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» In the presence of a constant external magnetic field, the transverse-plane dynamics
of a Dirac particle is quantized = Landau levels.

> For strong magnetic fields, |¢B| > T, the transverse dynamics is suppressed and the
plasma properties are dominated by the lowest Landau level (LLL).

» Spin-orbit coupling: LLL selects only one polarization = anomalous transport.

» CME and CSE are well-known and involve the chiral (axial) current, JY.

> Purpose of this work: Evaluate (J4;), thereby establishing the leading-order Helical
Separation Effect (HSE).

» Ingredients:
m New conserved helicity operator in external magnetic field;
m New helicity eigenmodes;
m Helicity imbalance via helical chemical potential 7.

» Bonus 1: thermodynamics of LLL: thermodynamic pressure P, dynamic pressure II,
shear-stress tensor 7.

» Bonus 2: Wave-like excitations in the background B.
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[Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016) 1]

Known mechanism: CME & CSE

» Chiral Magnetic Effect (CME): Vector current in chirally-imbalanced plasma
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New effect: Helical separation effect (HVE)

right-handed chirality (R) left-handed chirality (L)
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Dirac eq. in external magnetic field

» Under minimal coupling, 8, — D, = 0, + iqA, and

L= 10T b qhhy ~ M. &)
» The Dirac equation reads
(0~ A~ MW =0, B9 +ah+M)=0, 2)
> We take A* in the Coulomb gauge, A* = (0, A), with A = A(x), such that
E=0A-VA’=0, B=V xA. (3)
» In this case, the Dirac Hamiltonian satisfying H1) = 0% reads
H=My)++"y-m, (4)
with w = —iV — gA the generalized momentum.

> Task: find helicity h with k> = 1/4, s.t. [h, H] = 0 and

lim h = 5P

I 5.0
S=- .
AS0 lp| ’ 27 7 )
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Helicity in external magnetic field

> Task: find helicity h with h? = 1/4, s.t. [h, H] = 0 and

Jim =SS = o, (©)
» Where to find h? Look for it in H...
> Expressing v = 27°v°S, H can be recast as
H = M~y 4"y 7= My +27°S - 7. (7)

> A natural choice is h = N'S -, with N s.t. h? = 1/4.
> To find NV, consider

4

H22M2+2M{’70)75S7T}+4’75(S7r)2:M2+A?h2 (8)
> Imposing h? = 1/4, we find N = (H? — M2)—1/2 and
po_Sm )
H2 — M2
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The V/A/H currents

> At the level of the Dirac theory, one may introduce the following currents:
T =", TR =0y Ty = 9y b+ Ry . (10)

The vector current Ji is conserved by virtue of the Dirac eq., d = —i(qgA + M)y:

v

Ou Tl = P + Fp = —inh(gA + M)y — i(gA + M)y = 0. (11)
» The conservation of the axial current is broken by the mass term:
0u Ty = i9{7°, qd + M} = 2iMyy 4. (12)

The divergence of J}; reads:

v

OuJt = Pdhap + PYhap + h.c. (13)
» Because [H,h] =0, if HY = i3 then Hhip = 10, (hy), s.t.

Py = —i(gA+ M)hy = Py = —Jphyp = . Jh=0.  (14)

v

J¥ is conserved in a background magnetic field, even at finite M!
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Fermions in a constant background magnetic field, B = Bk

> We take B = Bk with B = const and A" = Bxd}/, leading to
H = MA° +2+°S - P — 2¢Ba~>S5Y, P=—iV.
» Consider now particle solutions of the Dirac equation satisfying:
HU; = E;U;, PYU; =pjU;, P°U; =p;U;, hU; = \Uj.

> From h=N"'S- 7 and H = M~° + 24°S - 7, one can write

5 0 + _
_ 0 H - My 1 0 K7 /K5 )
h=73 VH? — M2 = hU; =3 (IC]-‘/IC;-“ 0 Ui,

where ICji =+/1+ M/E;.

» The mode solutions we are looking for are

efiEjt ,C+ eip;’y-l»ipjz-z f*
J— J ) . — J
UJ \/5 (2)\] ’CJ_) ® ¢J (X), ¢] (X) 27‘!’ (fj_ )

where f;t = fJi (z) must be found by imposing o - wd; = 2X;/EF — M?¢;.
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(17)




> The equation o - w¢; = 2);/E7 — M?2¢; leads to
QAj\/W—Pf i/2laB|(9¢; — &) +
iV2aBl(0, +5&) 2X\/EF - M2 +p5 | \Jy

where we introduced
Up;".‘
&= V2Bl (v -5 | o =sen(aB). (20)

> With the above notation, f;t(fj) satisfy

=0, (19)

AR VC I B R . B -M—(p})? 170
Y I =4 2 ) fE=p £ _ 7 . (21
(855 IR RCAE) 204 2+ &
» The above eq. has regular solutions when V]i is a non-negative integer:
g2 2 l1F¥o
fF=Cre S . (&), BY =M+ 5)" +2n5laBl, vy =ni— ——. (22)

where Cji are integration constants and Huji (&5) the Hermite polynomials.
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Lowest Landau level (LLL) solutions

» The constants Cji satisfy

) 2 _ 2 _ z —1 o
204/ EF — M? — op; i\/2|qB| CJJ o (24)
inj+/2|qB] 2/\j,/EJ2—M2+Jp§ ¢

J
> The LLL corresponds to n; = 0, when E} = M?> + (p;)?, leading to

(2Aj|p;-| —op} —i\/qu) (%) o (25)
J

0 2X51p5| +op; ) \C

» When o = £1, v = —1; this requires C; 7 = 0 for finite solutions.
» C7 # 0 supported only when 20)\; = sgn(p3).

> The normalized LLL particle and anti-particle modes U; and V; = iU} |g——q are

- —i l¢B| 1/4 efiEjtﬁ»ip?erip;z Kl}* o 1—&2-0'
. = OA;D>)e _ B — e _ s
Tln=0 iPj T ) 20;51C; 1_TU

9( \ 2) B g%c |qB| 1/4 eiEjt—ip;’y—ipJ"fz 2)\jlcj_ o 142rcr
) = 0(—ch:p?)e L) - .
Tln;=0 iP; 7 ‘2 -t _l-0

ol
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Higher Landau levels (HLL)

> For n; > 0, both helicities are allowed and the particle/anti-particle modes are

—iEjt + 7,Et
Uj@):eﬁ(zf,c )w]( ) Vi) = (”,ﬁ)m?%x), (26)

where V; = iy?U7 |q——q.

» The Pauli particle two-spinors are given by [pj[ =[1+pj/\/E: — M2V

ipYy+ip?z j
orx) =21 A e—s?m |'IB| ],Hnj (&)
I 2m\/n;]! 2z>\gp N g Ha 1 (&)
ipY ip%z
o) = S 6—5?-/4 'qB' 0V () (27)
J 2 21)\])3] ]Hnj (gj)

» The Pauli anti-particle two-spinors ¢j =io (;Sj are

—ipYy—ip?z J
<75C-;+(x) _ ﬂe—ficﬂ |qB| 2Z>‘Jp3 HnJ (§J C)
’ 2m/n;! p] iy Hoy 1 (Ejic)

. s Z
e e "PiVTIPIE .o qB 20\p. J,/n-Hn,_ i
¢),’ (x) = ﬁe €J;C/4 (%) ]p‘]_ 2I)\jH] ]- 1(5] ) ) (28)
TV p; n; (&ie)

> It can be seen that ¢,7, . \(X) = —2iA\ady _pu _p= A (X).
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Second quantization: Conserved operators

> Consider a full set of particle/anti-particle modes {U;, V;}.
» The general solution v of the Dirac operator is promoted to the field operator:

== ZUaJJerT Z ZL dp]/ dp] . (29)

Nj=%3

» The Hamiltonian H and charge operators @v/A/H are diagonal:

Energy eigenmodes: CH:= Z Ej(&;f-&j + A;l;j),
J
Particle/anti-particle: :Qy = (d;f-dj — A}BJ),
J
Helicity eigenmodes: :Qu:= Z 2)\]'(&}614]‘ — l;;rlsj),
J
Only for M = 0: :Qa = 22)\]-(&}&3- + i)jl;]) (30)

where : A := A — (0|A|0) denotes Wick ordering.
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Thermal expectation values

» We now consider the grand canonical ensemble [canuto, Chiu, Phys. Rev. 173 (1968) 1210; 1220; 1229]
p= eiﬁ(ﬁf“'é), p-Q=pvQv +paQa+ puQu . (31)
» Thermal expectation values are computed via
(A) = Z7Mr(pA),  Z =tr(p). (32)
> We now consider that A = A(t, 1) is quadratic in ¥

A= Z[ (U, Uy )ty + A(V3, V)bt

+A(U;, Vi )albl, + AWV, Up)bsag |

where A(v, x) is some sesquilinear form.

> (A) requires the t.e.v. of products of 2 one-p. operators, (&;&j/) etc.
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Building blocks: (ala;) and (blb;)

» In order to compute 5;&, we start from the decompositions (30), implying

Particles Anti-particles
Energy eigenmodes: [H, &I] = (H, IA);} = E;b,
Particle/anti-particle: Qv dj] = d [@v,i)ﬂ = —l;;f,
Helicity eigenmodes: Qu }L] =2, [Qu, B;f} = —2)\le);,
For M = 0: [Qa,al] =2 [Qa,al] = 2)b1. (33)
> Using Baker-Campbell-Hausdorff, eX Ve ™ = f:o L[X™, Y], one can compute
palp™ = e P Al pblpt = e P B, (34)
with
[H-p-Qall=¢&ral, [H-p Qbl=¢ bl (35)
from where

&' = Bj —sjuv = 2Xjpa — 250,

)+ for particles,
R _{ —1, for antiparticles. (36)

> Then, (ala;) = 2 te(pala, ) = e Pz r(alpa;) = 8(, 7/ (€% +1).
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Expectation values for charge currents

» The t.e.v.s of the charge currents can be put in the form

1
J¢ =Quu* + o/ B, " =6, B"= 55””a5uVFa5 = B, (37)

where Fl,, = —B(gua9vy — GuyGoz)-
» Qeu is the classical transport of the charge density Q..
» P B* gives the anomalous transport component.

> Both Q; and the magnetic conductivities 02 must be obtained using TFT:

QV | z Sj
_ l¢B| dp3 g, I

Qa | = A2 Z Z/ €B£j+1 TR
Qu n;=0X;,s; 2Aj§j

B z

B p] 9j )

o | = z o e ELA B
oH Aj S p;

with g; =1 for n; = 0 and g; = 2 when n; > 0.
» The anomalous transport part is fully determined by the LLL (n; = 0)!
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Expectation values for the energy-momentum tensor

» The general decomposition of ©"” w.r.t. u" reads

O = euru” — (P + IDA* + 7" + jEu” 4+ 57, (39)
with j# = 62 B* the anomalous heat flux.
» The dynamical pressure II and shear stress 7" = 7 x diag(0, —%,—3,1)
represent deviations from the ideal form.
» We find
_ laBI > dpj g; E;
Bl s [T
nj=0X;,5;

4B| < / dp; 9, (E} — M?)
Il = 4P 9= = 22 )
P+ 1272 Z Z E;j(ef% +1) 7

_ lgB| < dpj gy pz; njlgBl)
=3 Z > | 7

(ePE
nJ—OA »Sj 6 7+ 1)

c ]pj

B 47'r2 Z On, Z 26As / P 1 (40)
nj=0 AjrSi

> Again, anomalous transport (¢7) comes from the LLL.
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Massless limit

> In the massless limit, the anomalous conductivities 05/A/H and o are given by

B _ 8 ~ 1A | aBuvipn 2
J’ J
of = o In(1 ) = T DA o)
39S
on = 4ﬂ.2 Z 2/\J§JQJ In(1 + efw ) =~ 5 QBN (5 ),
RYRY
B _ 8 qH qQpv A
ol = 7T2/32 > 2) g Lis(—e U H) ~ w22t T HO0B). (41
XS

» The other quantit’s (Q¢, €, P, II, wp) can be evaluated on the LLL (i.e., for

lgB| > T):
_ lgBlpe _ 3 [¢B| | lgB|p’?
Qe oz T O(B), e=3(P+1I)= 5B = 1252 +o o). (42)

» Question: How to disentangle IT and P?
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Thermodynamics

» The grand canonical potential of the system reads

B|V _
P =9V =— |Z7r2‘5 Z Z/ dps g;jIn(1 4 e 759). (43)

nJ—O)\ »Sj

» An integration by parts shows that

lgB| /°° dp; g; p2,; "
P=—¢= P9l _ g 44
¢ > B 1D : (44)

where ©** = P + II + wp is a component of O/,
> This implies that Il + 73 = 0. Using 73 = (207 — ©%* — ©YY) gives

M= —np IqBI Z Z/ dpjgj(ny\qu pi;j). (45)

BE
n;=0X\; 6 ! +1)

SR}

» On the LLL and for massless fermions, the relation II = —7p can be used in
conjunction with Eq. (42) to obtain:

e=P, mp=-II=:P (46)
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New excitations?

» The rationale behind the chiral magnetic wave (CMW) comes from

b 4, Bpne _ lgBluv B . qHaA
JV - QV“’ +UVB ) QV - 27T2 ) oy = 271_27
"o m B pp _ |qB|NA B _ 4Kv
Jy = Qau" +0oaxB", QA—TWQ’ A= o 5 (47)

» In a neutral plasma, small oscillations in @y, pa propagate according to
OuJY = 0uJY =0
00y + 00:6ua =0,
Oubpa + 000y =0, (48)
with o = sgn(gB).
» Combining the above equations leads to
836MV/A — 83(5/1\//A =0. (49)

» The above eq. describes the CMW, propagating w. the speed of light, comw = 1.
» Question: will the relations

B gn2 B _ qumIn2
og = B2’ O = W (50)

lead to a new excitation, the helical heat wave (HHW)?
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Small fluctuations over LLL

» Consider a small perturbation propagating along B* in a quiescent, neutral fluid.

> Splitting observables as a = @ + da into background a and fluctuations da, we have

— Tn?2
QZ = Oa 65/,4 = 07 a’f] = g 7T2n ) 6'6B = 07
_ lgB]| B qopa)v B qln2 5 qT'n2
0Qe = 92 dpe, Ooyv/a = 92 dog = = o1, b0 = - opm.
(51)
> Similarly, B" = B#* and §B* = Béu*8" for ut = 5y + dut.
» The fluctuations evolve according to the hydro equations:
Charge cons.: Qe+ Qb + 0,j =0,
Energy cons.: E+(e+ P+1I)0 — 70 + 0ujt — jiu, =0,
Mom. cons.: (e + P+ I)a" — V*(P +11) + Ak, =
+i0Vau + D 0 =0, (52)

where j}' = 0P B* and j* = 0B B*, while the red terms are quadratic in
fluctuations and vanish.
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Fourier modes

» We now take the Fourier modes da = fd?’kg(;k(w)e_m“k'x.
» This leads to MU = 0 with
w —ok? 0 0 0 0 =

Spy
—ok? w 0 0 0 0 —
ow B dpa
0 0 —k* w 0 s
2In2 S
M = 61 1 U= \, =0. (53
0 0 — n ok? w —k* —=k |’ 6T (53)
2 2
0 0 II}Qaw —k* w 0 Su?
'/_(2 P
0 0 0 0 0 wl duy

» The nontrivial solutions correspond to detM = 0:

(wW? —k2) x (w* — k2) % ( 7 61I;20> w X w. (54)

2ln2

» The Chiral Magnetic Wave (CMW) and sound waves propagate along the magnetic
field with the speed of light (w = £k7).

» The transverse modes STM and the helical mode 571H do not propagate (w = 0).

Victor E. Ambrus Helical separation effect (HSE) Zimanyi School 2023 — 05.12.2023 21 /22



Conclusion

>

>

Fermions in a background magnetic field exhibit the helical separation effect (HSE).
CSE: J 4 generated at finite v, even when pa = pg = 0.

HSE: Ju generated at finite T, even when py = pa = pg = 0.

J# is conserved even for massive fermions.

Fun fact: Thermodynamic analysis reveals non-ideal LLL quantum corrections:
7 =11 =—2P/3, when P = €.

Helical fluctuations dpu do not propagate as perturbations on the LLL.
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