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What you will see

v Motivation: heavy ion collisions and hydrodynamics
v Basics of fluid dynamics: matching conditions
v Hydrodynamic theories from kinetic theory

v Conclusions



Goal of Heavy-lon Collisions: Produce and
study QCD matter near (local) equilibrium
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Challenge

* Extract thermodynamic
and transport properties
of QCD matter
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* Experiment is not to test
QCD, but to understand it
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Current Theoretical Description

Empirical: Fluid-dynamical modeling of heavy ion
collisions works well at RHIC and LHC energies

) MA]_)AI co-lldborati‘on

fm/c

0 ~1 ~10 ~20

Main assumption: (transient) fluid dynamics can be applied
at very early times ~1 fm



Validity of fluid dynamics

-~ proximity to (local) equilibrium

-~ “small” gradients

[Separation of scales — macroscopic: /, microscopic: EN

Knudsen number: Ky ~ £ <1
- L /

Why does fluid dynamics work in heavy ion collisions? Is the
system produced really close to equilibrium?

What do we mean by equilibrium?



Validity of fluid dynamics

—~ proximity to (local) equilibrium

-~ “small” gradients

(Separation of scales — macroscopic: /, microscopic: 5\

Knudsen number: Ky ~ £ <1
N L /

It is important to understand how fluid dynamics
emerges from an underlying microscopic theory

Topic of this talk!




Basics of fluid dynamics




Basics of fluid dynamics

Effective theory describing the dynamics
of a system over long-times and long-distances

-

Separation of scales — macroscopic: /, microscopic: ¢

\_

Knudsen number: Ky ~ ﬁ <1

L

)

Conservation laws
_|_

constitutive/dynamical relations



Basics of fluid dynamics

Conservation laws Net charge conservation

energy-momentum /< A
conservation aﬂN S — O strangeness
[a THY — O} ali N é" — ()| electric charge
L —
N¥ = () Baryon number
GuVg J)

lensor decomposition
[ NP = + v, A

T,(L.U €TL!-LTL.U L PA[.L.U _I_ h,uu_y _I_ hIJTL,(L _I_ ﬂ_f_L.Uj
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net-charge diffusion isotropic  energy diffusion  Qhear stress
4-current pressure 4-current tensor
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. . 9
Projection operator: AHY = gH? — yHu”



Definition of “equilibrium state”
General picture

-
n =no(a, B) + on,

N
e =¢eola, B) + de,
P = PO(QDB) _'_Ha

- /
Define «, 5, and u* : matching conditions
4 Landau Picture\ 4 Eckart Picture\
om=0 de =0 om=0 de =0
THu" = cut NH = nut
=0\ =0
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Basics of fluid dynamics

Conservation laws

energy-momentum
conservation

0, T =0

lensor decomposition

Net charge conservation

(O,NF = 0
,NF = 0
DNy = 0,

strangeness

electric charge

Baryon number

4 V4
N" = nu" +v";
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Challenge: closing the equations

Hydrodynamic theory
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Relativistic Navier-Stokes theory

Shear Viscosity  Bulk Viscosity Net-Charge
Ditfusion

(Resistance to deformation) (Resistance to expansion)

Er‘“’ — 277V<‘“uﬂ {H — Cvﬂuﬂ {q“ — ﬁV“M?B]

equationg violate causality and display unphysical
instabilities

12



Israel-Stewart-like theories

Israel and Stewart, Annals Phys 118, 228 (1979) Denicol et al PRD 85 (2012) 114047
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Transient equations; second order 1n a gradient expansion
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can be causal and stable!



BDNK theory

Benfica, Disconzi, Noronha Phys.Rev.D 98 (2018) 10, 104064

Constitutive equations that also include time-like derivatives

A £@ Do — ) %5 _t®p  §e =@ Da — X(ﬁ)%ﬁ _ X(@)(;
D
M=¢%Da— C(B)—B — (g, scalars
5 Y,
4 1 N
v = g ghq — kP (—V“B + DU”) ,
b 4-vectors
At — \)grg — \(B) (lvuﬁ i Du’“’) ,
. b Y,
[ T = I Shear-stress tensor

Can be causal and stable; Landau/Eckart matching conditions

excluded 14



We can study this problem in kinetic theory

[ 'O fiu= C|f] ] Boltzmann eq. |

Chapman-Enskog series
??7? % Method of moments
4 : )

mll+11=—-¢0 + .

Tt ) oY — 2not”
\_ J

“Hydrodynamics”

Today: exactly solvable microscopic interaction



Relativistic Boltzmann equation

kﬂaufk — C[f]
. ¢

" momentum distribution collision term

Boltzmann

Collision term — elastic 2-to-2 collisions
1 - - -
Clf) = 5 [ AK'APAP Wi (fo o Fifie = i To )

V.
[ka 1—afk]

Transition rate
6
Wkk/—>pp/ — SO'(S, @) (271') 5(4) (k“ iy A — ph — p/u)

cross section — microscopic information
16



Close to local equilibrium

4 )

Sk = Jok (1 + f0k¢\k)

<
\_ equilibrium distribution non-equilibrium correctiory

Collision term near equilibrium:

Clf] = : /dK/dePkakap/fOkak/fOpfOp’ (¢ + Ppr — Pk — P1r) + O (¢7)

vV

N -
—~—

Linear collision operator: L@,

KO fx ~ ff(bk

This form of the Boltzmann equation is usually employed in
\ the derivation of fluid dynamics 17 )
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cross section

Self-interacting \y* scalar field theory [O'T(H) _ AF

327s

g

)

(.J

/Eigenfunctions and Eigenvalues can be calculated exactl}x

(massless, classical limits)

L {Lﬁfﬂ)p(m B ,p.uae)} _ anL%QIfH)P(M L phte)

v

Laguerre polynomials Irreducible tensors

gM (n+0—1
nté. — — 0 6?1
Xnt 5 (n+£+1+£ﬂ{0

\ GSD, J. Noronha, 2209.1 037()/

All hydrodynamic theories and their transport
coetticients can be derived analytically 18




Definition of “equilibrium state”
in the Boltzmann equation

e . N
Landau / dK Exfox¢ = 0,
PICTIE [k b = 0

\_ ' J

e — A
Eckart / Ak ExJoxdre = 0,
pleture [ b futn, = 0

\_ ' %
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Definition of “equilibrium state”
in the Boltzmann equation

- Ensemble of matching conditions:
(
/ dP EZ0 fp =0, . q,5,2 are free parameters

e Landau and Eckart are

/ d P EE(Sfp = 0, special cases

* not the most general

/ dP Egpu")éfp = 0, case
\.

- additional non-conserved fields required!
- how to do this outside of kinetic theory? 20



Relativistic Navier-Stokes theory

Perturbative solution

prDfp + eV, fo = Clfp] <

Knudsen number

Solve it order by order

f

\.

oo

fo = ZE"’:JES)?
i=0

Dfp = Z EiD(i)fp:

1=0

e

.

0-th order: local equilibrium,

(0)
P

= f(]p

J

(

.

1 -
1-st order: ZLE‘;‘__} Py V' a = Bpupyyot” = Loy

\

J
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Relativistic Navier-Stokes theory

1 Yy
{ 1-st order: ZLE:’) Py Vi = Bpupuyot™™ = Log ]

. el
b = " + L7 (4L§Ekm>w@ — Pk, ;L>‘7w> |

-+ Dy k¥ 1

1 3
b = a+buk" + 7 L3k Via — —Fk ko™,

X11 X02
/

I 4
a =0 and b* = 2V*a/(4dx11)
matching conditions e




Relativistic Navier-Stokes theory

1 . -
[ 1-st order: ZL% Py Vi — Bppnyat = Loy ]

/ Constitutive relations \

on=0, v=2—=V"'a
) q 52 : matching condition
12 [ apEgpef, =0,
de =0, h* = (2 —1)—; V*q, ’
33
9P
TT’LLU = 40 B

N

- transport coefficients depend on matching conditions




BDNK theory from kinetic theory

Y (D50 .
11—¥(__§)' f:)u—};(
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B 3} CT4&\"g "3}

VH3
+ Du! ) g A = K ( + Du’”) :

5]

no chemical potential terms ...

Transport coefficients
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$=—(g=1)(s—1),

(Z_ 1)

93
12

R — —5 <,
gp=

48
n=—s.
g

)\ —_—
g7

X =

36
gB3

—= (g —2)(s = 2),

matching conditions

4 ' )
/dPEg(Sfp =0 / dP E50f, =0,
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Linear Stability and Causality

stability of perturbations around global equilibrium (fluid at rest)

B Acausal and/or unstable ® Causal and stable
10

/dPEgafp = 0.
/dPE;(sfp = 0.

/dP E§p<“>5fp =0,

25



Dispersion Relations: o(k)

Sound modes for several matching conditions
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Dispersion relations are significantly effected by matching conditions
26



Solutions in Bjorken flow

20 i e e
— Eg(To)/KN3<0.63
- £0(T0)/KNS20.63
10 100 1000 10*
/T,

~ 3/ 3
l'kz*-:—f T B(T T0-
NS = &) 0(70)"5(70)" 70

(1 4
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Open questions:

- Is there an optimal matching condition?
How do we select it?

- How do we define general matching conditions
outside of kinetic theory?

these 1ssues will have to be solved for
implementations of BDNK theory

28



Conclusions

- Hydrodynamics can be systematically
derived from the Boltzmann equation.

- For ultra-relativistic scalar particles self-
interacting via a quartic potential, theories can
be exactly derived.

- Matching conditions can significantly affect
the magnitude of some transport coefficients.
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