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Why should heavy ion physicists care?

FULLY NON-PERTURBATIVE RESULTS IN FULL QCD ARE VALUEABLE

N

QUALITY CONTROL
IS ESSENTIAL!
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The lattice formulation of QCD

Finite space-time lattice: N3N,

Equilibrium physics: T = Nita %/PW
/( / /';/"4
7-/;/,.;/,.:-/
1. Continuum limit:

| ¥ /%
For fixed temperaturea - 0 < N; - o tt W

(Fixed N,: Lower T = Larger a (coarser)) X

2. Thermodynamic limit:

Size is often measured in units of 1/T
‘e @ QCD in a small box is

Aspect ratio: LT = Ns/Nt physics, a coarse lattice
in a large box is not!

Infinite volume limit: LT — oo
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QCD in the grand canonical ensemble

= P = ! —(H-pupB—usS)/T i i

D=2 = s log Tr(e ) (dimensionless pressure)
BS ottip (A HB/S) . o
PP = — = — eneralized susceptibilities

DERIVATIVES < FLUCTUATIONS/CORRELATIONS:
¥B < (B)Y x ng; x5 < (B?) —(B)?; x5S (BS)—(B)(S)
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The QCD path integral

Z = [ DA, DpDpe Sru=¥MAmiY = [ DA detM(A,,m, 1) e~SrM

Can be simulated with Monte Carlo if detM e ~>YM s real and positive:

- zero chemical potential u = 0
- purely imaginary chemical potential Re(u) =0
- isospin chemical potential u, = —u4

Otherwise: complex action/sign problem
—> desperate times, desperate measures
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Lattice QCD at nonzero baryon density

Analytic continuation (ver. 1): Imaginary chemical potential method

Calculate (O) at Impup (1% < 0), extrapolate to ug > 0

Analytic continuation (ver. 2): Taylor method

Calculate —(0) at ug = 0, extrapolate

Reweighting:

Simulate a different theory, correct the Boltzmann weight in observable

ug > 0 the way we extrapolate is also an important point of quality control

While cut-off and volume effects are important for every lattice result, for A ‘
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The conjectured phase diagram

+ Early universe
L]
s
3
o

Temperature

Baryon density / chemical potential / doping
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The actual phase diagram at small p

The crossover line: T.(ug) = T.(0) (1 — K (

- —a—i This work
- i e — Bazavov:2Z0lE8mes, y, ¥
——i Bonati:2018nut, s, 207"
i Bonati:2018nut, ), 28T
— Bellwied:2015rza, i, x7s. xss
- Bonati:2015bha, v, x..,
Lo 9 W W @ o~ T M~
o o~ N 0 O A A A O
S o 2 © @ o o o g
o < 9 o o o o o
T o o
[ }{,2
feyg

[Wuppertal-Budapest, PRL125 (2020)]: continuum, ng = 0, LT = 4
g > 0 quantities with very good quality control!
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https://inspirehep.net/literature/1779106

The crossover line vs chemical freeze-out (CFO)

200 - . . .
LHC RHJC
150 -‘_‘\0 o Jicy _
C
S 100 o i :
=
= Ve 4,
s Lattice: WB 2020 * D
50 L ®  Freezeout/Andronic ¢ ]
A DS: 1906.11644 NS mergers
¥ FRG: 2101.06035
o L@ BHE:2309.00579 A ¢
0 200 400 600 800 1000
ug [MeV]
Small yg: T(crossover) ~ T(freeze-out) Large p,: T(crossover) > T(freeze-out)

[P. Braun-Munzinger et al, PLB (2004)] [Floerchinger, Wetterich, NPA (2012)]
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https://inspirehep.net/literature/632284
https://inspirehep.net/literature/1088416
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One way: fluctuations

Experiment: tune to criticality Lattice/Taylor: try to see it from far away

Xn = (6";3)
"N
dfip 1g=0

To as large n as possible...

To hopefully see a divergence...

2nd order known since 2012
4th order known since 2015
6th order: now

Picture from Wikipedia
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https://en.wikipedia.org/wiki/Critical_opalescence

s this even possible?

A case study: pion condensation [\Wuppertal-Budapest, 2308.06105]
- Instead of ug, introduce y; (prefers m* over ™)
- Second order transition at low T and p; = m; /2 =~ 70MeV|son, Stephanoy, PRL (2001)] [Brandt, Endrgdi, PRD (2

0. |8 T T T T T zm L] ‘ T T T T T
14th order Taylor —— § i
12th order Taylor % ¥ 180
0.16 | 10th order Taylor F 60 b -
8th order Taylor = F
6th order Taylor F 140 } §
0.14 | 4th order Taylor e~ £ =
- E’ 120 | 4
;— 0.2 } '.f, 100 | .
- M, = 140 MeV = 80 . t [ 1
o
01} 12%x8 lattice, T=130 MeV 60 | I ]
10}
0.08 | ol |
® 8 a8 i
0 % i . " E " 0 i i n i I i n
. - . -
0 20 10 60 %0 100 S

U=p, =~y [MeV] Tavlor order

Eventually finds the correct value. 6t order gives 170MeV > 70MeV
No high orders in ug: analysis of the radius of convergence from Taylor data is premature
Warning: the ratio estimator is not always applicable [Giordano & Pasztor, PRD99(2019)]
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https://inspirehep.net/literature/2687393
https://inspirehep.net/literature/527756
https://inspirehep.net/literature/1644793
https://inspirehep.net/literature/1727935

The HRG as a non-critical baseline

Hadron resonance gas (HRG) model
free

Pocp =~ 2H Py

sum over stable hadrons and resonances

heavy ion phenomenology uses the HRG as a non-critical baseline
(non-trivial: see, e.g., [Braun-Munzinger et al, NPA1008(2021)])

in lattice QCD: can use grand canonical ensemble

minimum goal: establish deviations from HRG (with good quality control!)

WHAT ARE THE CORRECTIONS TO THE HRG? ARE THEY LARGE?
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https://inspirehep.net/literature/1805272

Corrections to the HRG

P(T, up, pus) = Py (T) + -+ Pfy (T)cosh(fip) + P (T) cosh(fip —fs) + -+ + Payy (T) cosh(2fdg) + -

Xf(T' Up, Us) = PfoS(T)Sinh(ﬁB) + P1B1S(T) sinh(fip —fis) + -+ ZPZBOS (T) sinh(2fip) + -+

X5 (T, up, us) = P (T) cosh(fg) + P (T)cosh(fip —fis) + -+ + 4P3g (T)cosh(2ig) + -

\ \ \ \

Higher order = larger beyond HRG corr.

0.0005 I I I I %Orr}“}),j;fr% E_I 0.0005 I I I I I |

S-matrix formalism o o B— 1 e !
[Dashen et al, PR187 (1969)] = —0.000 [ S 00005 |
Repulsive interactions = negative sector "' ~0.001 |
Attractive interactions = positive sector .k | | 0.0005 |
B=2,3 etc. are exp. suppressed at low T [ ~————— | =

&;—0.0005 R ?’:I_—ﬂlooos -
Lattice data vs HRG + repulsion models: —oonf o O o001 L - —
[Huovinen, Petreczky PLB777 (2017)] 1!15 150 | 1515 1(;0 145 150 | 155 | 16(
[Vovchenko, Pdsztor et al, PLB 775 (2017)] [Wuppertal-Budapest, PRD104(2021)]
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https://inspirehep.net/literature/1846540
https://inspirehep.net/literature/57469
[Huovinen, Petreczky PLB777 (
https://inspirehep.net/literature/1615214
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[Wuppertal-Budapest, JHEP (2018)] (LT=4, N,=12) [HotQCD, PRD105 (2022)] (LT=4, N,=6,8,(12))
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https://inspirehep.net/literature/1672799
https://inspirehep.net/literature/2034646

6th order: zoom in to see discrepancies

From imaginary chemical potential From zero chemical potential (Taylor)
! ! ! ! 0.25 I T |
0.05 _/Y]/T:{ 7 02 - )((Ea5 Spline :Ny=8 mm |
Ny =8 HEH
1 i 0.15 12 KA

0.00

11 0.1
X6 _0s] 1[ IiIII

0
_o0.10k [ 1 005

-0.1
—0.15 | | | | ] -0.15 T [MeV]
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T/MeV

[Wuppertal-Budapest, JHEP (2018)] (LT=4, N,=12) [HotQCD, PRD105 (2022)] (LT=4, N,=8,(12))

QMHRG2020 — |

- N;=12 (left, WB) agrees with the HRG (value, slope) better than N,=8 (right, HotQCD) at low T
- At T=145-155MeV: N,=12>0 and N,=8<0

Attila Pasztor LATTICE QCD OVERVIEW, QUARK MATTER 2023


https://inspirehep.net/literature/1672799
https://inspirehep.net/literature/2034646

6th order order: new dataset

010 | ~B ' b New dataset:

X6 Taylor, LT=2, continuum (new discretization)
0.05 i

*m } Lower T: cut-off effects dominate
0.00 — Smaller T means larger a for fixed N;
} { { } { 5 points at least 16 below: (1_0'68)5 ~ 107*
-0.05 | { - P '
-0.10 } { . Higher T: finite volume effects dominate
LT=2 continuum { T. depends on L
-0.15 | HISQ 32°x8 i
3
T furasnaz T [MeV] T>145MeV: HRG # LATTICE

—— HRG
| ! ! . . | |

-0.20 : =
130 140 150 160 170 180 190 200 T<145:\\:|v?tvl'l.i::?rorls-¢.rnc'£

No sign of a CEP in the Taylor coefficients up to 6t order

[D. Pesznydak, Tuesday]
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Chiral criticality and the equation of state

Smaller-than-physical quark mass @ ur = 0

700 . :
M J/m| m_[MeV]
600 r 20 | 160 ~=-
27 | 140 o~
00 [ Nes 40 [110 ~o-
400 + 80| 80 r&—
160 | 55 o
300 r R

m
200 r o

----"'@'—_‘%"—El---@_ &
100 L __.‘e-f - ® O
'.___'._-._--g-—E"" - T [MeV]

130 135 140 145 150 155 160 165 170 175 180

0

Plot from [HotQCD, PRL123 (2019)]
See also [Kotov, Lombardo, Trunin, PLB823 (2021)]:
scaling for heavier-than-physical quark masses
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https://inspirehep.net/literature/1724780
https://inspirehep.net/literature/1864369

Chiral criticality and the equation of state

T and up dependence with physical masses
- Empirically: approximate scaling variable T (1 + k,[i3)
=> transition not sharpening for small i

Hg = —— i =
i - i = —inT/8 -
0.3 i EB_:EIﬁg _==23 -3 0.3 ﬁ =:§EE§ -‘._t_..‘ﬂ.-‘-‘-‘
0.25 —l—o—|ﬁ ZianT/8 _=f:::-*"-— 0.25 | ﬂ ~ i anT/8 f"’“’ .
pg=i52T/8 = %, — pug=i5nT/8 &
E 0.2 | i g =1i6xT/8 - . i e 02 | }J.B-ISJ:T;‘E‘.‘;' .
£ - ¥. - :}_n
@ 0.15 | -, i o~ 015 | )
= - - - > 'f‘
=01 F £, . . =01} -~ T rescaled using x=0.0205 .
P, - T
005 =>*"&" - 0.05 |~ _
$1ie" -
0 |+ o o U. I o o o o o o .
140 160 180 200 220 240 140 160 180 200 220 240
T [MeV] T (14x (ug/M?) [MeV]

[Wuppertal-Budapest, PRL126 (2021)]

| strongly suspect that the mechanism behind this collapse is chiral scaling.
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https://inspirehep.net/literature/1846542

O(4) scaling and collapse plots at pz>0

Observation: x? /({iz) collapses as a function of T(1 + kfiz*) but x5 does not

Why? One possibility: scaling near the chiral limit (Kadanoff scaling ansatz)

_ h
Pocp (T, ug, m) — Pqocp (0,0,m)~ fsing(h, t) ~ t?=F (tﬁT8)
where h ~mand t ~T — T, (1 — K i)

1 0
=2 fiing = (2 = F (55) (2i0) + 170 FOF () (—88) (200
—> a function of the scaling variables h and t only

0% G
Wfsing = (2k)G(h,t) + 2k HB)Z at

= not a function of h and t only

Similar for the chiral condensate: here X /f collapses but X /T* doesn’t
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Alternative expansion scheme
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0.05 | e2%; " - 0.05 | g : 01 Fliigit
:-"“ 5
of*ct e — 0k — T — — e — ‘ | | | . . |
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T [MeV] T (14 (ug/T)?) [MeV] T [MeV]

Approximate collapse
in the Im(p;) data

Account for small

extrapolate to real pg

deviations systematically,

[Wuppertal-Budapest, PRL126 (2021)]
[Wuppertal-Budapest, PRD105 (2022)]

continuum, LT = 4, ug
continuum, LT = 4, ng

= 0:
= 0:

Also, small nonzerong

Attila Pasztor
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https://inspirehep.net/literature/1846542
https://inspirehep.net/literature/2031417

Precise EoS from extrapolations

Isentropes (resummation)

300 k —LF;:mB) T —— 's;nB=50 ! lg=n=0 ] RHIC freeze-out [STAR, PRC96 (2017)]
2/25 _ ?gg == 2/25 : gg
eI s /g =20 Vs = 19.6GeV & pg ~ 200MeV

...h"-‘qt Vs = 11.5GeV © pup ~ 300MeV

ﬁ Vs =7.7GeV o up ~ 400MeV

100 . ! ! T ] No sign of critical lensing within errors
0 100 200 300 400 500 600
Hp [MeV]

New preliminary dataset.
Improvement compared to last year comes from more accurate EoS at ug = 0
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https://inspirehep.net/literature/1510593

More direct methods

Freely tune T and up on the lattice?

Desirable:
No ill-posed analytic continuation
Data closer to conjectured CEP

Common lore:
Impossible

Truth:

Possible (with reweighting), but
expensive

Increasingly more feasible

Many technical developments:
[JHEPO5 (2020)] [PRD105 (2022)]
[PRD107 (2023)] [2308.06105]

One application: cross-check QGP EoS

3
018 167 x 8

0.16 - T=170 MeV

7y,
7, 014}

¢ direct simulation
B Taylor NLO
[ Taylor NNLO
Taylor NNNLO

0121 T= 160 MeV

b 2 a 6 8
.
Hp

[Wuppertal-Budapest, PRD 107 (2023)]

ForT = 145MeV:
4t order Taylor accurate up to ug = 2T
Alternative expansion at least up to ug = 3T

Future: scan low T and larger pg in small volume
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https://inspirehep.net/literature/2134231
https://inspirehep.net/literature/1792388
https://inspirehep.net/literature/1908187
https://inspirehep.net/literature/2134231
https://inspirehep.net/literature/2687393

Summary and outlook

The phase diagram

- Curvature at pg=0 very well established and small

- Fourth order at ;=0 is also very small.

- Where does the crossover line deviate from the freeze-out curve?

QGP equation of state

- Ua/T<2 from 4" order Taylor expansion (continuum)

- Mg/T<3-3.5 from alternative expansion scheme (continuum)

- Direct simulations agree with expansions, provided the order is high enough
- No sign of critical lensing in the QGP EoS (within errors)

- Where do the more direct methods say at lower T?

Search for the CEP

- Continuum 6™ order and 8t order fluctuations for the 15t time

- Some previous calculations had large cut-off effects

- No deviations from the HRG for T<145MeV in cumulants up to 8% order

- Can this (or absence of lensing) be converted to an exclusion region for the CEP?
- Need better algorithms to go to 10" and 12 order

Attila Pasztor LATTICE QCD OVERVIEW, QUARK MATTER 2023



What does this mean?

Corrections to the HRG are exp. suppressed at low T, thus

x5 and & agree with HRG at say T=140MeV
= they will also agree everywhere below

The HRG cannot be exact at any T, since it misses effects that we know exist in
full QCD, like N-N scattering. Correct way to proceed:

1) Demonstrate discrepancy between QCD and HRG at some order (x2,? x2,?)
2) Only then go to lower T

If at T=130MeV the fluctuations x5 and x5 agree with the HRG, that does NOT
imply that there is no CEP at this temperature or above, either:

1) There is no CEP at this T or above, OR:
2) There is a CEP, but its effect on y2 and y§ is smaller than the error bars. If this
is the case, the signal for the CEP will be stronger in say x5, and x%,
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Repulsive hadronic models vs lattice data

Repulsive core of NN interactions is very well established,
and the HRG model does not take it into account at all!

[Huovinen, Petreczky PLB777 (2017)] [Vovchenko, Pasztor et al, PLB 775 (2017)]

0.3 B B T ! Sy 1 B S B S S e B — | T T LI
12 Aq W T ] sl o Mt = b (Tysin(uy/T) ! —
025  y2yf ' ] ‘ : + b,(T)*sin(2u,/T) !
BS ,BS 1 ) —_ + b,(T)*sin(3u /T [ o ® * ]
La17X ™ ] \ 5(T)*sin(3ug/T) ¢
02t ) I 1 04F ) + b, (T)*sin(4u/T) K .
] | + . ]
0.15 | / - !
! a v ! —
0.1 k 1 - AR
0.0
0.05 } N ®°eoo,
il 0.2} ® d4stout, N =12 ® e, ._‘_:
0 q [ EV-HRG, b = 1 fm’
oos e Lo b TIMeVT 04—--vdWHRGb342fma329Merm\I (@
140 145 150 155 160 165 120 130 140 150 160 170 180 190 200 210 220 230
T (MeV)
LT=4, N;=8, Taylor VS repulsive mean field LT=4, N;=12, Impg VS excluded volume or VdW HRG
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[Huovinen, Petreczky PLB777 (
https://inspirehep.net/literature/1615214

Resummed EoS: some details

Systematically improvable ansatz: F(T,ug) = F(T',0) T'=T(1 — A,(T)i3 — 1,(Tjg — )

This ansatz together with a choice of the observable F defines an extrapolation scheme (resummation)
. : ¢ (T)ip) _ (ap

A good choice for (S) = 0is F = B where ¢? = (m)(s)zo

The normalization makes sure the infinite temperature behavior is correct

The ansatz itself exploits the existence of the approximate scaling variable

Already the leading order, with 1, only generates terms to all orders in the Taylor expansion of p

Analysis is like the extrapolation of T,.(jig)

Result: A4 is very small, while 4, has a very simple temperature dependence
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Beyond strangeness neutrality

Makes it possible to take small local fluctuations of strangeness into
account in hydrodynamics:

~ ~ 1d2f5 2 ns
p(Tr HB;R) ~ p(T; HUB, 0) + 5 2 R where R =—
2dR ng
T -| T T T T I 06 T I 1 !
Jasst-Et . AR
::%::.5 05 E:PS"LUE YT TILLLS
1 = -{J. .--
-~ 0.8 - .—.—.55-8'5 ] 0.4 _|—|EEFT_2'52° l..-_.-.----:::::::_
Ly 0.6 | o E 0.3 !::-=:EE::=::::--"““'
e 8 3k I === ~ -
Tﬁ HHIH!!“!:“;“!HH n?:Eﬂ I;:'
o 0.4 ) | € 02t -
NE ITi® cRTEERRssncasncnnnnzii
© 0.2 11 FEASESEPLssssssnsssssrnn ] 0.1 ;_ |
5t £ 3 S _|
0 Moo,oooqoooyooogooo,ooo | | | | | | |
120 140 160 180 200 220 240 260 280 120 140 160 180 200 220 240 260 280
T [MeV] T [MeV]

[Borsanyi et al, PRD105 (2022)]
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https://inspirehep.net/literature/2031417

Equation of state (summary)

1. Realize the existence of the approximate scaling variable
Turn it into a systematically improvable extrapolation ansatz [Borsényi et al, PRL126 (2021)]
3. Validate the scheme by comparison with direct simulation results at non-zero density

N

on finite (but reasonable) lattices [Borsanyi et al, PRD107 (2023)]

4. Calculate the coefficients of the validated extrapolation scheme in the continuum in
conditions relevant for heavy ion phenomenology. [Borsanyi et al, PRD105(2022)]

5. Realize that the finite pg part is so precise that the errors are dominated by pz=0, so
make the pz=0 equation of state more precise. (. parotto, Tue 16:30, QCD at finite T and p]

= A PRECISE EQUATION OF STATE FOR THE RHIC BES RANGE
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Reweighting

Fields: ¢  Target theory: Z, = [ D¢ w,(¢p)  Simulated theory: Z; = [ D wy()

oy, = [P wi@0@) _ pp B wi(@o@)  fiko), Lo |m
O = Topw@  —  Jopn® N T T
' foogigms@ () s Wsls
S

Two problems (usually exponentially hard in the volume) can arise:
- sign problem: % € = large signal to noise ratios
S

- overlap problem: tails of P (ﬂ) do not decay fast enough = potentially incorrect results

Wg

Two choice of wg that eliminate this overlap problem:

- phase reweighting: w, = e ™5YM|det M| = ? = (ei 9)5
- sign reweighting: w, = e SYM|Re detM | = ? = (%),
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Staggered rooting and low T difficulties

1 1
Say | want N.=2+1 with staggered: Z = [ DU(det M,,4 (U, u))z(det My (U))s e ~Srm(V)
Determinant complex, so sqrt ambiguous. Standard choice: continuously connect to the positive root at u=0
We empirically observe that this leads to non-analytic behavior (essential singularity) at u=0

The non-analytic part is suppressed for p<m_,
The amplitude of the non-analytic part decreases with the lattice spacing

‘ 9 07 ; . ; ;
| 12th order Taylor ~—=— ..". = 3 e
0.12 10th order Taylor +e— s 53 4hex, 20 3)(10
8th order Taylor e .." = 0.6 4hex, 163X8 — i
0.1 I Full reweighting e s 5 4hex, 12° X 6 +=—o—
s = 05F 2stout, 16° X 8 ~—=—
> S . o AT
~ 008} l S o4l FTSIAMCe
= =
j=2} —
Z 006} 1 B 03f
—1 o
= Mn = 140 MeV Mn =280 MeV o
Z 02t
0.04 | i e
e g 0.1
0.02 | = . £ .
(5] B 7
0 12°x8 lattice, T=130 MeV 2
‘ ‘ — T 01 ‘ '
0 50 100 150 200 = 0 10 20 30 40 50 60 70 80 90 100
U, =y [MeV] uglMeV]
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Radius of convergence

N A~ 1 A 1 A ~
p=p(T ug =0)+5xz A5+ xsfs + - converges for |fiz| <R =?

Motivation: Inside the radius of convergence of the Taylor expansion there can be no
singularities in the complex pg plane, and thus also no CEP on the real y; line

- For along time (=15years) ratio estimators were used

- For complex singularities (expected, e.g., for T = T,rpssover) doesn’t converge
e \\ R=Ucer  [Vovchenko et al, PRD97 (2018)] [Giordano & Pdasztor, PRD99(2019)]

1 . . . .
——1——> - There are also possible issues with lattice artefacts
R P [Giordano et al, PRD101 (2020)] [Borsényi et al, 2308.06105]

- For reliable estimation, needs many more orders
- Higher orders not available in the continuum

L - Can be phenomenologically estimated from O(4) scaling + other assumptions
# | 3 R<Mcer  [Mukherjee & Skokov, PRD103 (2021)]
-i—{———)—*—»
*x_ | * = All current lattice estimates of R should be considered preliminary/exploratory

estimates, with inadequate quality control (= MORE WORK)
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O(4) scaling and collapse plots at pz>0

Empirical observations from imaginary up data:

2
-2/ ¥ collapses as a function of T (1 + K (”?B) ) but £/T* does not

2
- x8 /(ug/T) collapses as a function of T (1 + K (”73) ) but yZ does not
BUT WHY?

One possible explanation is scaling near the chiral limit:

- h
Poco (T, 5, m) = Paco (0.0, M)~ fring (h, £) ~ t27F (;55) where h~m and t ~T = Ten(1 = k(tp/Ten)?)
] o h o (h
= z"sing = m%fsing = t? at;TaF (t;Ta)

= near T, near the chiral limit, Z/f;} is a function of the scaling variables h and t only, while £/T* is not

h
-1 9 o =(2 = 1- o 1-a-BSs p'\7B5) (— —

=> again, a function of h and t only, while
0° (2K up\° 96
———— fsina = 2K)G(h,t) + —
Gy ons = @000 + (ST 2
= not a function of h and t only
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