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QCD in photon production: 

fragmentation, isolation, resummation, slicing



Fixed-Order Pathologies



For all cross section computations we will use


 


and for fixed-order results we set 


Fixed-cone results involve fragmentation functions 
and associated scale. For fixed-order, we set
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2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.

To reduce the contribution from secondary emissions, experiments impose isolation

requirements. To isolate a hard photon they put a cone of angular size R around it and

restrict the hadronic energy inside the cone to be lower than a certain cuto↵ E0. How

this cuto↵ is imposed depends on the isolation criterion. The simplest way is to impose a

constraint on the total hadronic energy Etot(R) inside the cone. At an e
+
e
� collider one

requires

fixed-cone isolation: E
cone

tot (R) < E0 = ✏�E� (2.1)

and the quantity R corresponds to the opening half-angle of the cone, i.e. a particle is inside

the cone if ✓ < R, where ✓ is the angle between the particle and the photon. At hadron

colliders, one instead imposes the constraint on the total transverse energy ET inside the

cone and defines E0 = ✏�E
�

T
.1 In the following, we will use the term energy to refer to either

the conventional or the transverse energy, depending on the collider under consideration.

At a hadron collider a particle is inside the cone if r < R with r =
p

(�⌘)2 + (��)2. Here,

�⌘ and �� are the pseudorapidity and azimuthal angle di↵erences between the photon and

the particle. Fixed-cone isolation is used in all experimental measurements by ATLAS [1–

3] and CMS [4–6], but with this isolation criterion the cross section computations need to

include the non-perturbative photon fragmentation functions to be collinear finite. The

1The transverse energy of a particle is defined as ET = E sin ✓b, where ✓b is its angle with respect to the

beam axis.
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Fixed-Order Pathologies (I)

• Should have: σ(isolated)  < σ(inclusive)


• At NLO, the isolation dependent part of cross section is 
proportional to ln(R)


• breakdown of FOPT for R ≲ 0.2!


• R = 0.2 is default value for ATLAS diphoton analyses
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σ(isolated) with smooth-cone, 

n = 1, εγ = 1


σ(inclusive) with Gehrmann de 
Ridder, Glover ’98 
fragmentation functions
MCFM



Same problem also for fixed-cone isolation 
Catani, Fontannaz, Guillet and Pilon in JHEP 05, 
028 (2002)
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dσ

dpT γ
=

∫ ymax

ymin

dy
dσ

dyγ dpT γ
.

Similar studies can be done for photon–jet cross sections [38]. We use the NLO parton distribution
functions of the set MRST-99 [39], and the NLO fragmentation functions of set II in Bourhis et al.
[23]. The calculations are done with Nf = 5 flavours. The renormalization and factorization scales
µ and M are both set equal to pT γ/2.

Table 1 shows the sensitivity of the cross section to the value R of the isolation cone. In this study
we fixed εh = 2/15 ! 0.13333, which means that all events with hadronic transverse energy larger
than 2 GeV in the isolation cone are rejected. The results without isolation are also reported for
comparison. We verify that the Born cross sections are not sensitive to the isolation radius, as they
should.

Isolation radius Direct contribution Fragmentation contribution Total
R Born NLO Born NLO NLO
1.0 1764.6 3318.4 265.0 446.7 3765.1
0.7 1764.6 3603.0 265.0 495.0 4098.0
0.4 1764.6 3968.9 265.0 555.6 4524.5
0.1 1764.6 4758.2 265.0 678.9 5431.1

Without isolation 1764.6 3341.1 1724.3 1876.8 5217.9

Table 1. Isolated cross sections (the values are given in pb/GeV) corresponding to εh = 0.13333.

It is interesting to note that the HO contributions, both to the direct and to the fragmentation
components, increase when R decreases. This is due to the fact that the implementation of isola-
tion amounts to subtracting a contribution proportional to lnR from the non-isolated cross section
(see eqs. (5.2) and (5.11)). Since this subtracted contribution is negative when R < 1, the HO
contribution to the direct component of the isolated cross section is quite large for small values of
R. A similar behaviour is observed in the HO contribution to the fragmentation component. When
all contributions are taken into account, the total cross section (direct + fragmentation) strongly
increases with decreasing R.

In particular, when R = 0.1, the NLO calculation gives an unphysical result: the isolated cross
section turns out to be larger than the non-isolated one! Such a behaviour had to be expected in
view of the discussion at the end of sect. 5.1. The NLO results in table 1 imply that the value R ∼ 0.1
is sufficiently small to demand the inclusion of beyond-NLO perturbative terms and non-perturbative
contributions.

The sensitivity of the cross sections to variations of εh is displayed in table 2. Now we fix R = 0.7.

21

dσ

dpT γ
=

∫ ymax

ymin

dy
dσ

dyγ dpT γ
.

Similar studies can be done for photon–jet cross sections [38]. We use the NLO parton distribution
functions of the set MRST-99 [39], and the NLO fragmentation functions of set II in Bourhis et al.
[23]. The calculations are done with Nf = 5 flavours. The renormalization and factorization scales
µ and M are both set equal to pT γ/2.

Table 1 shows the sensitivity of the cross section to the value R of the isolation cone. In this study
we fixed εh = 2/15 ! 0.13333, which means that all events with hadronic transverse energy larger
than 2 GeV in the isolation cone are rejected. The results without isolation are also reported for
comparison. We verify that the Born cross sections are not sensitive to the isolation radius, as they
should.

Isolation radius Direct contribution Fragmentation contribution Total
R Born NLO Born NLO NLO
1.0 1764.6 3318.4 265.0 446.7 3765.1
0.7 1764.6 3603.0 265.0 495.0 4098.0
0.4 1764.6 3968.9 265.0 555.6 4524.5
0.1 1764.6 4758.2 265.0 678.9 5431.1

Without isolation 1764.6 3341.1 1724.3 1876.8 5217.9

Table 1. Isolated cross sections (the values are given in pb/GeV) corresponding to εh = 0.13333.

It is interesting to note that the HO contributions, both to the direct and to the fragmentation
components, increase when R decreases. This is due to the fact that the implementation of isola-
tion amounts to subtracting a contribution proportional to lnR from the non-isolated cross section
(see eqs. (5.2) and (5.11)). Since this subtracted contribution is negative when R < 1, the HO
contribution to the direct component of the isolated cross section is quite large for small values of
R. A similar behaviour is observed in the HO contribution to the fragmentation component. When
all contributions are taken into account, the total cross section (direct + fragmentation) strongly
increases with decreasing R.

In particular, when R = 0.1, the NLO calculation gives an unphysical result: the isolated cross
section turns out to be larger than the non-isolated one! Such a behaviour had to be expected in
view of the discussion at the end of sect. 5.1. The NLO results in table 1 imply that the value R ∼ 0.1
is sufficiently small to demand the inclusion of beyond-NLO perturbative terms and non-perturbative
contributions.

The sensitivity of the cross sections to variations of εh is displayed in table 2. Now we fix R = 0.7.

21

Fixed-cone isolation, 

εγ = 0.133


Also σ(isolated) depends 
fragmentation functions.


Tevatron cross section


with 
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ET
� = 15GeV



Fixed-Order Pathologies (II)

• σ(isolated)  should monotonically decrease as εγ is lowered

• NLO isolation effects are linear in εγ  for small εγ (soft quark…)


• coefficient enhanced by ln(R), unphysical for small R  

• ATLAS isolation corresponds to εγ  = 0.04 for
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σ(isolated) with fixed-cone 
isolation.


BFG (Bourhis, Fontannaz and 
Guillet, ’98) fragmentation 
functions
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E�
T = 125GeV

MCFM



Isolation parameter 
dependence
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Isolation parameter dependence
Interesting to look at difference to reference 
cross section


since direct part drops out:
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Figure 4. Dependence of �� on the cone radius R. The lines labeled ��
NLO are the di↵erence of

the full NLO cross sections. For the lines labeled ��
g/ in the right plot gluons inside the isolation

cones were vetoed. The dots represent �� = �i⌦�Fi!� computed with the fragmentation function
according to (3.16), which is independent of ✏� for ✏� = ✏

ref
� .

numerical studies of photon isolation e↵ects, we will use the kinematic setup and input

parameters listed in Table 1 throughout the paper.

To study the dependence on isolation parameters, we consider smooth-cone isolation

(1.2) and compute the di↵erence to a reference cross section

�� = � (✏� , n, R) � �(✏ref� , n
ref

, R
ref) . (3.15)

In the di↵erence �� the direct photon part in (2.1) drops out so that it is given by a

convolution of the partonic cross section with the fragmentation function. At this order,

the fragmenting parton is either a quark or anti-quark so that we have

�� =
X

i=q,q̄

Z 1

E
min
T

dEi

Z
1

zmin

dz
d�i+X

dEi

�Fi!� , (3.16)

where

�Fi!� = Fi!� (z, R, ✏� , n) � Fi!�

⇣
z, R

ref
, ✏

ref

� , n
ref

⌘
(3.17)

and zmin = E
min

T
/Ei.

To be able to convert the values for �� into results for the full cross section, we

computed some reference cross section values with MCFM [52] for the kinematics listed

in Table 1. The LO cross section is of course independent of the isolation requirement and

corresponds to

�
LO = 229�20

+22
pb , (3.18)

where the upper and lower values correspond to the change in cross section after increasing

and lowering µf = µr from the default value by a factor 2, respectively. The NLO cross

section values depend on isolation and we obtain

�
NLO

���
no isolation

= 495�51

+68
pb ,

– 11 –
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R-dependence (smooth cone)

• Good agreement between full NLO (lines) and 
fragmentation approach (dots)


• difference must vanish for R → 0


• Right plot without R-suppressed contribution of 
gluons inside the cone
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Figure 4. Dependence of �� on the cone radius R. The lines labeled ��
NLO are the di↵erence of

the full NLO cross sections. For the lines labeled ��
g/ in the right plot gluons inside the isolation

cones were vetoed. The dots represent �� = �i⌦�Fi!� computed with the fragmentation function
according to (??), which is independent of ✏� for ✏� = ✏

ref
� .

Note that this is the opposite of F
out
q!� in (??). In the absence of the isolation energy

constraint in (??), the two contributions would exactly cancel since the perturbative part

of the fragmentation function becomes scaleless. This is sensible: without the energy

constraint, the isolation becomes trivial and the entire fragmentation reduces to the non-

perturbative fragmentation function Di!� . We also note that the anomalous dimension of

the fragmentation function is the same for smooth-cone and fixed-cone isolation. Since the

same anomalous dimension also drives the evolution of the hard part given by the partonic

amplitudes d�i+X in (??) it cannot depend on the isolation requirement.

The fragmentation function factorization is valid up to power corrections in R and

with the functions at hand, it is interesting to check numerically whether (??) describes

the isolation e↵ects in the NLO photon production cross section at the experimentally

used value R = 0.4. To this end, we consider proton proton collisions at
p

s = 13TeV

and compute the cross section for isolated photons with E
�

T
> E

min

T
= 125 GeV. For our

numerical studies of photon isolation e↵ects, we will use the kinematic setup and input

parameters listed in Table ?? throughout the paper.

To study the dependence on isolation parameters, we consider smooth-cone isolation

(??) and compute the di↵erence to a reference cross section
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εγ-dependence (smooth cone)

• Fragmentation approach becomes exact as 
R → 0.
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Figure 6. Dependence of the cross section on ✏� . The lines labeled ��
NLO show the di↵erence of

the full NLO cross sections. The dots represent �� = �i⌦�Fi!� computed with the fragmentation
function according to (??) and are independent of R for R = R

ref . For the lines labeled ��
g/ in the

right plot gluons inside the isolation cones were vetoed.

gluon radiation into the cone is the main source power corrections. Indeed, since the power

corrections are so small, once gluons are excluded from the isolation cone, the three lines

in each plot overlap almost completely.

In Figures ??, ?? and ?? we considered the parameter dependence of cross sections

with smooth-cone isolation. It is interesting to now compare to the case of fixed-cone

isolation. Since the outside part is obviously the same, di↵erent behavior is related to the

inside part F
in
q!� given in (??) and (??), respectively. In addition to the contribution from

the non-perturbative fragmentation, a key di↵erence between the two functions is that for

fixed-cone isolation, the inside part of the function depends on the cone radius. Setting

✏� = ✏
ref
� and computing the di↵erence between the cross section at a given R to a reference

value R
ref , the non-perturbative part drops out and we obtain

�Fi!� =
Q

2

i
↵EM

⇡
P (z) ln

✓
R

ref

R

◆
✓

✓
1

1 + ✏�
� z

◆
. (4.23)

We see that due to the presence of the ✓-function the coe�cient of the logarithm of R

now depends on ✏� , in contrast to smooth-cone result shown in Figure ??. The smaller

the value of ✏� , the bigger the range over which the z-integral has support, resulting in

a larger coe�cient of the ln(R) term. This is indeed what we observe in Figure ??. In

the limit ✏� ! 0, the ✓-function becomes trivial and we recover the smooth-cone result for

the R dependence of the cross section. This observation is surprising at first sight, but

the underlying physics is easy to understand. For small ✏� , the R dependence is driven by

energetic partons outside the cone that are close to its boundary. These are independent

of the isolation criterion so that the ln(R) dependence becomes universal. More generally,

since the inside part F
in

i!�
involves a soft quark, its contribution is power suppressed for

✏� ! 0 and R ! 0. In this limit, a dependence on the isolation criterion first arises

in the NNLO cross section and will be computed below. To illustrate that the di↵erent

isolation criteria lead to the similar NLO cross section for ✏� ! 0, we have tabulated cross

– 14 –



Smooth- vs fixed-cone isolation

• For fixed cone also inside part of            has ln(R) 
contribution, which is εγ dependent.


• For εγ → 0 inside part vanishes and one recovers 
smooth-cone R-dep!
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Figure 7. Radius dependence for fixed-cone isolation for di↵erent ✏� with R
ref = 0.4. The lines

show the full NLO cross sections, the dots correspond the the result obtained using the cone
fragmentation functions. In contrast to the smooth-cone result shown in Figure ??, the result
depends on ✏� .

� [pb] fixed cone n = 1 n = 2

✏� = 0.02 414.56 ± 0.34 413.31 ± 0.36 410.41 ± 0.37

✏� = 0.1 420.58 ± 0.38 422.05 ± 0.40 416.57 ± 0.39

✏� = 0.2 429.35 ± 0.32 429.10 ± 0.41 421.71 ± 0.40

Table 2. Cross-section at R = 0.4 for di↵erent photon isolation criteria. The cross section values
correspond to the kinematics and input specified in Table ?? with µf = µr = 125 GeV. For this
scale choice, the direct part of the cross section is �

dir
⇡ 308 pb.

sections values for di↵erent isolation criteria in Table ??. We observe that the cross section

di↵erences indeed decrease for small ✏� . Interestingly, the n = 1 cross section is fairly close

to the fixed-cone cross section over a fairly wide range of ✏� values.

Having illustrated the parameter dependence of the isolation cross section in di↵erent

examples and demonstrated that power suppressed e↵ects in R are small, we now turn to

the all-order resummation of ln(R) terms.

5 Resummation of ln(R) terms

Working with the form (??) of the factorization theorem, the renormalized fragmentation

functions fulfills the usual DGLAP evolution equation

d

d ln µ
Fi!�(z, µ) =

X

j=�,q,q̄,g

Pi!j ⌦ Fj!�

⌘

X

j=�,q,q̄,g

Z
1

z

dz
0

z0
Pi!j

⇣
z

z0

⌘
Fj!�(z

0
, µ) , (5.1)

where we suppress the dependence on the fragmentation function on the additional argu-

ments E� , E0, R and further parameters such as n. As is conventional, we use here the
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Figure 4. Dependence of �� on the cone radius R. The lines labeled ��
NLO are the di↵erence of

the full NLO cross sections. For the lines labeled ��
g/ in the right plot gluons inside the isolation

cones were vetoed. The dots represent �� = �i⌦�Fi!� computed with the fragmentation function
according to (??), which is independent of ✏� for ✏� = ✏

ref
� .

Note that this is the opposite of F
out
q!� in (??). In the absence of the isolation energy

constraint in (??), the two contributions would exactly cancel since the perturbative part

of the fragmentation function becomes scaleless. This is sensible: without the energy

constraint, the isolation becomes trivial and the entire fragmentation reduces to the non-

perturbative fragmentation function Di!� . We also note that the anomalous dimension of

the fragmentation function is the same for smooth-cone and fixed-cone isolation. Since the

same anomalous dimension also drives the evolution of the hard part given by the partonic

amplitudes d�i+X in (??) it cannot depend on the isolation requirement.

The fragmentation function factorization is valid up to power corrections in R and

with the functions at hand, it is interesting to check numerically whether (??) describes

the isolation e↵ects in the NLO photon production cross section at the experimentally

used value R = 0.4. To this end, we consider proton proton collisions at
p

s = 13TeV

and compute the cross section for isolated photons with E
�

T
> E

min

T
= 125 GeV. For our

numerical studies of photon isolation e↵ects, we will use the kinematic setup and input

parameters listed in Table ?? throughout the paper.

To study the dependence on isolation parameters, we consider smooth-cone isolation

(??) and compute the di↵erence to a reference cross section

�� = � (✏� , n, R) � �(✏ref� , n
ref

, R
ref) . (4.15)

In the di↵erence �� the direct photon part in (??) drops out so that it is given by a

convolution of the partonic cross section with the fragmentation function. At this order,

the fragmenting parton is either a quark or anti-quark so that we have

�� =
X

i=q,q̄

Z 1

E
min
T

dEi

Z
1

zmin

dz
d�i+X

dEi

�Fi!� , (4.16)

where

�Fi!� = Fi!� (z, R, ✏� , n) � Fi!�

⇣
z, R

ref
, ✏

ref

� , n
ref

⌘
(4.17)
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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More generally: for small εγ the inside part becomes 
small


• Non-perturbative fragmentation suppressed 
by εγ 


and at NLO the following properties hold


• ln(R) dependence only from outside part

• All isolation prescriptions become identical!


but at NNLO differences from out-in terms!
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Resummation
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Factorization of      .

• Resum both ln(εγ) and ln(R).


• Lowest scale is  R E0 ≳ 1 GeV for ATLAS !
14

Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)

– 5 –

E� ⇠ ŝ
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d�ab!i+X

Figure 2. The scales arising in the the factorization theorems (2.1) and (5.1), together with
the type of RG evolution needed to resum the associated logarithms. On the left we show the
factorization when R is small and the isolation energy E0 is parametrically of the same size as the
photon energy E� . On the right we show the factorization for R ⌧ 1 and ✏� = E0/E� ⌧ 1. In this
limit non-perturbative fragmentation e↵ects are suppressed by ✏� .

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (2.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (2.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (2.3)

which leads back to the original form (2.1) of the equation.

The fact that the photon cross section involves a fragmentation function which de-

scribes the conversion of a parton into a photon plus collinear partons is well known

[47–49], see [50] for a recent review. What is di↵erent in our case is the definition and

role of the fragmentation function. The standard fragmentation functions encode non-

perturbative e↵ects in photon production, while our function includes all physics associated

with photon-isolation and therefore also has a perturbative component. The function Fi!�

in (2.2) describes the fragmentation of the energetic parton i into a photon in the presence

of the isolation cone, up to corrections suppressed by powers of R. Since we expand in

small R, the isolation cone radius is set to zero when the partonic cross section d�i+X is

computed, which leads to infrared (IR) divergences which match the UV divergences of the

fragmentation function.
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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Figure 9. E↵ect of ln(R) resummation, plotted as the di↵erence to the fixed-order cross section at
Rref = 0.4. Shown are the resummed result (red) and its fixed-order expansion (dashed) obtained
by setting µj = µh. We also show the full fixed-order result (black) evaluated with µr = µf = µh,
which also includes terms which are power suppressed in R. Above the orange dot-dashed line, the
cross section with isolation becomes larger than the inclusive cross section, which is unphysical.

section without resummation. As expected resummation lowers the cross section since it

dampens the logarithmic growth of the NLO result. We also show the di↵erence between

the inclusive photon cross section and the reference cross section obtained from (3.20) as

an orange, dash-dotted line in the figure. To be physical, the isolated cross section has to

be smaller than the inclusive cross section. The fact that the isolated NLO cross section

overshoots the inclusive result for R < 0.2 shows that the fixed-order expansion breaks

down for small R, as was observed earlier in [22]. Resummation cures this problem. Of

course, this unitarity bound has to be taken with a grain of salt, since the inclusive cross

section depends on the non-perturbative fragmentation functions, which are poorly known.

5 Factorization for small isolation energy E0

If the isolation energy E0 is much smaller than the photon energy E� , a scale hierarchy

arises in the fragmentation function Fi!� . In the limit of small ✏� = E0/E� , energetic

partons can no longer enter the isolation cone, however, energetic partons outside the cone

can radiate back into the cone. This structure is at the heart of a second factorization,

which is depicted in Figure 1,

Fi!�(z, R E� , R E0, µ) =
1X

l=1

hJi!�+l({n}, R E� , z, µ) ⌦ U l ({n}, R E0, µ)i , (5.1)

and is valid in the limit of small ✏� . The fragmentation function factorizes into jet func-

tions Ji!�+l describing the energetic partons accompanying the photon and functions U l

describing the low-energy radiation into the cone. This radiation is sensitive to the di-

rections {n} = {n1, . . . , nl} and color charges of the l energetic partons. The symbol ⌦
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Figure 12. E↵ect of the resummation of ln(R) and ln(✏�) terms for R = 0.2 (upper plot) and
R = 0.4 (lower plot). The solid black curve shows the result without resummation, the dashed
curve includes the resummation of ln(R) terms. The red curve resums both types of logarithms.
Only the fragmentation contribution is shown, to obtain the full cross section the direct photon
production contribution with �

dir
⇡ 290 pb has to be added. (The direct cross section is somewhat

lower than the one given in Section 3 because we use dynamic scales rather than fixed ones, see
Table 1.)

isolation energy E0 = ✏�E� , these fragmentation function factorize further into jet functions

Ji!�+l describing the l energetic partons outside the isolation cone boundary, and Wilson

line matrix elements U l encoding the soft radiation emitted from these partons into the

cone. Our factorization theorem separates the di↵erent scales present in the cross section:

the hard scale µh ⇠ E� , the jet scale µj ⇠ RE� and the isolation energy scale µ0 ⇠ RE0.

Using RG methods, we have resummed the leading logarithms of R and the non-global

logarithms of ✏� . The renormalization group also lets us evaluate each contribution at its

natural scale.
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Figure 12. E↵ect of the resummation of ln(R) and ln(✏�) terms for R = 0.2 (upper plot) and
R = 0.4 (lower plot). The solid black curve shows the result without resummation, the dashed
curve includes the resummation of ln(R) terms. The red curve resums both types of logarithms.
Only the fragmentation contribution is shown, to obtain the full cross section the direct photon
production contribution with �

dir
⇡ 290 pb has to be added. (The direct cross section is somewhat

lower than the one given in Section 3 because we use dynamic scales rather than fixed ones, see
Table 1.)

isolation energy E0 = ✏�E� , these fragmentation function factorize further into jet functions

Ji!�+l describing the l energetic partons outside the isolation cone boundary, and Wilson

line matrix elements U l encoding the soft radiation emitted from these partons into the

cone. Our factorization theorem separates the di↵erent scales present in the cross section:

the hard scale µh ⇠ E� , the jet scale µj ⇠ RE� and the isolation energy scale µ0 ⇠ RE0.

Using RG methods, we have resummed the leading logarithms of R and the non-global

logarithms of ✏� . The renormalization group also lets us evaluate each contribution at its

natural scale.
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