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Dipole Approximation
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 HERA data represented the most direct way of probing that the virtual photon fluctuates into a qq
pair long before the scattering

» the qq color dipole acts as a probe of the gluon distribution at small x

» the dipole transverse size r is preserved by the scattering

*  Photon wave function W 5 (r,z,Q?) in dipole approximation (known to NLO light cone)
e N(r,Y,b)isthe dipole-Hadron scattering Amplitud

Scattering amplitud S(r;,Y,b) =1 — N(r;,Y,b) whereY =In G) = In s rapidity

© or(Y,Q%) =2[d?r [d?b [ dz| | Wni,7(r,2,Q?)|*N(r,Y,b)

Quantum Chromodynamics at high Energy, Kovchegov and Levin Cambridge 2012
Mueller 2002



BK and BFKL equation

QCD at small Xp;j ~ QZ/S Evolution in small x variable is given by
' the Balitsky, Fadin, Kuraen and Lipatov

oo BFKL (1977 ion N(r,Y, b
Regge limit: Q% < s (1977) equation N(r. 1, b)

ON(x10,b,Y) @ J xZ,
= d?xy; ——5 (N(x12,b,Y) + N(x20,b,Y)
s Y T X%, x&y

—(N(x10,b,Y))

To high Rapidity Y (High density)

There is problem with this linear equation and
one need to introduce non linear term:
Saturation region (Balitsky, Kovchegov 1996)

2

a 2 X02
Z—J d Xy —ZN(Xlo, b, Y) * N(xz(); b: Y)
s X12 X01

Rigorous treatment requires solution of b-

Evalution in Q?: _
dependent BK equation (or JIMWLK CGC).

DGLAP equation Better

resolution in the partons Rezaeian and Schmidt Phys. Rev.D 88 (2013)
Dokshitzer—Gribov—Lipatov—Altarelli—Parisi



BFKL and BK equation: Transition to saturation and Geometric
Scaling

Stasto, Golec-Biernat and KwiecinsKi phys. Rev. Lett. 86 (2001) 596.

have shown that the HERA data on DIS at low x , functions of two independent
variables — the photon virtuality Q? and the Bjorken variable x , are consistent with
scaling in terms of the variable t = 2Q2,,(Y)

Saturation momentum: y

Q2(Y) = Qe = 03 (2"~ 1=0%/03 (2)" 2=03-04

Saturation region ; ; :
Color Class Condensate IS t_o shoyv f[hat_ the scqllng region for the
' E . ) various distribution functions is in fact much
xtended Geometric . .
Scaling region larger than the saturation region

Y=Inl/x

Balistky Phys. Rev. D75, 014001 (2007)

1. Balitsky, Nucl. Phys. B463, 99 (1996)

Kovchegov, lancu, Itakura, and Larry McLerran arXiv 0203.137
Jalilian-Marian-lancu-McLerran-Weigert-Leonidov-Kovner
(JIIMWLK)




BK evolution

— 2
O(N(x10,bY) _ @ [ d?x, =2 (N(x12,b,Y) + N(x20,b,Y)-N(x10,b,Y)

aY 2T X{o X551

- N(x12i b' Y) * N(XZOI br Y))

in principle need to solve the fully impact parameter dependent Balitsky Kovchegov (BK)

equation _ o
this work: local approximation — b becomes

an external parameter

Initial condition at Y,: McLerran -Venugopalan model MV:

22
N(r,b,Y)=1—exp [— TLSSO ln( 4 e)]

TJ_A

Kowalski, Lappi, Marquet, Venugopalan, PRC 78 (2008) 045201

where initial saturation scales: Lappi, M"antysaari, PRD 88 (2013) 114020
2 f
Q%o or proton
Q% = —
0 1/3 2
A3 x Q2 for nucleus




Analytical Solutions to the BK equation

- satisfying the initial condition given by the BFKL Pomeron
- satisfying the Geometric Scaling inside the saturation region, Non-perturbative

Unfortunately finding an exact analytical solution seems difficult task, its is non-linear.

In the saturation regime the series diverges, but allows us to construct an asymptotic solution by
analytical continuation

Perturbations approach

e First BFKL Pomeron Lipatov solution (1986)

as N,
Eigenfunctions of the Casimir operators of conformal algebra = Tx
oo 1._2?1+if/ p* 1,;2“4—1'.1/ 1+|Tl| 1+|n|
En_._y(po‘pl) _ ( ) ( .01 ) nv) = 2 1 ( V) — ( —
Po P1 £o P1 Howvy = 2p ) = v ’ i

dInT(z , . N VY — [ 7, 2% x(00)Y | 1+2iv
# Digamma Function Nz, Y) [_,_,Cd“ ¢ (27Qs0) Cy

Y(z) =

y = % + i v Dominant contribution to highY is

x0,y) =2¢y1) =) — Y — 1= x¥)



Analytical Solutions to the BK equation

Perturbations approach

Y. Kovchegov arXiv 9905214
Perturbative solution and it is convergent outside of the saturation region.

ON1(k,Y) 2aN. ) - S d\ 2aN. ., E\*
) _ _ (kY N (kY)= | -~ e Yx(=N| (=) C,.
aYy T X ( 8111k) N (k, Y), Ni(k,Y) 21 xp T x(=4) A A

He showed that as energy increases the scattering cross section of the quark—antiquark pair of a
fixed transverse separation on a hadron or nucleus given by the solution of BK equation inside of
the saturation region unitarizes

We need to construct a solution BK in coordinate space, N(xl,Y), and the corresponding
structure function F2 one has to have a better knowledge of the momentum space solution inside
the saturation region.

A solution of BK would probably be very helpful in determining exact values of N(xL, Y ) and F2
at intermediately large rapidity

ONs(k,Y)  2aN, d < aN. oo
v = '(_éﬂnk) No(k,Y) = —= Ni(k, V),

Motika and Sadzikowski arXiv 230602118 Hight Twist corrections




Analytical Solutions to the BK equation

Non-Perturbations approach

Levin-Tuchin Solutions inside the saturation region GS (2000)

N(TJ_, b, Y) =1- A(TJ_, Y, b)

1
Qs(Y)

consider that the side of the dipole are: X1 = X19; X290 < X10; Xjj >

we can find

PO = @2 A(rL,Y,b)

where z=In72Q?(Y)=akY +Inr?Q2(Yy) =akY + &,
The solution es

72

N(r,b,Y) =1-Aye 2«



Diffraction at high energy
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Kovchegov-Levin (KL) equation (2000)

cross section of diffractive production with the rapidity gap larger than Y,

UdiH(Ya YOan) — / dzTJ_/ dz |\IJ’Y* (QZ;TJ_VZNZ Ugfpfgle(rlayan)

where
y
Oaimae(rL Y, Yo) = f d2b NP (ry, Y, Y, b)



Diffraction at high energy
Kovchegov-Levin (KL) equation (2000)

ONP (Y,Yp,r10;b)
oYy B

o

2—; d*rg K (110|712, 702) {ND (Y, Yo, 712;0) + NP (Y, Yo,7r20;0) — NP (Y, Yy, 710;b)
+NP(Y; Y0, m12; ) NP (Y Yo, 7203 8) — 2N (Y Y0, 712;b) N(Y; 7205 b)

-9 N(Y;TIQ; b)ND(Y, Yo, 20, b) — QN(Y, r12; b)N(Y, 7203 b)} a. = aSWNC

This is a nonlinear evolution equation with the initial condition specified at Y =Y,

To solve it one has first to solve the BK equation to find the dipole amplitude N

For this equation for N° and the BK equation, no analytic solution exists.

Numerical solution: Levin and Lublinsky 2001-2002 geometrical scaling in a broad
kinematic region for rapidity



Diffraction at high energy

Introducing a new variables:

N (2,8Y,8Yy) = 2N(2,8Y) — NP (z,6Y,6Y))

with the Initial Condition NP(r,Y =Y,,Y,) = N*(r,Y =Y,)

2 2
6%1 _ / d To2 oy

3 9
oY 2T x§, x4,

{%2 + M2 — S22 — c/%)l}

N(TIOJ Y) - N(Er Y) - N(Zr Y)

z = ln(rQQE (5}7,1))) = agk (Y —Ya) + ¢ £ =1In (Q§ ((5{/:0) 7"2)

Q2 (Y,b) = Q2(Y =Ya,b) e¥s <Y =Ya)



This equation takes the form of the Balitsky-Kovchegov (BK) equation

z = ln(rQQi (5]7,19)) = ask (Y —Ya) + &

NP1(z,&3) NP (z,Y)

0

Sat

ration region

Perturbative QCD

ey, e T

Saturation region of QCD for the scattering amplitude. The critical line (z=0) is shown in red.

Contreras, Garrido, Levin and Meneses Phys. Rev D. 107 (2023)



Diffraction at high energy

replacing A4 (z,0Yy) by A (2,0Yy) = 1 — AP (z,6Y))
we get

aA[{?l = d2 L02 51?%1 /\D /\D AD
% — &g 5 2 028212 — 201

27 5o Lo

with initial conditions

N (2 = 20,8V = 6Y5,0Y) = 2N(20,0Y9) — N2(z0,8Yy) =1 — N?(z,,6Y)

K

~\ 2
Region I . Aa (Z — ZO,5YO) = 02 exp (_ (ZO Z) )

2
Region IT:  Af (z — 20,0Y — 5Y0,6Y0) =1— Niyp = G*(€)exp (_ (20 — Z) )

K

— 3)* 1, and Z =2(In2+ (1)) — ¢
2K 4

with G (&) :exp((g — e

Contreras, Garrido, Levin and Meneses Phys. Rev D. 107
(2023)



Modified homotopy approach

GA{))I o d2 o2 513(2)1 D
oY —a5/ 27 x%zazlz{A Ar Am}

A [’lL] + N [u] —
The homotopy method we can use for the general equation:

H (p,u) = Llup| + pAglup] = 0

Solving, we reconstruct the function

Up (Y,:cm,b) = Up (K.’Blg,b) + P Ui (Y,.‘:Cl(),b) —|—p2’lL2 (Y,:I}l[),b) + ...

We suggest to simplify the non-linear term replacing it by

oo o)

9 z
as / T30 _To aDAD ., AD / A7/ A, = Af (g— / dz’Aé%) with ¢ = / d7 AD,

2T Tge T1o
0 z 0

o0

with ¢ = / dz' AL
0



We modify the homotopic approach considering:

oo

Z(AF) = (66; + z — C) AP+ AP (z,f’,zg) /dz’AO‘D (z’,c?f’,zo)
2 )
Np|AP] = aS/d%?oz z41 AD (202) AL (z15) — AD /Dldm_%zAD
om adywd, O\ 0 TR [ R0
The first iteration (p = 0) gives
Z (AD) = o (g/ t oz - g) AP 4 AD (z,i"/, zo) 7dz’A0D (z',(sf/,zo) — 0

We need information about A}



Traveling Wave solution Munier and Peschanski 2003

g.
Hdc/%;éz,fa C (1= Ay (6.60)) / A€/ Mo (€,€); with &, = koY
~ S _55

ntroducing A (2,&,) =1 — Ap1 (2,&) = exp (—Q(O) (2,€s)) we obtain:

920(0) (. 920)(0) (- ' 0) (.1
0“0V (z,&) 7AW (2,&) 1 (1 __E-41(}(z=53))

022 Ot? K

where 2 = {; +§ and t = s — €.

Region I: Geometric Scaling Q(z,¢) - Q(z)

02Q (z, &)

K p— 1 — e_Q(U) ('z:£S)
0&; 0z

---[‘D) z 1 dp? _ (@

dodz( ) ZP(QLDJ) Eﬁ'ﬁ _ 1 _ ()



(region I)

dz K

00) — .
p = df? _ \/2 (Q((J) + exp (_Q((J)) _ 1) + O

we solve this, getting the following implicit solution

0 (0) 0
(z — Z)
Q@ /Y +exp(V) —

O = (20— 22 /(2K) — 2In(C). We define

with

2
% (Q(U’I):Qg])) = /2 (2 - %)

Y

For finding Q(%:1) (2) ina genéral case we have to find the inverse function for %



Then we obtain the following result

k+3
(=1 1(2k — 1)! 2k ’

(z — 2

where A7 (2) = exp (—%)



Region II: General solution Q(z, ¢)

20 (0) 20)(0) 0)( ./
POV(nt)  PXE) _ 1) 00 e)

022 Ot? K
where z =&+ and £t =& — €.

Solving this equation, we obtain

Q(O) (zzgs)
dsY’

/\/Qg + Q' + exp (—)
Qo

:\/g((1+u) z + vt — 2—21}&053)

where &y s = KdY) and

(20— 2)* (20—&s—2)° 1
Q — — - I ~ o S




7 (20,00) = /2 (L +v) 2 + vt - 2)

K
where 2 = 2 4+ 2v&p s

We repeat the same steps of before an obtain:

k+1
(0.I1) AN =L (D12 — D! 2k 2
Bo (z ‘W) = Bur (2 &) exp ( 0+ 2 k! (14 1)z + vt — 2)* Air (=€)

k=1

(14 v)z 4 vt — 3)°
2K

ALT (Z,f_g) — €eXp | —

_ 2 N ,_
exp (A +v)z+vt—2)7 (20— 2) (20 — Eo.s — 2)
o 2K 2K K 9

v =0



Matching on the line & = €&

AGID (zA, 517)

(1 +v)za +vta— Z— 2V§0,s)2 (20,4 — z)°

(ZU,A - fO,s - 5)2

2K 2K K

exp (

-

1
— 5 exXp (ZO,A - §o,s))

_—

~
region 11

_ QgJ)

~\2
= APD(n(24)) = C?exp ((442—52)

W
region I

v =0

we find

C? = exp

and

@

Saturation re

& = O Y

O

gion

A _
& = 0K VA

Perturbative QCD i

Ep = In(x3Q; (Y=0, b))




First order correction in the modified
Homotopic Approach

0z

(na T g)A? (z,20) + AP (2, 20) / dZ' AT (7', z0) + AT (2, 20) / dZ'AY (7, 2z0) = — N2[AF (2)

z z N(K@)Z

L. -

~(A0)3

Taking into account only terms of the order of (AU)2

(H,sz + z — C)A‘P (z,20) = —L/V_g[Aé) (2)

The particular solution can be written as follows

1
Z"?ZU)

A{) (z,20) = —Ag) (z, zg)/ dz’AOD( JE[AUD (2")]




numerical estimation

Indeed, this correction turns to be small for region |.

0.015]
0.010;

0.005|

N /A,

(K}% + z — C)/_\{) (z,20) = —Ne[AL (2)

0.000}

~0.005/

0.025
0.020
7 0.015
o
<1 0.010
0.005

0.000




For region Il. numerical estimation

&l‘_'? (z:‘S}zD) — €exXp (_ﬂ + (;‘L"II (‘E:zﬂ))

3\ zp — 2)°
exp (¢! (£,20)) = [“‘LF'(.-_.;) G2 (&) exp (_LUT)

—

3 .2 .2
_ 2 (z2p—2) £—Z) 1
gt (£,20) = 2 — 0 + & — —et,
' 2K K K 2
Tm
(0,11) [ dProa xF 01 ©.11) (5 NCED dmnz 0.11)
2 Iy T, T

2 B (w—2)? (€-2)?
2 N

2
2K K K

AOD (Z, 51 ZO) = eXp (E (Z(g)a 6: 20(5)) o ;6'5) with X (Z, 6: ZU) —



Introducing

N

Therefore

H,A‘P (2,€,20) =

Modified homotopy approach

1 1
Loz = 3T+, Ty12 = 5T — X

= 2ase *mexp (=22 (2(&), &, 20(6r)) — €°7)
I (2(2(&)2 20 | () =2? (& - )) egw)

2K 2K K K

2
= agexp ( (z=2In2) + Qg(fr,zo))

K

i N A7 (7))
AP (26 20) [ gg 0

0o I 2 12 -
AP (z,&,zg)/ dz' exp ( (' = 21n2) + z + (¢ (&ry20) — 91 (fwzo)))

K 2K

D [TTK  41n?2 z—4In2 3(Er,20)— b L (€2 z>1 K D 2
A[} (25£1Z0) 76 " erfc( m e(¢(£ 0)=¢"(&r:70)) H;(AO (Z,&-,ZO))

Homotopy approach allows us to solve analytically and
asymptotically. Numerical leads to small corrections.



Conclusiona and outlook

we developed the homotopy approach for solving the non-linear evolution for the diffraction production in DIS

First, we solved the linearized version of this equation in the coordinate space deep in the saturation region.
We found that this solution has the geometric scaling behavior for ¢ < 564

For & > E(‘,q we observe the violation of the geometric scaling behavior in the saturation region.

This solution satisfies the boundary and initial conditions which are given perturbative QCD approach for
r Qs < 1 and by McLerran-Venugopalan for Y = Y.

Finally in our approach, we have to take into account the remaining part of the non-linear correction that

have not been included in the linearized form of the N? — equation. It turns out that these corrections are
rather small indicating that our procedure gives a self consistent way to account them

We believe that this method of finding solution, which allow us to treat the most essential part of the
scattering amplitude analytically.

The numerical part of the calculations is expressed through well converged integrals and can be easily
estimated.

C. Contreras Diffraction and Low-x 2024



Thank you for your attention!

In memory of my sister Sandra



Preliminary results:

The dipole-nucleus scattering amplitude N is
plotted (schematically) as a function of x.L.

saturation

= 1 E
One can see that, at small x| « Qi , we have N ~ 0 o !
s |
This result is natural, since in the zero-size dipole the color charges -
of the quark and the anti-quark cancel each other, leading to VA

disappearance of the interactions with the target. This effect is known
as color transparency

at large dipole sizes x| > Qi, the growth stops and the amplitude

* (Kopeliovich et al 1981)

levels off (saturates) at N = 1.

The transition happens at around x | ~Qi :

S

Numerical solution N(r=x,Q,(Y))

a,¥=0,12,24.36.48

1k

[ / 08 :
- N(x,.Y) ._ , / f j' L

ogl €eY=0.12.24.36.48 I_,f

/ [ 06
! -'l / F

r / f | : L
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J
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