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Result

di�erently given the implications it has on the sum of neutrino masses predicted by the
considered model.

The sum of the neutrino masses is constrained by various cosmological and astrophys-
ical measurements, yielding an upper bound of q

i mi < (0.12 ≠ 0.69) eV (95% C.L.),
which depends on the adopted model and level of statistical complexity [58, 59] (see also
Refs. [60–65]). By adopting the best-fit values for ◊23 in the two cases with and without
SK data, we obtain q

i mi ƒ 0.241 eV and 0.173 eV, respectively. However, in order to
evade the aforementioned limitations, some level of complexity and assumptions is re-
quired. We instead set ◊23 to its ≠ (+) 3‡ minimal (maximal) limit for the case with
(without) SK data; specifically, ◊23 = 39.7¶ (51.9¶), with the other input parameters at
their best-fit values. This yields q

i mi = 0.142 (0.117) eV, which minimises the sum of
neutrino masses and reduces the tension with the cosmological bounds. To summarise, in
our numerical analysis, we consider the following two sets of input parameters:

Set I Set II
◊12 = 33.41¶

◊12 = 33.41¶

◊13 = 8.58¶
◊13 = 8.54¶

◊23 = 39.7¶
◊23 = 51.9¶

�m
2
21 = 7.41 ◊ 10≠5 eV2 �m

2
21 = 7.41 ◊ 10≠5

�m
2
31 = 2.507 ◊ 10≠3 eV2 �m

2
31 = 2.511 ◊ 10≠3 eV2.

The minimal gauged U(1)Lµ≠L· model, when combined with the neutrino mixing angles
and squared mass di�erences in Set I (II), predicts a value of m1 = 0.039 (0.029) eV.4 In
addition, the PMNS phases are determined to be ” ƒ 301¶ (228¶), –2 = 116¶ (225¶) and
–3 = 269¶ (70¶), or equivalently, ” = 59¶ (132¶), –2 = 244¶ (135¶) and –3 = 91¶ (290¶).
The Dirac phase ” has also been estimated by the NuFit analysis, which reports a 3‡ range
of [144¶

, 350¶] when including SK data, and [0, 44¶] fi [108¶
, 360¶] when not including it.

Consequently, the set of parameters of Set I with ” = 59¶ is disfavoured for more than 3‡.
By specifying the three additional input parameters in the Dirac mass matrix, MD =

(v/
Ô

2)diag(⁄e, ⁄µ, ⁄· ), it is possible to obtain the right-handed neutrino mass matrix
MR. These Yukawa couplings are parameterised, according to Ref. [21], as

(⁄e, ⁄µ, ⁄· ) = ⁄(cos ◊, sin ◊ cos „, sin ◊ sin „), (9)

where we consider the range of 0 Æ ◊ and „ Æ fi/2. We also limit the value of ⁄ to
⁄ . 1 to ensure that the Yukawa couplings remain perturbative. The masses of the right-
handed neutrinos are obtained by performing the Takagi diagonalisation on the complex
symmetric matrix MR

MR = �údiag(M1, M2, M3)�†
, (10)

where � is a unitary matrix and M1, 2, 3 Ø 0. Once the mass matrix of the right-handed
neutrinos MR is diagonalised, the terms in Eq. (2) lead to

�L = ≠ ⁄̂j–N̂
c
j (¸– · H) ≠

1
2MjN̂

c
j N̂

c
j + h.c. , (11)

4The model also makes predictions about the e�ective Majorana mass Èm——Í which determines the
rate of the neutrinoless double-beta decay. The parameter set I (II) predicts Èm——Í ƒ 0.025 eV (0.016
eV), which is below the current constraint given by the KamLAND-Zen experiment, Èm——Í < 0.036-0.156
eV [66], and may be probed by future experiments with sensitivities of Èm——Í ƒ O(0.01) [67, 68].
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eV), which is below the current constraint given by the KamLAND-Zen experiment, Èm——Í < 0.036-0.156
eV [66], and may be probed by future experiments with sensitivities of Èm——Í ƒ O(0.01) [67, 68].
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Summary
‣ In Minimal gauged                 model, the phases 
and the sum of the light neutrino masses are 
predictable because of a restricted neutrino mass 
matrix structure. 

‣ Additionally, in the context of thermal leptogenesis, 
the BAU can be computed in terms of the three 
remaining free variables 
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U(1)Lµ�L⌧

‣ We found that thermal leptogenesis is viable for 
                             across the entire parameter 
space 
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Assumption

‣ singlet scalar field associated     and      are 
sufficiently heavy so that these fields are always 
absent from the thermal bath   
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Z 0

‣                 gauge symmetry is never restored after 
the reheating 
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‣ The masses of all three right-handed neutrinos are 
smaller than the reheating temperature.  
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Benchmark Point
The (µ, µ) and (·, ·) components of the right-hand side of the above equation vanish. This
is a direct consequence of the two-zero-minor structure [49, 50] of M‹L in this model.2
The vanishing conditions on complex quantities result in four real parameter equations.
These equations allow us to predict the values of the lightest neutrino mass m1, as well
as the Dirac and Majorana CP phases ”, –2, and –3, as functions of the other neutrino
oscillation parameters. These parameters include the neutrino mixing angles ◊12, ◊23, ◊13,
and the squared mass di�erences �m

2
21 © m

2
2 ≠ m

2
1, and �m

2
31 © m

2
3 ≠ m

2
1. For each set

of input parameters, there exist two possible sets of predictions, as shown in Ref. [21].
Specifically, if the set (m1, ”, –2, –3) satisfies the two-vanishing conditions, then the set
(m1, 2fi ≠ ”, 2fi ≠ –2, 2fi ≠ –3) also satisfies them.

For our numerical study, we fix the neutrino mixing angles and the squared mass
di�erences following the NuFit analyses [56], which are comprehensive global fits that
include data from all the relevant neutrino oscillation experiments. The most recent
NuFit analyses are conducted both with and without incorporating data from the Super-
Kamiokande (SK) experiment. These two approaches yield somewhat di�erent values
for the neutrino mixing angles and squared mass di�erences. We summarise the results
obtained in the NuFit 5.2 analysis [56, 57] for the best-fit values, 1‡ deviations and 3‡

ranges of the neutrino mixing angles and mass squared di�erences in Table 2.

Neutrino Masses and Mixing Parameters
Parameters ◊12 ◊13 ◊23 �m

2
21 �m

2
31

(units) (¶) (¶) (¶) (10≠5 eV2) (10≠3 eV2)
With SK 33.41+0.75

≠0.72 8.58+0.11
≠0.11 42.2+1.1

≠0.9 7.41+0.21
≠0.20 2.507+0.026

≠0.027

3‡ range [31.31, 35.74] [8.23, 8.91] [39.7, 51.0] [6.82, 8.03] [2.427, 2.590]
Without SK 33.41+0.75

≠0.72 8.54+0.11
≠0.12 49.1+1.0

≠1.3 7.41+0.21
≠0.20 2.511+0.028

≠0.027

3‡ range [31.31, 35.74] [8.19, 8.89] [39.6, 51.9] [6.82, 8.03] [2.427, 2.590]

Table 2: Best-fit values, 1‡ deviations and 3‡ allowed ranges of the neutrino mixing angles
◊12, ◊13, ◊23, and of the squared mass di�erences �m

2
21 and �m

2
31 in the case of NO light

neutrino mass spectrum, from the latest NuFit 5.2 analysis [56, 57]. The two lines of
values correspond to the fit with (top) and without (bottom) the inclusion of SK data.

We observe that, while the inclusion of the SK data substantially a�ects the best-fit
±1‡ values of ◊23, it does not change dramatically its 3‡ allowed range (the maximal
value without SK data is larger by 0.9¶) and the results for ◊12, ◊13, �m

2
21, and �m

2
31.

Specifically, the best fit ±1‡ values for ◊23 lie below (above) fi/4 with (without) the
inclusion of SK data. Since the minimal gauged U(1)Lµ≠L· model predictions are highly
dependent on the value of ◊23, as the sum of neutrino masses diverges for ◊23 = fi/4
[21], we examine the cases with and without the inclusion of SK data separately.3 In
both cases, we set ◊12, ◊13, �m

2
21, and �m

2
31 to their best-fit values, while we treat ◊23

2Note that this structure is stable against the renormalisation-group e�ects [21].
3See Fig. 1(b) in Ref. [24], in which the sum of neutrino masses as a function of ◊23 is shown. For such

figure, the authors of Ref. [24] adopted an older version of the neutrino oscillation data (NuFit 4.1), but
the behaviour of the same function in our case remains basically the same.

5
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di�erently given the implications it has on the sum of neutrino masses predicted by the
considered model.

The sum of the neutrino masses is constrained by various cosmological and astrophys-
ical measurements, yielding an upper bound of q

i mi < (0.12 ≠ 0.69) eV (95% C.L.),
which depends on the adopted model and level of statistical complexity [58, 59] (see also
Refs. [60–65]). By adopting the best-fit values for ◊23 in the two cases with and without
SK data, we obtain q

i mi ƒ 0.241 eV and 0.173 eV, respectively. However, in order to
evade the aforementioned limitations, some level of complexity and assumptions is re-
quired. We instead set ◊23 to its ≠ (+) 3‡ minimal (maximal) limit for the case with
(without) SK data; specifically, ◊23 = 39.7¶ (51.9¶), with the other input parameters at
their best-fit values. This yields q

i mi = 0.142 (0.117) eV, which minimises the sum of
neutrino masses and reduces the tension with the cosmological bounds. To summarise, in
our numerical analysis, we consider the following two sets of input parameters:

Set I Set II
◊12 = 33.41¶

◊12 = 33.41¶

◊13 = 8.58¶
◊13 = 8.54¶

◊23 = 39.7¶
◊23 = 51.9¶

�m
2
21 = 7.41 ◊ 10≠5 eV2 �m

2
21 = 7.41 ◊ 10≠5

�m
2
31 = 2.507 ◊ 10≠3 eV2 �m

2
31 = 2.511 ◊ 10≠3 eV2.

The minimal gauged U(1)Lµ≠L· model, when combined with the neutrino mixing angles
and squared mass di�erences in Set I (II), predicts a value of m1 = 0.039 (0.029) eV.4 In
addition, the PMNS phases are determined to be ” ƒ 301¶ (228¶), –2 = 116¶ (225¶) and
–3 = 269¶ (70¶), or equivalently, ” = 59¶ (132¶), –2 = 244¶ (135¶) and –3 = 91¶ (290¶).
The Dirac phase ” has also been estimated by the NuFit analysis, which reports a 3‡ range
of [144¶

, 350¶] when including SK data, and [0, 44¶] fi [108¶
, 360¶] when not including it.

Consequently, the set of parameters of Set I with ” = 59¶ is disfavoured for more than 3‡.
By specifying the three additional input parameters in the Dirac mass matrix, MD =

(v/
Ô

2)diag(⁄e, ⁄µ, ⁄· ), it is possible to obtain the right-handed neutrino mass matrix
MR. These Yukawa couplings are parameterised, according to Ref. [21], as

(⁄e, ⁄µ, ⁄· ) = ⁄(cos ◊, sin ◊ cos „, sin ◊ sin „), (9)

where we consider the range of 0 Æ ◊ and „ Æ fi/2. We also limit the value of ⁄ to
⁄ . 1 to ensure that the Yukawa couplings remain perturbative. The masses of the right-
handed neutrinos are obtained by performing the Takagi diagonalisation on the complex
symmetric matrix MR

MR = �údiag(M1, M2, M3)�†
, (10)

where � is a unitary matrix and M1, 2, 3 Ø 0. Once the mass matrix of the right-handed
neutrinos MR is diagonalised, the terms in Eq. (2) lead to

�L = ≠ ⁄̂j–N̂
c
j (¸– · H) ≠

1
2MjN̂

c
j N̂

c
j + h.c. , (11)

4The model also makes predictions about the e�ective Majorana mass Èm——Í which determines the
rate of the neutrinoless double-beta decay. The parameter set I (II) predicts Èm——Í ƒ 0.025 eV (0.016
eV), which is below the current constraint given by the KamLAND-Zen experiment, Èm——Í < 0.036-0.156
eV [66], and may be probed by future experiments with sensitivities of Èm——Í ƒ O(0.01) [67, 68].

6

We have taken 3σ 
ranges of the neutrino 
mixing angle 
to avoid constraint on 
sum of neutrino mass.
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The (µ, µ) and (·, ·) components of the right-hand side of the above equation vanish. This
is a direct consequence of the two-zero-minor structure [49, 50] of M‹L in this model.2
The vanishing conditions on complex quantities result in four real parameter equations.
These equations allow us to predict the values of the lightest neutrino mass m1, as well
as the Dirac and Majorana CP phases ”, –2, and –3, as functions of the other neutrino
oscillation parameters. These parameters include the neutrino mixing angles ◊12, ◊23, ◊13,
and the squared mass di�erences �m
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of input parameters, there exist two possible sets of predictions, as shown in Ref. [21].
Specifically, if the set (m1, ”, –2, –3) satisfies the two-vanishing conditions, then the set
(m1, 2fi ≠ ”, 2fi ≠ –2, 2fi ≠ –3) also satisfies them.

For our numerical study, we fix the neutrino mixing angles and the squared mass
di�erences following the NuFit analyses [56], which are comprehensive global fits that
include data from all the relevant neutrino oscillation experiments. The most recent
NuFit analyses are conducted both with and without incorporating data from the Super-
Kamiokande (SK) experiment. These two approaches yield somewhat di�erent values
for the neutrino mixing angles and squared mass di�erences. We summarise the results
obtained in the NuFit 5.2 analysis [56, 57] for the best-fit values, 1‡ deviations and 3‡

ranges of the neutrino mixing angles and mass squared di�erences in Table 2.
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≠0.72 8.58+0.11
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≠0.027

3‡ range [31.31, 35.74] [8.23, 8.91] [39.7, 51.0] [6.82, 8.03] [2.427, 2.590]
Without SK 33.41+0.75
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≠0.12 49.1+1.0
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≠0.027

3‡ range [31.31, 35.74] [8.19, 8.89] [39.6, 51.9] [6.82, 8.03] [2.427, 2.590]

Table 2: Best-fit values, 1‡ deviations and 3‡ allowed ranges of the neutrino mixing angles
◊12, ◊13, ◊23, and of the squared mass di�erences �m
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31 in the case of NO light

neutrino mass spectrum, from the latest NuFit 5.2 analysis [56, 57]. The two lines of
values correspond to the fit with (top) and without (bottom) the inclusion of SK data.

We observe that, while the inclusion of the SK data substantially a�ects the best-fit
±1‡ values of ◊23, it does not change dramatically its 3‡ allowed range (the maximal
value without SK data is larger by 0.9¶) and the results for ◊12, ◊13, �m

2
21, and �m

2
31.

Specifically, the best fit ±1‡ values for ◊23 lie below (above) fi/4 with (without) the
inclusion of SK data. Since the minimal gauged U(1)Lµ≠L· model predictions are highly
dependent on the value of ◊23, as the sum of neutrino masses diverges for ◊23 = fi/4
[21], we examine the cases with and without the inclusion of SK data separately.3 In
both cases, we set ◊12, ◊13, �m

2
21, and �m

2
31 to their best-fit values, while we treat ◊23

2Note that this structure is stable against the renormalisation-group e�ects [21].
3See Fig. 1(b) in Ref. [24], in which the sum of neutrino masses as a function of ◊23 is shown. For such

figure, the authors of Ref. [24] adopted an older version of the neutrino oscillation data (NuFit 4.1), but
the behaviour of the same function in our case remains basically the same.
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di�erently given the implications it has on the sum of neutrino masses predicted by the
considered model.

The sum of the neutrino masses is constrained by various cosmological and astrophys-
ical measurements, yielding an upper bound of q

i mi < (0.12 ≠ 0.69) eV (95% C.L.),
which depends on the adopted model and level of statistical complexity [58, 59] (see also
Refs. [60–65]). By adopting the best-fit values for ◊23 in the two cases with and without
SK data, we obtain q

i mi ƒ 0.241 eV and 0.173 eV, respectively. However, in order to
evade the aforementioned limitations, some level of complexity and assumptions is re-
quired. We instead set ◊23 to its ≠ (+) 3‡ minimal (maximal) limit for the case with
(without) SK data; specifically, ◊23 = 39.7¶ (51.9¶), with the other input parameters at
their best-fit values. This yields q

i mi = 0.142 (0.117) eV, which minimises the sum of
neutrino masses and reduces the tension with the cosmological bounds. To summarise, in
our numerical analysis, we consider the following two sets of input parameters:

Set I Set II
◊12 = 33.41¶

◊12 = 33.41¶

◊13 = 8.58¶
◊13 = 8.54¶

◊23 = 39.7¶
◊23 = 51.9¶
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21 = 7.41 ◊ 10≠5 eV2 �m

2
21 = 7.41 ◊ 10≠5

�m
2
31 = 2.507 ◊ 10≠3 eV2 �m

2
31 = 2.511 ◊ 10≠3 eV2.

The minimal gauged U(1)Lµ≠L· model, when combined with the neutrino mixing angles
and squared mass di�erences in Set I (II), predicts a value of m1 = 0.039 (0.029) eV.4 In
addition, the PMNS phases are determined to be ” ƒ 301¶ (228¶), –2 = 116¶ (225¶) and
–3 = 269¶ (70¶), or equivalently, ” = 59¶ (132¶), –2 = 244¶ (135¶) and –3 = 91¶ (290¶).
The Dirac phase ” has also been estimated by the NuFit analysis, which reports a 3‡ range
of [144¶

, 350¶] when including SK data, and [0, 44¶] fi [108¶
, 360¶] when not including it.

Consequently, the set of parameters of Set I with ” = 59¶ is disfavoured for more than 3‡.
By specifying the three additional input parameters in the Dirac mass matrix, MD =

(v/
Ô

2)diag(⁄e, ⁄µ, ⁄· ), it is possible to obtain the right-handed neutrino mass matrix
MR. These Yukawa couplings are parameterised, according to Ref. [21], as

(⁄e, ⁄µ, ⁄· ) = ⁄(cos ◊, sin ◊ cos „, sin ◊ sin „), (9)

where we consider the range of 0 Æ ◊ and „ Æ fi/2. We also limit the value of ⁄ to
⁄ . 1 to ensure that the Yukawa couplings remain perturbative. The masses of the right-
handed neutrinos are obtained by performing the Takagi diagonalisation on the complex
symmetric matrix MR

MR = �údiag(M1, M2, M3)�†
, (10)

where � is a unitary matrix and M1, 2, 3 Ø 0. Once the mass matrix of the right-handed
neutrinos MR is diagonalised, the terms in Eq. (2) lead to

�L = ≠ ⁄̂j–N̂
c
j (¸– · H) ≠

1
2MjN̂

c
j N̂

c
j + h.c. , (11)

4The model also makes predictions about the e�ective Majorana mass Èm——Í which determines the
rate of the neutrinoless double-beta decay. The parameter set I (II) predicts Èm——Í ƒ 0.025 eV (0.016
eV), which is below the current constraint given by the KamLAND-Zen experiment, Èm——Í < 0.036-0.156
eV [66], and may be probed by future experiments with sensitivities of Èm——Í ƒ O(0.01) [67, 68].
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We have taken 3σ 
ranges of the neutrino 
mixing angle 
to avoid constraint on 
sum of neutrino mass.
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Impact of Resonance Effects 
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Dependence of initial condition
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When we take thermal initial abundance (TIA),
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Dependence of initial condition
When we take thermal initial abundance (TIA),
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