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Motivation

▶ In the presence of a constant external magnetic field, the transverse-plane dynamics
of a Dirac particle is quantized ⇒ Landau levels.

▶ For strong magnetic fields, |qB| ≫ T , the transverse dynamics is suppressed and the
plasma properties are dominated by the lowest Landau level (LLL).

▶ Spin-orbit coupling: LLL selects only one polarization ⇒ anomalous transport.

▶ CME and CSE are well-known and involve the chiral (axial) current, Jµ
A.

▶ Purpose of this work: Evaluate ⟨Jµ
H⟩, thereby establishing the leading-order Helical

Separation Effect (HSE).

▶ Ingredients:
New conserved helicity operator in external magnetic field;
New helicity eigenmodes;
Helicity imbalance via helical chemical potential µH .

▶ Bonus 1: thermodynamics of LLL: thermodynamic pressure P , dynamic pressure Π,
shear-stress tensor πB .

▶ Bonus 2: Wave-like excitations in the background B.
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Known mechanism: CME & CSE [Kharzeev, Liao, Voloshin, Wang, PPNP 88 (2016) 1]

▶ Chiral Magnetic Effect (CME): Vector current in chirally-imbalanced plasma

JV = σB
V B,

σB
V =

qµA

2π2
.

▶ Chiral Separation Effect (CSE): Axial current in charged plasma

JA = σB
AB,

σB
A =

qµV

2π2
.
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New effect: Helical separation effect (HVE)
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▶ Split particles into four groups:
µR
↑ : particle: R ⇒↑

µL
↓ : particle: L ⇒↓

µ̄R
↓ : anti-particle: R ⇒↓

µ̄L
↑ : anti-particle: L ⇒↑

▶ Charge densities:

QV ≡(nR
↑ + nL

↓ )− (n̄R
↓ + n̄L

↑ ),

QA ≡(nR
↑ + n̄R

↓ )− (nL
↑ + n̄L

↓ ),

QH ≡(nR
↑ + n̄L

↑ )− (nL
↓ + n̄R

↓ ).

▶ Magnetic conductivities:

σB
V =

qµA

2π2
+

qβµV µH

4π2
,

σB
A =

qµV

2π2
+

qβµAµH

4π2
,

σB
H =

q

π2β
ln 2 +

qβµ2

8π2
.

VEA, M. Chernodub, arXiv:2307.14987
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Dirac eq. in external magnetic field

▶ Under minimal coupling, ∂µ → Dµ = ∂µ + iqAµ and

L =
i

2
ψ̄
←→
∂ ψ − qψ̄ /Aψ −Mψ̄ψ. (1)

▶ The Dirac equation reads

(i/∂ − q /A−M)ψ = 0, ψ(i
←−
/∂ + q /A+M) = 0. (2)

▶ We take Aµ in the Coulomb gauge, Aµ = (0,A), with A ≡ A(x), such that

E = ∂tA−∇A0 = 0, B = ∇×A. (3)

▶ In this case, the Dirac Hamiltonian satisfying Hψ = i∂tψ reads

H =Mγ0 + γ0γ · π, (4)

with π = −i∇− qA the generalized momentum.

▶ Task: find helicity h with h2 = 1/4, s.t. [h,H] = 0 and

lim
A→0

h =
S · p
|p| , S =

1

2
γ5γ0γ. (5)
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Helicity in external magnetic field

▶ Task: find helicity h with h2 = 1/4, s.t. [h,H] = 0 and

lim
A→0

h =
S · p
|p| , S =

1

2
γ5γ0γ. (6)

▶ Where to find h? Look for it in H...

▶ Expressing γ = 2γ0γ5S, H can be recast as

H =Mγ0 + γ0γ · π =Mγ0 + 2γ5S · π. (7)

▶ A natural choice is h = NS · π, with N s.t. h2 = 1/4.

▶ To find N , consider

H2 =M2 + 2M{γ0, γ5S · π}+ 4γ5(S · π)2 =M2 +
4

N 2
h2. (8)

▶ Imposing h2 = 1/4, we find N = (H2 −M2)−1/2 and

h =
S · π√
H2 −M2

. (9)
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The V/A/H currents

▶ At the level of the Dirac theory, one may introduce the following currents:

Jµ
V = ψ̄γµψ, Jµ

A = ψ̄γµγ5ψ, Jµ
H = ψ̄γµhψ + hψγµψ. (10)

▶ The vector current Jµ
V is conserved by virtue of the Dirac eq., /∂ψ = −i(q /A+M)ψ:

∂µJ
µ
V = ψ̄ /∂ψ + /∂ψψ = −iψ̄(q /A+M)ψ − i(q /A+M)ψψ = 0. (11)

▶ The conservation of the axial current is broken by the mass term:

∂µJ
µ
A = iψ̄{γ5, q /A+M}ψ = 2iMψ̄γ5ψ. (12)

▶ The divergence of Jµ
H reads:

∂µJ
µ
H = ψ̄ /∂hψ + /∂ψhψ + h.c. (13)

▶ Because [H,h] = 0, if Hψ = i∂tψ then Hhψ = i∂t(hψ), s.t.

/∂hψ = −i(q /A+M)hψ ⇒ ψ̄ /∂hψ = −/∂ψhψ ⇒ ∂µJ
µ
H = 0. (14)

▶ Jµ
H is conserved in a background magnetic field, even at finite M!
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Fermions in a constant background magnetic field, B = Bk

▶ We take B = Bk with B = const and Aµ = Bxδµy , leading to

H =Mγ0 + 2γ5S ·P− 2qBxγ5Sy, P = −i∇. (15)

▶ Consider now particle solutions of the Dirac equation satisfying:

HUj = EjUj , P yUj = pyjUj , P zUj = pzjUj , hUj = λjUj . (16)

▶ From h = N−1S · π and H =Mγ0 + 2γ5S · π, one can write

h =
γ5

2

H −Mγ0

√
H2 −M2

⇒ hUj =
1

2

(
0 K+

j /K
−
j

K−
j /K

+
j 0

)
Uj , (17)

where K±
j =

√
1±M/Ej .

▶ The mode solutions we are looking for are

Uj =
e−iEjt

√
2

(
K+

j

2λjK−
j

)
⊗ ϕj(x), ϕj(x) =

eip
y
j y+ipzj z

2π

(
f+
j

f−
j

)
, (18)

where f±
j ≡ f

±
j (x) must be found by imposing σ · πϕj = 2λj

√
E2

j −M2ϕj .
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Energy spectrum for helical fermions

▶ The equation σ · πϕj = 2λj

√
E2

j −M2ϕj leads to2λj

√
E2

j −M2 − pzj i
√

2|qB|(∂ξj − σ
2
ξj)

i
√

2|qB|(∂ξj + σ
2
ξj) 2λj

√
E2

j −M2 + pzj


f+

j

f−
j

 = 0, (19)

where we introduced

ξj =
√

2|qB|

(
x−

σpyj
|qB|

)
, σ = sgn(qB). (20)

▶ With the above notation, f±
j (ξj) satisfy(

∂2

∂ξ2j
− 1

4
ξ2j + ν±j +

1

2

)
f±
j = 0, ν±j =

E2
j −M2 − (pzj )

2

2|qB| − 1∓ σ
2

. (21)

▶ The above eq. has regular solutions when ν±j is a non-negative integer:

f±
j = C±j e

−ξ2j/4H
ν±
j
(ξj), E2

j =M2 +(pzj )
2 +2nj |qB|, ν±j = nj −

1∓ σ
2

. (22)

where C±j are integration constants and H
ν±
j
(ξj) the Hermite polynomials.

(23)
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Lowest Landau level (LLL) solutions

▶ The constants C±j satisfy2λj

√
E2

j −M2 − σpzj −i
√

2|qB|

inj

√
2|qB| 2λj

√
E2

j −M2 + σpzj

( CσjC−σ
j

)
= 0. (24)

▶ The LLL corresponds to nj = 0, when E2
j =M2 + (pzj )

2, leading to(
2λj |pzj | − σpzj −i

√
2|qB|

0 2λj |pzj |+ σpzj

)(
Cσj
C−σ
j

)
= 0. (25)

▶ When σ = ±1, ν∓j = −1; this requires C−σ
j = 0 for finite solutions.

▶ Cσj ̸= 0 supported only when 2σλj = sgn(pzj ).

▶ The normalized LLL particle and anti-particle modes Uj and Vj = iγ2U∗
j ⌋q→−q are

Uj

∣∣∣
nj=0

= θ(σλjp
z
j )e

−
ξ2j
4

(
|qB|
π

)1/4 e
−iEjt+ip

y
j y+ipzj z

√
8π2

(
K+

j

2λjK−
j

)
⊗
(

1+σ
2

1−σ
2

)
,

Vj

∣∣∣
nj=0

= θ(−σλjp
z
j )e

−
ξ2j;c
4

(
|qB|
π

)1/4 e
iEjt−ip

y
j y−ipzj z

√
8π2

(
2λjK−

j

−K+
j

)
⊗
(

1+σ
2

− 1−σ
2

)
.
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Higher Landau levels (HLL)

▶ For nj > 0, both helicities are allowed and the particle/anti-particle modes are

Uj(x) =
e−iEjt

√
2

(
K+

j

2λjK−
j

)
⊗ ϕσ

j (x), Vj(x) =
eiEjt

√
2

(
2λjK−

j

−K+
j

)
⊗ ϕc;σ

j (x), (26)

where Vj = iγ2U∗
j ⌋q→−q.

▶ The Pauli particle two-spinors are given by [p±j = [1± pzj/
√
E2

j −M2]1/2]

ϕ+
j (x) =

eip
y
j y+ipzj z

2π
√
nj !

e−ξ2j/4

(
|qB|
4π

)1/4
(

p
2λj

j Hnj (ξj)

−2iλjp
−2λj

j

√
njHnj−1(ξj)

)
,

ϕ−
j (x) =

eip
y
j y+ipzj z

2π
√
nj !

e−ξ2j/4

(
|qB|
4π

)1/4
(
p
2λj

j

√
njHnj−1(ξj)

2iλjp
−2λj

j Hnj (ξj)

)
. (27)

▶ The Pauli anti-particle two-spinors ϕc
j = iσ2ϕ∗

j are

ϕc;+
j (x) =

e−ip
y
j y−ipzj z

2π
√
nj !

e−ξ2j;c/4

(
|qB|
4π

)1/4
(
−2iλjp

−2λj

j Hnj (ξj;c)

−p2λj

j

√
njHnj−1(ξj;c)

)
,

ϕc;−
j (x) =

e−ip
y
j y−ipzj z

2π
√
nj !

e−ξ2j;c/4

(
|qB|
4π

)1/4
(
2iλjp

−2λj

j

√
njHnj−1(ξj;c)

−p2λj

j Hnj (ξj;c)

)
. (28)

▶ It can be seen that ϕc;σ
n,py,pz ,λ(x) = −2iλσϕ

σ
n,−py,−pz ,λ(x).
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Second quantization: Conserved operators

▶ Consider a full set of particle/anti-particle modes {Uj , Vj}.
▶ The general solution ψ of the Dirac operator is promoted to the field operator:

ψ → ψ̂ =
∑
j

(Uj âj + Vj b̂
†
j),

∑
j

≡
∑

λj=± 1
2

∫ ∞

−∞
dpyj

∫ ∞

−∞
dpzj

∞∑
nj=0

. (29)

▶ The Hamiltonian Ĥ and charge operators Q̂V/A/H are diagonal:

Energy eigenmodes: : Ĥ : =
∑
j

Ej(â
†
j âj + b̂†j b̂j),

Particle/anti-particle: : Q̂V : =
∑
j

(â†j âj − b̂
†
j b̂j),

Helicity eigenmodes: : Q̂H : =
∑
j

2λj(â
†
j âj − b̂

†
j b̂j),

Only for M = 0: : Q̂A : =
∑
j

2λj(â
†
j âj + b̂†j b̂j). (30)

where : Â :≡ Â− ⟨0|Â|0⟩ denotes Wick ordering.
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Thermal expectation values

▶ We now consider the grand canonical ensemble [Canuto, Chiu, Phys. Rev. 173 (1968) 1210; 1220; 1229]

ρ̂ = e−β(Ĥ−µ·Q̂), µ · Q̂ = µV Q̂V + µAQ̂A + µHQ̂H . (31)

▶ Thermal expectation values are computed via

⟨Â⟩ ≡ Z−1tr(ρ̂Â), Z = tr(ρ̂). (32)

▶ We now consider that Â ≡ A(ψ̂, ψ̂) is quadratic in ψ̂:

Â =
∑
j,j′

[
A(Uj , Uj′)â

†
j âj′ +A(Vj , Vj′)b̂j b̂

†
j′

+A(Uj , Vj′)â
†
j b̂

†
j′ +A(Vj , Uj′)b̂j âj′

]
,

where A(ψ, χ) is some sesquilinear form.

▶ ⟨Â⟩ requires the t.e.v. of products of 2 one-p. operators, ⟨â†j âj′⟩ etc.
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Building blocks: ⟨â†j âj′⟩ and ⟨b̂†j b̂j′⟩

▶ In order to compute E±j , we start from the decompositions (30), implying

Particles Anti-particles

Energy eigenmodes: [Ĥ, â†j ] = Ej â
†
j , [Ĥ, b̂†j ] = Ej b̂

†
J ,

Particle/anti-particle: [Q̂V , â
†
j ] = â†j , [Q̂V , b̂

†
j ] = −b̂

†
j ,

Helicity eigenmodes: [Q̂H , â
†
j ] = 2λj â

†
j , [Q̂H , b̂

†
j ] = −2λj b̂

†
j ,

For M = 0: [Q̂A, â
†
j ] = 2λj â

†
j , [Q̂A, â

†
j ] = 2λj b̂

†
j . (33)

▶ Using Baker-Campbell-Hausdorff, eXY e−X =
∑∞

n=0
1
n!
[Xn, Y ], one can compute

ρ̂â†j ρ̂
−1 = e−βE+

j â†j , ρ̂b̂†j ρ̂
−1 = e−βE−

j b̂†j , (34)

with
[Ĥ − µ · Q̂, â†j ] = E

+
j â

†
j , [Ĥ − µ · Q̂, b̂†j ] = E

−
j b̂

†
j , (35)

from where

Eςjj = Ej − ςjµV − 2λjµA − 2ςjλjµH , ςj =

{
+1, for particles,
−1, for antiparticles.

(36)

▶ Then, ⟨â†j âj′⟩ = Z
−1tr(ρ̂â†j âj′) = e−βE+

j Z−1tr(â†j ρ̂âj′) = δ(j, j′)/(eβE
+
j + 1).
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Expectation values for charge currents

▶ The t.e.v.s of the charge currents can be put in the form

Jµ
ℓ = Qℓu

µ + σB
ℓ B

µ, uµ = δµ0 , Bµ =
1

2
εµναβuνFαβ = Bδµz , (37)

where Fµν = −B(gµxgνy − gµygνx).
▶ Qℓu

µ is the classical transport of the charge density Qℓ.

▶ σB
ℓ B

µ gives the anomalous transport component.

▶ Both Qℓ and the magnetic conductivities σB
ℓ must be obtained using TFT:QV

QA

QH

 =
|qB|
4π2

∞∑
nj=0

∑
λj ,ςj

∫ ∞

0

dpzj gj

eβEj + 1

 ςj
2λjK+

j K
−
j

2λjςj

 ,

σB
V

σB
A

σB
H

 =
q

4π2

∞∑
nj=0

δnj ,0

∑
λj ,ςj

∫ ∞

0

dpzj gj

Ej(eβEj + 1)

2λjp
z
j

ςjEj

pzj

 , (38)

with gj = 1 for nj = 0 and gj = 2 when nj > 0.

▶ The anomalous transport part is fully determined by the LLL (nj = 0)!

Victor E. Ambrus, Helical separation effect (HSE) Zimanyi School 2023 — 05.12.2023 15 / 22



Expectation values for the energy-momentum tensor

▶ The general decomposition of Θµν w.r.t. uµ reads

Θµν = ϵuµuν − (P +Π)∆µν + πµν + jµϵ u
ν + uµjνϵ , (39)

with jµϵ = σB
ϵ B

µ the anomalous heat flux.
▶ The dynamical pressure Π and shear stress πµν = πB × diag(0,− 1

2
,− 1

2
, 1)

represent deviations from the ideal form.
▶ We find

ϵ =
|qB|
4π2

∞∑
nj=0

∑
λj ,ςj

∫ ∞

0

dpzj gjEj

eβEj + 1
,

P +Π =
|qB|
12π2

∞∑
nj=0

∑
λj ,ςj

∫ ∞

0

dpzj gj(E
2
j −M2)

Ej(eβEj + 1)
,

πB =
|qB|
6π2

∞∑
nj=0

∑
λj ,ςj

∫ ∞

0

dpzj gj(p
2
z;j − nj |qB|)

Ej(eβEj + 1)
,

σϵ
B =

q

4π2

∞∑
nj=0

δnj ,0

∑
λj ,ςj

2ςjλj

∫ ∞

0

dpzjp
z
j

eβEj + 1
. (40)

▶ Again, anomalous transport (σB
ϵ ) comes from the LLL.
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Massless limit

▶ In the massless limit, the anomalous conductivities σB
V/A/H and σB

ϵ are given by

σB
V =

q

4π2β

∑
λj ,ςj

2λj ln(1 + eβqj ·µ) ≃ qµA

2π2
+
qβµV µH

4π2
[1 +O(β2)],

σB
A =

q

4π2β

∑
λj ,ςj

2λjςjq
ℓ
j ln(1 + eβqj ·µ) ≃ qµV

2π2
+
qβµAµH

4π2
[1 +O(β2)],

σB
H =

q

4π2β

∑
λj ,ςj

2λjςjq
ℓ
j ln(1 + eβqj ·µ) ≃ q

π2β
ln 2 +

qβµ2

8π2
+O(β3),

σB
ϵ = − q

4π2β2

∑
λj ,ςj

2λjςjLi2(−eβqj ·µ) ≃ qµH

π2β
ln 2 +

qµV µA

2π2
+O(β). (41)

▶ The other quantit’s (Qℓ, ϵ, P , Π, πB) can be evaluated on the LLL (i.e., for
|qB| ≫ T ):

Qℓ ≃
|qB|µℓ

2π2
+O(β), ϵ = 3(P +Π) =

3

2
πB =

|qB|
12β2

+
|qB|µ2

4π2
+O(β−1). (42)

▶ Question: How to disentangle Π and P?
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Thermodynamics

▶ The grand canonical potential of the system reads

Φ = ϕV = −|qB|V
4π2β

∞∑
nj=0

∑
λj ,ςj

∫ ∞

0

dpzj gj ln(1 + e−βEj ). (43)

▶ An integration by parts shows that

P = −ϕ =
|qB|
4π2

∑
λj ,ςj

∫ ∞

0

dpzj gj p
2
z;j

Ej(eβEj + 1)
≡ Θzz, (44)

where Θzz = P +Π+ πB is a component of Θµν .

▶ This implies that Π+ πB = 0. Using πB = 1
3
(2Θzz −Θxx −Θyy) gives

Π = −πB =
|qB|
6π2

∞∑
nj=0

∑
λj ,ςj

∫ ∞

0

dpzj gj(nj |qB| − p2z;j)
Ej(eβEj + 1)

. (45)

▶ On the LLL and for massless fermions, the relation Π = −πB can be used in
conjunction with Eq. (42) to obtain:

ϵ = P, πB = −Π =
2

3
P. (46)
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New excitations?

▶ The rationale behind the chiral magnetic wave (CMW) comes from

Jµ
V = QV u

µ + σB
V B

µ, QV =
|qB|µV

2π2
, σB

V ≃
qµA

2π2
,

Jµ
A = QAu

µ + σB
AB

µ, QA =
|qB|µA

2π2
, σB

A ≃
qµV

2π2
. (47)

▶ In a neutral plasma, small oscillations in µV , µA propagate according to
∂µJ

µ
V = ∂µJ

µ
A = 0:

∂tδµV + σ∂zδµA = 0,

∂tδµA + σ∂zδµV = 0, (48)

with σ = sgn(qB).
▶ Combining the above equations leads to

∂2
t δµV/A − ∂2

zδµV/A = 0. (49)

▶ The above eq. describes the CMW, propagating w. the speed of light, cCMW = 1.
▶ Question: will the relations

σB
H ≃

q ln 2

βπ2
, σB

ϵ ≃
qµH ln 2

βπ2
(50)

lead to a new excitation, the helical heat wave (HHW)?
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Small fluctuations over LLL

▶ Consider a small perturbation propagating along Bµ in a quiescent, neutral fluid.

▶ Splitting observables as a = ā+ δa into background ā and fluctuations δa, we have

Qℓ = 0, σ̄B
V/A = 0, σ̄B

H =
qT ln 2

π2
, σ̄B

ϵ = 0,

δQℓ =
|qB|
2π2

δµℓ, δσB
V/A =

qδµA/V

2π2
, δσB

H =
q ln 2

π2
δT, δσB

ϵ =
qT ln 2

π2
δµH .

(51)

▶ Similarly, B
µ
= Bδµz and δBµ = Bδuzδµz for uµ = δµ0 + δuµ.

▶ The fluctuations evolve according to the hydro equations:

Charge cons.: Q̇ℓ +Qℓθ + ∂µj
µ
ℓ = 0,

Energy cons.: ϵ̇+ (ϵ+ P +Π)θ − πµνσµν + ∂µj
µ
ϵ − jνϵ u̇ν = 0,

Mom. cons.: (ϵ+ P +Π)u̇µ −∇µ(P +Π) +∆µ
λ∂νπ

νλ

+jλϵ∇λu
µ +Dj⟨µ⟩ϵ + jµϵ θ = 0, (52)

where jµℓ = σB
ℓ B

µ and jµϵ = σB
ϵ B

µ, while the red terms are quadratic in
fluctuations and vanish.
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Fourier modes

▶ We now take the Fourier modes δa =
∫
d3kδ̃ak(ω)e

−iωt+ik·x.

▶ This leads to MU = 0 with

M =



ω −σkz 0 0 0 0

−σkz ω 0 0 0 0

0 0
σω

2 ln 2
−kz ω 0

0 0 −
6 ln 2

π2
σkz ω −kz −

1

2
k⊥

0 0
6 ln 2

π2
σω −kz ω 0

0 0 0 0 0 ωI


, U =



δ̃µV

δ̃µA

δ̃µH

δ̃T

δ̃uz

δ̃u⊥


= 0. (53)

▶ The nontrivial solutions correspond to detM = 0:

(ω2 − k2z)× (ω2 − k2z)×
(

σ

2 ln 2
− 6 ln 2

π2
σ

)
ω × ω2. (54)

▶ The Chiral Magnetic Wave (CMW) and sound waves propagate along the magnetic
field with the speed of light (ω = ±kz).

▶ The transverse modes δ̃u⊥ and the helical mode δ̃µH do not propagate (ω = 0).
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Conclusion

▶ Fermions in a background magnetic field exhibit the helical separation effect (HSE).

▶ CSE: JA generated at finite µV , even when µA = µH = 0.

▶ HSE: JH generated at finite T , even when µV = µA = µH = 0.

▶ Jµ
H is conserved even for massive fermions.

▶ Fun fact: Thermodynamic analysis reveals non-ideal LLL quantum corrections:
πB = Π = −2P/3, when P = ϵ.

▶ Helical fluctuations δµH do not propagate as perturbations on the LLL.
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