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Heavy quarks in heavy ion collisions 

Bound state / Free quarks

Heavy quarkonia in heavy ion collisions I 2/21

⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

Heavy quarkonia are produced only in the early stage of collisions

Heavy Quark DiffusionHai-Tao Shu 1

<latexit sha1_base64="YSheER0yN1TJo5caq31LDvbx3Pw="></latexit>

⌧kin =
1

⌘D
=

1

/T 3

⇣Tc

T

⌘2⇣ M

1.5 GeV

⌘3 GeV

T 2
c

• Perturbative estimates:  

• Experimental estimates (RHIC): 
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⌧kin,charm ⇠ 6 fm/c � ⌧kin,light ⇠ 1 fm/c
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[G. Moore and D. Teaney, PRC.71.064904]

[STAR Collaboration, PRL,106 (2011) 159902]

Need non-perturbative ab-initio determination for equilibration time!

Free quarks thermalize via diffusion within time: 



Identify the heavy quark diffusion
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Phenomenological diffusion 
picture of classical particle
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hA(x)ieq = 0
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@thA(x, t)i = Dr2hA(x, t)i

Linear response theory

Solution:
<latexit sha1_base64="B7ZA4ZxAza26/6fO8YLITsNil4s="></latexit>

hA(k,!)i = i

! + iDk2
hA(k, t = 0)i

Equilibrium -> Relaxation -> Equilibrium
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H(t) = H0 �
Z

dx A(x)h(x)e✏t⇥(�t)

Perturbation to Hamiltonian:

Solution:

Kubo formula:

<latexit sha1_base64="rAFHLmmgTPbo3kn7ESOS2lEVJnc="></latexit>

@

@t

⇣
�hA(k, t = 0)i

⌘
= �GR(k, t)

�q(k)
�hA(k, 0)i

<latexit sha1_base64="MJYGtQIJ0Yq998q6+GU1UqvNGF0=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupMyIr41QdSOuKtgHdGq5k6ZtaDIzJBmlDP0JN/6KGxeKuBXc+Tdm2llo64ELJ+fcS+49fsSZ0o7zbc3Mzs0vLOaW8ssrq2vr9sZmVYWxJLRCQh7Kug+KchbQimaa03okKQif05rfv0z92j2VioXBrR5EtCmgG7AOI6CN1LL3z7EnWbenQcrwAV/feSI+83yQiRcpNvS6IASkYvps2QWn6IyAp4mbkQLKUG7ZX147JLGggSYclGq4TqSbCUjNCKfDvBcrGgHpQ5c2DA1AUNVMRlcN8a5R2rgTSlOBxiP190QCQqmB8E2nAN1Tk14q/uc1Yt05bSYsiGJNAzL+qBNzrEOcRoTbTFKi+cAQIJKZXTHpgQSiTZB5E4I7efI0qR4U3ePi0c1hoXSRxZFD22gH7SEXnaASukJlVEEEPaJn9IrerCfrxXq3PsatM1Y2s4X+wPr8AT3Pn4o=</latexit>

A ! Jµ =  ̄�µ 
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⇢/!
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Difficult from mesonic correlators
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• Insensitivity of transport peak to tau 
makes it hard to determine D

[PRD104(2021) 11, 114508]



• Large quark mass limit in effective field theory

• Mass dependent momentum diffusion coefficient
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Simpler case: infinite heavy quark mass limit
Heavy quark momentum diffusion coefficient in HQET

Heavy Quark DiffusionHai-Tao Shu 4

J. Casalderrey-Solana and D. Teaney, PRD 74, 085012 

S. Caron-Huot et al., JHEP 0904 (2009) 053 

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150
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h⇠i(t)⇠j(t0)i = �ij�(t� t0)
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@tp = q(E+ v ⇥B) = F
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Heavy quark momentum diffusion on the lattice

• Cheaper to measure on the lattice  
• No peak structures in spectral functions  
• Absence of transport peak
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Ei

Color-electric field correlation function
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Gradient flow 
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Luscher & Weisz, JHEP1102(2011)051 
Narayanan & Neuberger, JHEP0603(2006)064
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B⌫(x, t)|t=0 = A⌫(x)

Smear fields according to diffusion equation:

dBµ(x, t)

dt
⇠ ��SG[Bµ(x, t)]

�Bµ(x, t)
⇠ D⌫G⌫µ(x, t)

• Need good enough signal at finite flow time 
• Need to know how much one can flow 
• Need to know how to go back to zero flow



Maximum flow time limit
color-electric correlators

• Flow destroys the signal at 
small distances 

• Large distance parts are not 
affected 

• More points are destroyed at 
larger flow times 

• At most 1% deviation of flowed 
correlators from unflowed ones 
determines maximum flow time:
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[PRD103(2021) 1, 014511]

[A. M. Eller, G. D. Moore, PRD97 (2018) 11, 114507]
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Develop methodology in quenched approximation
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• Consistent results from ML & GF 
• Gradient flow paves the way to full QCD
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[PRD 103 (2021) 1, 014511]



Kappa_E in QCD: double extrapolation
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• First full QCD calculation of kappa! 
• Wide temperature range 195 MeV - 352 MeV 
• Mpion=320 MeV 
• Extrapolation Ansatz describes lattice data well

hotQCD, PRL 130 (2023) 23, 231902
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Kappa_E in QCD: spectra modelling
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• Good description of lattice data using different models

hotQCD, PRL 130 (2023) 23, 231902

<latexit sha1_base64="Pnqi57eE1SX9uDz2pq8eB3rf9uc="></latexit>

⇢max ⌘ max(�IR,�UV)

⇢smax ⌘
q

�2
IR + �2

UV

⇢plaw ⌘

8
><

>:

�IR !  !IR,

a!b for !IR < ! < !UV,

�UV ! � !UV,

10°1 100 101 102

!/T
100

101

102

103 2ΩE

!T 2
model
maxNLO
maxLO
smaxNLO
smaxLO
plawNLO
plawLO

<latexit sha1_base64="zx7WW63qor/jmpOFkFmIHFhTIEM=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsz4diEU3bgRKvQFnaFk0kwbmmSGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ4gZVdpxvq3C0vLK6lpxvbSxubW9Y+/utVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORreZ334kUtFINPQ4Jj5HA0FDipE2Us8uN67dqzMPehzpoeTpPWlNenbFqTpTwEXi5qQCctR79pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9PwE3holD4MI2me0HCq/t5IEVdqzAMzmWVU814m/ud1Ex1e+ikVcaKJwLNDYcKgjmDWBOxTSbBmY0MQltRkhXiIJMLa9FUyJbjzX14kreOqe149eTit1G7yOopgHxyAI+CCC1ADd6AOmgCDMXgGr+DNerJerHfrYzZasPKdMvgD6/MHbSyUAg==</latexit>

T = 195 MeV

<latexit sha1_base64="pkHRYPndaCcNIjaUxk+Wk4wcJxE=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCwCrtR1EYI2mgXJS/IxnB3MpsMmd1ZZmaFsOwX2PgrNhaK2Frb+TdOHoUmHrhwOOde7r3HizhT2ra/rczS8srqWnY9t7G5tb2T391rKBFLQutEcCFbHijKWUjrmmlOW5GkEHicNr3h1dhvPlCpmAhrehTRTgD9kPmMgDZSN1905UDcJ2k3ublLL1xfAkncIUQRYFcEtA9pUq6l3XzBLtkT4EXizEgBzVDt5r/cniBxQENNOCjVduxIdxKQmhFO05wbKxoBGUKftg0NIaCqk0zeSXHRKD3sC2kq1Hii/p5IIFBqFHimMwA9UPPeWPzPa8faP+8kLIxiTUMyXeTHHGuBx9ngHpOUaD4yBIhk5lZMBmAi0SbBnAnBmX95kTTKJee0dHx7UqhczuLIogN0iI6Qg85QBV2jKqojgh7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gDvaZyr</latexit>

⇢IR =
!

2T
<latexit sha1_base64="4O9tbQFuGXEtp5crd2AcaPkxqtc=">AAACBXicbVC9TsMwGHT4LeUvwAhDRIXEVCUUAWMFC2ORSFupSSPHdVqrjm3ZDlIVdWHhVVgYQIiVd2DjbXDbDNBykqXT3ffp810sKFHadb+tpeWV1bX10kZ5c2t7Z9fe228qnkmEfcQpl+0YKkwJw74mmuK2kBimMcWteHgz8VsPWCrC2b0eCRymsM9IQhDURorso0AOeDcfR7nfHAdCcqG5E/AU92G3FtkVt+pO4SwSryAVUKAR2V9Bj6MsxUwjCpXqeK7QYQ6lJojicTnIFBYQDWEfdwxlMMUqzKcpxs6JUXpOwqV5TDtT9fdGDlOlRmlsJlOoB2rem4j/eZ1MJ1dhTpjINGZodijJqGOSTipxekRipOnIEIgkMX910ABKiLQprmxK8OYjL5LmWdW7qNbuziv166KOEjgEx+AUeOAS1MEtaAAfIPAInsEreLOerBfr3fqYjS5Zxc4B+APr8wf4IZje</latexit>

⇢UV / !3



Finite mass correction

Heavy Quark DiffusionHai-Tao Shu 11

Regulated by a matching procedure:

Banerjee ’22: D. Banerjee, et al., JHEP 08 (2022) 128 

TUMQCD ’22: N. Brambilla, et al., PRD107, 054508

D. Guazzini, et al., JHEP 10 (2007) 081

Charm & bottom quark not 
heavy enough

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150
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hotQCD, arXiv: 2311.01525
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Anomalous dimension at 1-loop order in MSbar:
M. Laine, JHEP 06 (2021) 139
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Kappa_B in QCD: spectra modeling

• UV spectral function needs matching to the physical one as well 
• Similar modeling methodology as in the color-electric field case 
• Good description of lattice data using different models
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Kappa_B in QCD: scattering from various models
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Kappa_E v.s. Kappa_B
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A. Francis, et al., PRD92, 116003 

B. L. Altenkort, et al., PRD103,014511 

D. Banerjee, et al., Nucl.Phys.A.2023.122721 

D. Banerjee, et al., JHEP 08 (2022) 128 

N. Brambilla, et al., PRD107, 054508

• Similar magnitude for Kappa_E and Kappa_B in full QCD & quenched 
• Smooth connection between quenched and full QCD in temperature

Quenched results from:
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hotQCD, arXiv: 2311.01525
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Summary
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hotQCD, arXiv: 2311.01525

• 2piTD decreases with increasing quark mass, same for LQCD, QPM & T-matrix 
• Quark mass dependence is small in LQCD & T-matrix 
• Weaker quark mass dependence than QMP calculations 
• Agree with AdS/CFT at ~Tc (rapid equilibrium) 
• Agree with T-matrix estimate at moderate and high T 
• Lattice results favor the experimental estimate for the charm quark equilibration time 
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Backup: full QCD setup

• Wide temperature range 
• Different lattice spacings  
• Large lattices towards thermodynamic limit

T [MeV] � ams aml N� N⌧ # conf.
195 7.570 0.01973 0.003946 64 20 5899

7.777 0.01601 0.003202 64 24 3435
8.249 0.01011 0.002022 96 36 2256

220 7.704 0.01723 0.003446 64 20 7923
7.913 0.01400 0.002800 64 24 2715
8.249 0.01011 0.002022 96 32 912

251 7.857 0.01479 0.002958 64 20 6786
8.068 0.01204 0.002408 64 24 5325
8.249 0.01011 0.002022 96 28 1680

293 8.036 0.01241 0.002482 64 20 6534
8.147 0.01115 0.002230 64 22 9101
8.249 0.01011 0.002022 96 24 688

352 8.249 0.01011 0.002022 96 20 2488

Table 1: Parameters of the lattice calculations on the coarse lattices (643⇥N⌧ ),
including the temperatures, the gauge couplings, the bare quark masses in lattice
units, the values of N⌧ , and the corresponding statistics (last column).
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Nf = 2 + 1, HISQ, m⇡ = 320 MeV



Backup: matching factor
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