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What are NSs?

Evolution of Stars:

Evolution governed by the mass
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Table including Neutron star properties

NS compared to city
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Why are Compact Stars as Neutron Stars (NS)
important for this School?

Weber+ 2007

• di�erent possible composition of Neutron Stars (NS)
• one possibility: Quark Gluon Plasma in the core (including
phase transition)
⇒ chance to probe QCD phase diagram with NS
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Sahoo,Nayak 2022
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How to build up an NS with Equations of State?

What do we need to obtain possible Neutron Star
con�gurations?

⇒ Tolmann-Oppenheimer-Volko� Equations (spherical symmetric
and gravitational equilibrated objects)

dp

dr
= −(ε+ p)

m + 4πr3

r2 − 2rm
,

dm

dr
= 4πr2ε

⇒ need p(ε) ⇒ need full EOS ⇒ Hybrid EOS
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How to build up an NS with Equations of State?

Assumption: We work with a First order Phase Transition
between Hadronic and Quark Gluon Phase

• Hadronic Phase: DD2npY-T model including neutrons,
protons and hyperonic degrees of freedom Shahrbaf,Blaschke+(2022)

• Quark matter: con�ning relativistic density functional
approach Ivanytskyi,Blaschke (2022)

⇒ encoded in underlying Lagrangian
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Relativistic density functional for quark matter EOS
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Model parameters
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Couplings
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ABPR parametrization

• Extention of the bag pressure model accounting for the
perturbative QCD correction to pressure and e�ects of quark
pairing M. Alford, M. Braby, M. W. Paris, and S. Reddy, Astrophys. J. 629, 969 (2005),

arXiv:nucl-th/0411016.
p =

3A4µ
4

4π2
+

3∆2µ2

π2
− B (1)

i units ai bi ci di ei
1 0.757 -1.955 1.799 -0.063 0.046

2 [MeV] 300.7 8.534 -308.2 -0.235 1.458

3 [MeV/fm3] 72.018 170.8 -241.0 512.7 -626.6

A4 = a1 + b1ηV + c1η
2
V +

(
d1 +

e1
ηV

)
ηD , (2)

∆ = (a2 + b2ηV + c2η
2
V )

√
d2 + e2ηV + ηD , (3)

B = a3 + b3ηV + c3η
2
V + d3ηD + e3η

2
D . (4)
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ABPR parametrization
Fitting couplings
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• remarkable agreement between RDF approach (solid lines)
and the ABPR parametrization (dots) !!!
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Maxwell construction

Hadronic EOS Quark EOS

• Maxwell construction: intersection of both functions p(µ)

pHadron(µc) = pQuark(µc) ⇒ µc (5)
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Maxwell construction

Hybrid EOS

• typical plateau of �rst order phase transition

• But: inside star, no shell of mixed phase ⇒ narrow
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From EOS to M-R curves

TOV
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TOV equations: dp
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m + 4πr3
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,
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dr
= 4πr2ε
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Mass-Radius curves and its properties
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M-R diagram for ηV , ηD -combinations, Gärtlein+ 2023

• each point is a NS
con�guration

• astrophysical
constraints in the
background

• plots for di�erent
combinations of
(ηV , ηD)

• point of leaving the
black curve ⇒
decon�nement phase
transition
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Decon�nement phase transition

M-R diagram for ηV , ηD -combinations, Gärtlein+ 2023

• certain combination of (ηV , ηD)
give point of phase transition

• �xed ηV : smaller diquark
coupling ⇒ later decon�nement

• larger ηD ⇒ earlier phase
transition but greater maximum
mass
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Maximum mass

M-R diagram for ηV , ηD -combinations, Gärtlein+ 2023

• curves greater vector repulsion
⇒ higher maximum masses

• in general combination �xes
maximum mass

• higher vector repulsion ⇒ sti�er
EOS ⇒ higher masses
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The Special points

M-R diagram for ηV , ηD -combinations, Gärtlein+
2023

• keeping ηV �xed (same color) ⇒
all curves seem to intersect in
"point"

• actually, a small vicinity of all
curves intersecting

• macroscopic behaviour (M − R)
governed by microscopic
parameters

• empirical relation:

MMax = MSP + δ|M∗
onset −Monset |2

• relates observable quantities
(MMax ,Monset)

⇒ �xing parameters by data �t

M∗
onset = 1.254M⊙, δ = kδηV+bδ
where kδ = −0.096M−1

⊙ and
bδ = 0.093M−1

⊙ .
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Use of Emperical Relation

This pretty accurate relation allows us to constrain the couplings of
the quark matter !!
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Constraints

• TOV instability

• no phase transition before nsat

• vacuum stable against
color-superconductivity

⇒ further restricting couplings:

⇒ �x ηV with vector meson
mass (ω-meson)

Mω = 782MeV→ ηV = 0.452

⇒ narrow range for ηD
≈ (0.775− 0.78)
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Implications
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Including ω-mass, Gärtlein+ 2023

• in good agreement with
astrophysical constraints

• special point ⇒ blue dot

• in agreement with black
widow pulsar ⇒ green bar
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1 Compact Stars

2 Building up an NS

3 Properties of M-R curves ⇒ The Special Point

4 Conclusion

5 Backup
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Conclusion

1 phenomenological EOS ⇒ in agreement with astrophysical
constraints (including decon�nement and color
superconductivity)

2 ABPR parametrization enables numerical advantages

3 interesting behaviour: Variation of ηD while �xing ηV
⇒ Family of Hybrid EOS
⇒ M-R curves intersect in Special point

4 microscopic parameters govern special point (independent of
hadronic EOS, due to First Order Phase Transition)
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Conclusion

5 emperical relation allows us to constrain the onset mass
(phase transition) ⇒ contraints on couplings

6 further constraints on ηV give small allowed range of M-R ⇒
massive NS in agreement with astrophyiscal constraints

7 early decon�nement

8 radial oscillations may give insights as well
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Thank you for your attention.
Please ask your questions.
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Radial Oscillations

Di�erent sources of forces on stars/NS can cause oscillations
⇒ radial oscillations ⇒ gravity as pullback force

Radial modes inside a star

Pressure and radius deviations
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Solve di�erential equations:

ξ ≡ ∆r
r , η ≡ ∆p

p

dξ

dr
= −

(
3

r
+

1

ϵ+ p

dp

dr

)
ξ − η

rγ
, (6)

dη

dr
= ω2

[
ϵ+ p

p
re(λ−ν)

]
ξ

−
[
4

p

dp

dr
+ 8π(ϵ+ p)reλ − r

p(ϵ+ p)

(
dp

dr

)2]
ξ

−
[

ϵ

p(ϵ+ p)

dp

dr
+ 4πζreλ

]
η, (7)
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Can we observe them?

• radial mode (n = 0) ⇒ f-mode

• higher modes: (n > 0): p-modes

• di�erent oscillation modes: g-modes, s-modes,...

• Since f-modes are radial ⇒ no emission of gravitational waves
(GW)

• could couple to nonradial oscillations ⇒ emit GW

• as f-mode see entire star ⇒ possible insights on composition,
etc.

⇒ observation seems possible

⇒ lowest frequency modes ⇒ easy to excite
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SP
MSP RSP ηV ηD Monset [Mmax] fnew
[M⊙] [km] [M⊙] [M⊙] [kHz]

b
lu
e

1.973 11.06 0.23

0.749 0.251 2.044 2.120
0.740 0.506 2.011 1.866
0.731 0.826 1.986 1.445
0.721 1.169 1.974 1.096
0.711 1.483 1.976 imaginary

m
ag
en
ta

2.092 11.46 0.29

0.760 0.251 2.159 2.008
0.753 0.506 2.130 1.827
0.745 0.826 2.104 1.366
0.737 1.169 2.094 1.083
0.730 1.483 2.095 imaginary

or
an
ge

2.207 11.85 0.35

0.770 0.251 2.267 1.865
0.764 0.506 2.241 1.652
0.757 0.826 2.218 1.274
0.752 1.169 2.210 0.978
0.747 1.483 2.209 imaginary
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Table including important quantities

PSR	J0740+6620
			Fonseca	et	al.,

(0.230;0.721)
(0.290,0.737)
(0.350;0.752)

(0.230;0.740)
(0.290,0.753)
(0.350;0.764)

(0
.3
50
;0
.7
70
)

(0
.2
90
;0
.7
60
)

(0
.2
30
;0
.7
49
)

(0.230;0.731)
(0.290;0.745)

(0.350;0.757)

(0.230;0.711)

(0.290;0.730)
(0.350;0.747)

	GW	170817
	Abbott	et	al.,

NIC
ER	

J00
30+

045
1

	Ra
aijm

ake
rs	e

t	al
.,

NICER	J07
40+6620

								Miller	et	al.,

NICER	J0740+6620								Riley	et	al.,

				J0348+0432
Antoniadis	et	al.,

GW	170817
			excluded
Annala	et	al.,

GW	170817	excluded
						Bauswein	et	al., NIC

ER	J
0030

+04
51

								M
iller

	et	a
l.,

M
	[M

⊙
]

0

0.5

1

1.5

2

2.5

R	[km]

8 10 12 14 16

• smaller frequencies ⇒ closer to maximum mass

• smaller f ⇔ smaller ηD ⇔ later decon�nement

• f-mode can tell us how close we are to the maximum mass of
certain curve ⇔ empirical relation ⇔ position of
decon�nement phase transition
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