusive analysesPRELIMINARY

See also analysis within dispersive-matrix method, Martinelli et al. EPJC (2024)

https://inspirehep.net/literature/2706422


Part II: 
QFT constraints for inclusive 
meson decays (on the lattice)

ongoing work in collaboration with 

Alessandro Barone (Soton  Mainz)  
Ahmed Elgazhari (Soton) 
Shoji Hashimoto (KEK) 
Takashi Kaneko (KEK)  
Ryan Kellermann (KEK)  
Hu Zhi (KEK) 

→

22

JHEP 07 (2023) 145

Hansen et al. (2017) PRD 96 094513 (2017)
Hashimoto PTEP 53-56 (2017)
Bailas et al. PTEP 43-50 (2020)
Gambino and Hashimoto PRL 125 32001 (2020)
Barone et al. JHEP 07 (2023) 145

https://arxiv.org/abs/2305.14092
https://arxiv.org/abs/1704.08993
https://arxiv.org/abs/1703.01881
https://arxiv.org/abs/2001.11779
https://arxiv.org/abs/2005.13730
https://arxiv.org/abs/2305.14092


Inclusive SL decay in the SM
dΓ

dq2dq0dEl
=

G2
F |VqQ |2

8π
LμνWμν

hadronic tensor

leptonic tensor

Wμν(pBs
, q) =

1
2EBs

∑
Xc

(2π)3δ(4)(pBs
− q − pXc

)⟨Bs(pBs
) | (J̃μ(q2))† |Xc(pXc

)⟩⟨Xc(pXc
) | J̃ν(q2) |Bs(pBs

)⟩

W(pBs
, q) = − W1gμν + W2νμνν + W3ϵμναβναqβ + W4qμqν + W5(qννμ + qμνν)

We consider the case  :Bs → Xcℓν

from now on  at rest ( )Bs pBs
= 0

23



• integration over lepton energy  
•  is energy of intermediate state 
•  is three-momentum transfer

El →kμν

ω Xc
q

Inclusive SL decay
Γ(Bs → Xclν) =

G2
F |Vcb |2

24π3 ∫
q2

max

0
dq2 q2 ∫

ωmax

ωmin

dω Wμν(ω, q)kμν(ω, q)

X̄(q2)

dΓ
dq2dq0dEl

=
G2

F |Vcb |2

8π
LμνWμν

24

kinematics: 
 ωmin = M2

Ds
+ q2

ωmax = MBs
− q2

q2
max =

(M2
Bs

− M2
Ds

)2

4M2
Bs

kμν(ω, q) = ∑
n

cμν(q)(e−aω)n

Cμν(t, q) = ∫
∞

ωmin

dω Wμν(ω, q) e−ωt
X̄(q) = ∑

k

cμν,k(q)∫ dωWμν(ω, q) e−ωk

= ∑
k

cμν,k(q) Cμν(ak, q)
expansion of leptonic kernel:

lattice computation of 4pt function

Useless in practice due to deteriorating signal-to-noise 
in 4pt function  need to improve→



X̄(q) = ∑
k

c̃μν,k(q)∫ dωWμν(ω, q) T̃k(ω)

= ∑
k,j

c̃μν,k(q) ⟨T̃k⟩μν

⟨T̃k⟩μν =
∑k

j=0 t̃(k)
j Cμν( j + 2t0)

Cμν(2t0)

Chebyshev reconstruction

•  monotonously decreasing with 


• we use  as uniform Bayesian prior (i.e. regulator) 

•  turn out to be nicely behaved — suppression of higher-order terms

Cμν(t) t
|⟨T̃k⟩μν | ≤ 1

c̃μν,k

25

Barata, Fredenhagen, Commun.Math.Phys. 138 (1991) 507-520, Bailas et al. PTEP 43-50 (2020), Gambino and Hashimoto PRL 125 32001 (2020)

Improvement: expand in shifted Chebyshev polynomials T̃(enaω)

https://inspirehep.net/literature/302471
https://arxiv.org/abs/2001.11779
https://arxiv.org/abs/2005.13730


Kernel approximation
Kμν(ω, q; t0) = e2ωt0kμν(ω, q,)θσ(ωmax − ω)
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K

(0
)

00

Kernel a2K(0)
00 (q, !) q2 =0.26 GeV2

CHEB N=9 !0 = 0

CHEB N=9 !0 = 0.9!min

BG N=9 !0 = 0

BG N=9 !0 = 0.9!min

ω0(q) ωmax(q)

• this analysis stage independent of data

• smearing 

• order of approximation   


• we can play with 

σ
N ↔ Cμν(t)

ω0

c̃k = ⟨K, T̃k⟩ = ∫
∞

ω0

dω Kμν(ω, q)T̃k(ω)Ω̃(ω)
K(0)

σ,00(q, ω; t0) = e2ωt0 q2 θσ(ωmax − ω)e.g.
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Exploratory study

• 

• lattice study on  RBC/UKQCD DWF  

ensemble ( ) 

• physical - and -quark masses (RHQ action for ) 

near-physical  (domain-wall)

• implemented in Grid/Hadrons

• run on DiRAC Extreme-scaling service Tursa (A100-40 nodes) 

• 120 gauge configs, 8  noise-source planes

Bs → Xcℓν
243 × 64

Msea
π ≈ 330 MeV

ms mb b
mc

Z2

27

https://github.com/paboyle/Grid
https://github.com/aportelli/Hadrons
https://dirac.ac.uk
https://dirac.ac.uk/resources/#ExtremeScaling


Results for X̄(q)
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variations of analysis techniques largely 
consistent — tension at larger  visibleq2 Integral of  proportional to ;q2 X̄(q2) Γ

28

data opens up opportunities for a number of novel studies!



Contributions from various channels

Approach provides for nice 

laboratory to understand and 

probe contributions to inclusive  
decay from various sources 

Here:  channel appears  
         dominant

AiAi

29



Ground-state contribution?
How big is the ground-state contribution to inclusive decay? (  for )Ds Bs → Xcℓν̄ℓ

Wμν → δ(ω − EDs
)

1
4MBs

EDs

⟨Bs |J†
μ |Ds⟩⟨Ds |Jν |Bs⟩

Compute  matrix elements on the lattice:Bs → Ds

⟨Ds |Vμ |Bs⟩ = f+(q2)(pBs
+ pDs

)μ + f−(q2)(pBs
− pDs

)μ

X̄∥
VV →

MBs

EDs

q2 | f+(q2) |2

Contribution to hadronic tensor:

30



• Results for exclusive channel agree  
for both ways of data analysis 
(standard 3pt vs. Chebychev) 

• clear distinction between ground-state 
and full inclusive determination


31

Ground-state contribution?



Hadronic moments

32

Qn(q2
cut) =

(MB−MD)2

∫
q2

cut

(q2)n dΓ
dq2dq0dEℓ

dq2dq0dEℓ
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Detailed study lattice vs. OPE:

• Lattice data without systematics, i.e. comparison super-preliminary and qualitative 

(one lattice spacing, one volume, unphysical charm mass, …)

• Plots only to convey idea of potential for future detailed studies

• Could allow understanding origin of puzzle (if on theory side)

looks good, maybe a coincidence
still working on this

data points: lattice

curve: OPE

SUPERPRELIMINARY

SUPERPRELIMINARY
[Fael et al. JHEP 02 (2019) 177]

[Barone et al. ongoing]

[Barone, Fael, Jüttner, ongoing]



Summary & Outlook
New precision • FLAG remains the goto-place to get a good impression of where  

LQCD has good control of systematic effects for quantities relevant 
to flavour physics


• sub-percent precision requires new thinking and new developments: 
simulations of QCD+QED+strong IBB

33

New directions

New data

• long-distance effects in EW processes require developing new ideas 
and pushing frontiers — but developments show that challenges can  
be tackled (e.g. rare decays)


•  now being attacked by community

• inclusive decays on the lattice might shed light on incl./excl. puzzle

P → V + leptons

• new quality of experimental and lattice data requires new analysis  
techniques — more data to come in…



Dispersive methods 
Inverse Problems    
Quantum Computing 
Resurgence              
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Compute BGL parameters as expectation values       ⟨g(a)⟩ = 𝒩∫ da g(a) π(a | f, Cf) πa

Bayesian form-factor fit

where probability for parameters given model and data (assume input Gaussian)

πa ∝ θ (1 − |aX |2 )

π(a | f, Cf) ∝ exp (−
1
2

χ2(a, f)) χ2(a, f) = (f − fBGL)TC−1
f (f − fBGL)where

where prior knowledge is only QFT unitarity constraint (flat prior for BGL params):

In practice MC integration: draw samples for  from multivariate normal distribution 
                                               and drop samples not compatible with unitarity

a

Flynn, AJ, Tsang, JHEP 12 (2023) 175

36

https://arxiv.org/abs/2303.11285


|Vcb |α,i = Γexp [ 1
Γ

dΓ
dα ]

(i)

exp
/[ dΓ0

dα
(a)]

(i)

lat

1/2

, where Γexp =
ℬ(B0 → D*,−ℓ+νℓ)

τ(B0)
,

 — Strategy A: Fit to lattice data|Vcb |

• Frequentist fit 

• d’Agostini Bias? [d’Agostini, Nucl.Instrum.Meth.A 346 (1994)]

(p, χ2/Ndof, Ndof) = (0.00,2.82,8)blue:

• Akaike-Information-Criterion analysis [H. Akaike IEEE TAC (19,6,1974)] 

average over all possible fits with at least two data points  
and then weighted average: 
 
 
 
 
 

• result more sensible and bias apparently reduced

red:

w{α,i} = 𝒩−1 exp (−
1
2

(χ2
{α,i} − 2Ndof,{α,i})) 𝒩 = ∑

set∈{α,i}

wset

|Vcb | = ⟨ |Vcb |⟩ ≡ ∑
set∈{α, i}

wset |Vcb |set

[Bordone, AJ in preparation]



Kernel approximation

instead of in  we now expand in shifted Chebyshev polynomials(e−aω)n

X̄(q) ≈ cμν,0(q) Cμν(0,q) + cμν,1(q) Cμν(a, q) + cμν,2(q) Cμν(2a, q) + …

T̃k(ω) : [ω0, ∞] → [−1,1]

Kμν(ω, q) ≈
c̃μν,0

2
+

N

∑
k=1

c̃μν,kT̃k(ω) c̃μν,k = ∫
∞

ω0

dω Kμν(ω, q)T̃k(ω)Ω̃(ω)

T̃k(ω) =
k

∑
j=0

t̃(k)
j e−jaω

Barata, Fredenhagen, Commun.Math.Phys. 138 (1991) 507-520, Bailas et al. PTEP 43-50 (2020), Gambino and Hashimoto PRL 125 32001 (2020)
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