New Trends in High-Energy and Low-x Physics

Equations for particles with spin S=0 and S=1 in spinor representation

B. E. Grinyuk

Bogolyubov Institute for Theoretical Physics
of the National Academy of Sciences of Ukraine
Kyiv, Ukraine

Sfantu Gheorghe, Romania
September 1-5, 2024



Plan

« Duffin-Kemmer equations for particles with spin S=0

* Proca equations for spin S=1

* Quaternions and complex matrices

» Asystem of two Dirac equations with constraints for particles with spin 0 and 1
« High energy limit — new degrees of freedom

« Conclusions

UKRAINIAN UKRAINIAN
JOURNAL JOURNAL
OF PHYSICS OF PHYSICS

TOM 69 TOM 69

2024 2024
VOLUME VOLUME




Duffin-Kemmer equations for particles with spin S=0

We remind that the well-known Duffin-Kemmer first-
order differential equations [2] for a particle with spin
S = 0 can be derived from the Klein-Gordon-Fock
equation (here and further A =1 and ¢ = 1)

(O-m?)p= (1)
by introducing the new fields A, (1 =0,1,2,3)
Ay = Oup. (2)

Then instead of (1) one has the system of Duffin-
Kemmer equations

Oy = Ap. ‘
—0; Ay = (V- A) + m?yp, (3)
A = Vo,

for the five-component wave function (¢, Ag, A).



The presented above Duffin-Kemmer equations (3)
contain the second power of the mass of particle which
is not natural for the first-order differential equations.
More over, in the limit m — 0, the system of equa-
tions (3) (after differentiating the last equation over
time) splits into the system of four closed equations

—3tA{} - (V ' A) 1
{ afA — _VA() " (7)

with an additional condition
VxA]=0 (8)

following from the last equality of the system (3) due
to identity [V x V¢] = 0, and a separate equation
dyp = Ay, which becomes rather a definition of an
additional field .



Now we are going to construct another system of
equations having the regular limit at m — 0. Let us
introduce, instead of (Ag, A) (2), the following four
components (Bg, B):

where © obeys the equation (1). Then one has
J:By=(V-B)—imBy. ,

{ OB = VBy+imB . (14)

with the additional condition

V x B] =0. (15)

The latter follows from the definition of B (the
last equality from (10)) and the known identity

[V x V] =0.



Proca equations for spin S=1

Let us recall that if the Klein—Gordon—Fock equation
(here and below, A =1, and ¢ = 1)

(O-m?) A, =0, (1)

supplemented by the condition
oA, =0, (2)

is considered to be the initial equation for a vector
massive field, then the Proca equations of the first
order in derivatives follow from (1) and (2). if the
antisymmetric tensor

F;w — a,uAv — arzA,u (3)

is introduced, and (1) is rewritten (with regard for
(2)) as

MF,,, + m?A, = 0. (4)

Equations (4) together with (3) are the ten Proca
equations for ten components of the field.



Vo ()A: H = rotff._

oH H, 7 = rotH.

The first-order differential equations for a particle
with S = 1 can be written in the form [1]:

u = —[V x v] + imu, (44)
v = |[Vxul —imv, :

with the additional conditions

(V-u)=0, (V-v)=0.



Quaternions and complex matrices

We remind that quaternions, or hypercomplex num-
bers of the form

q = o + f11€1 + f12€s + fizes, (28)
with real numbers pp, are elements of four-
dimensional linear space with a certain multiplication
rule, which is suitable to define by the following table
of mutiplication of eq,eq, es:

e% :e-%:e%:—l3

ejex = ez, eze3 = ey, e3e; = ey,

ese; = —e3, ezex = —ej, ejez = —eo. (29)
For each quaternion q, one may consider the conju-
gate quantity q:

q = po — f11€1 — [2e2 — [i3€es. (30)

Then the absolute value squared of the quaternion
(28) is defined as

2 — — y .
la” = aq = q@ = g + pi + 13 + 3. (31)



4 = pol — ip61 — ipiaba — ipizds, (32)

where the Pauli matrices are commonly used in the
form

. 0o 1\ . 0—i\ . 1 0
01:(1 0)‘- 52:(@. El)’ '73:(0 —1)' (33)

In representation (32), the absolute value squared
can be calculated as

~ 12 1 = A |
A" = Str (4@) = po + 4 + 4o + 413, (34)

F

where q is a conjugate matrix to q (compare with

(32)):

q = prol +ip161 + ipada + ipzds. (35)



A system of two Dirac equations with constraints for a particle with spin

S=0 Now we are going to generalize (32) and assume g
to be complex numbers. This means that, instead
of quaternions with real p, we now consider general
complex matrices q of 2 x 2 dimension parameterized
by complex numbers jx according to (32) with the use
of Pauli matrices. The absolute value squared for the

i 1y = Ay~ 2 2 2 2
new “numbers” is %t?‘(qTq}:\,uo\ +|pen |7 pea |7 sl
where

at = pyl +ipio1 + iphoo + ipos. (36)

Instead of ® in the form (16), we now consider the
wave function for a particle in the form

&= Byl —iB16,—iBy69—iB363=Byl—i(6-B), (37)

where By and By (k= 1,2.3) are the same as in (10).



In these notations, the system of equations (14) can
be written in the form

i0,® = (i (6 - p) +m) D, (38)

where p = —¢V is the momentum operator, and no-

tation ® means a conjugate value (see (35)). It is

suitable to accomplish (38) with the equation for ®:

A,

i0,® = (—i (6 -p) +m) . (39)

Each of the two equations (38). (39) is equivalent to
the system of equations (14). Now we unite the func-

tions ® and ¢ into one matrix ¢
_ Bo+i:B3y i1B1+ B2
o _(®\_(Bol+i(6:B)\_[iBi—B2 Bo—iBs (40)
TT\e ) Bol —i(6-B) | Bp—iBy —iB1— B>
iB14+B2 Bop+iB3

with the absolute value squared

: l .
Bo* +Bi]* + Bl + |Bof? = S (914) . (a1)



It is obvious that the equation for LA has the form
i) = (& - p) b +mp, (42)

where . and 3 are the Dirac matrices in the following
representation:

G =6Q6,, B=6,01. (43)

Thus we have the Dirac equation (42) for two four-
component columns, or (written for each column sep-
arately) the system of two Dirac equations for ordi-
nary four-component wave functions. But it is essen-
tial to take into account additional condition (15) or
(20). It is also important to take into account that
the both four-component wave functions are bounded
between themselves (see (40)). since we have only four
independent fields B,,, where =0, 1, 2, 3.



A system of two Dirac equations with constraints for a particle with spin

S=1

The first-order differential equations for a particle
with S =1 can be written in the form |1|:

{ du = —|V x v| +imu,

v = [V xu|—imv, (44)

with the additional conditions
(V-u)=0, (V-v)=0. (45)

Let us introduce the wave function ¢ in the form of
matrix (having two four-component columns):

Uqg Uy — U,
:‘;} _ (?-u) _ w4 +1U-2 —Uqg r (-’—_I:ﬁ)
(6-v) Vg v, — iU,
111 —l_i’tI'Q _?..-.3

with the absolute value squared
3

S (Iof? + [ul?) = 5t (£1). (47)

k=1



In these notations, the system of equations (44) takes
the form of the Dirac equation

i0pp = (& -p) @ +mpBe. (48)

(or the system of two Dirac equations for each of the
two columns of the wave function ¢).

Obviously, one can carry out a similarity transforma-
tion and obtain the equation (48) in the same repre-
sentation as the one of (42). It is necessary to keep in
mind that the components of the wave function (45)
obey the conditions (45).

Thus we have an important conclusion that the
equations for both the particles with spin S = 0
and S = 1 formally obey the same system of two
Dirac equations, but also are constrained with differ-
ent additional conditions: (15) for S = 0, and (45)
for S = 1. In essence, the additional conditions “con-
struct” particles with even spin (0 or 1) from two

1

particles with spin 3.



High energy limit — new degrees of freedom

Let us assume that the both particles have the same
mass m. If we introduce the wave function

- Jtiu 3 -'z?-u.1+ Uq
p — {f + ? (?’U) _ ..E.-u.l.—u,g ]'C—"i’u.g | (50)
_[g + 1 (G'-V) f}+’l'v3 'Z'Ul+"1,?2 .

then the Dirac equation
i F = (&-p)E + mpF (51)

combines the both systems of equations for the case
S =0 (see (14), (15)) and for S =1 (see (44), (45)).
In order to make this fact obvious, we rewrite the
system (50) in an explicit form (without use of ma-
trices):

(O f =—(V-v)+imf,

v =—=Vf+|Vxu —imv,
Og = (V-u)—img,

ou = Vg — [V xXv]+imu.

(52)




i F = (a-p)E+mpF (51)

At the same time, if we make a transition from
cight independent components f, g, u, and v of the
wave function F (50) to eight components ¢, and 7,
(n =1, 2, 3, 4) according to

f+iug LU+ Uy SRR
o= ttaue f=iug | _| & (53)
g+iv, 101+, Ss 73 |

we find that the system of equations is nothing else
but the set of two Dirac (‘-qud‘rl()ns for two indepen-
dent particles with spin S = ;}



Conclusions

To summarize, we would like to notice the following
conclusions and make the following generalizations:

* Equations for a particle with spin S can be for-
mulated (or reformulated) in the form of a system
of Dirac equations with additional conditions (con-
straints).

** The equations for S = 0 and S = 1 in the limit
of high energies reveal new degrees of freedom being
particles with spin S = % without any preliminary
assumptions about their existence.



THANK YOU'!
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