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2 Exhibits an OPE in the 
(multi-) collinear limit

Energy correlators: 
correlation function of flow 
operators

⟨Ε 𝑛! Ε 𝑛" …Ε(𝑛#)⟩ 

= )𝑑$𝑥𝑒%&⋅(
⟨𝑂(𝑥)ℰ 𝑛! ⋯ℰ(𝑛#)𝑂(0)⟩

⟨𝑂(𝑥)𝑂(0)⟩

A potential playground for 
novel onshell methods in 
scattering amplitudes, as,e.g, 
in the context of 
cosmological correlator 
[Shounak De et 
al,2308.03753]
[Arkani-
Hamed,Yuan,1712.09991.]
[Gong, Yuan, 2206.06507]

new jet substructure 
calculations [Komiske et 
al, 2201.07800] 

key for 
understanding the 
conformal light-ray 
OPE [Chang et al,
2202.04090][Chen et 
al, 2202.04085]

Novel observables in 
collider physics
measured at the LHC 
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E!𝐶: 𝑁-point energy correlator

N-point Energy 
correlators: at tree level

⟨Ε 𝑛" Ε 𝑛# …Ε(𝑛!)⟩

= -
$%!

.𝑑	Π$	𝛿# 𝑛& − Ω& ⋯𝛿# 𝑛! − Ω!
𝐸"⋯𝐸!
𝑄!

|𝐹$	(𝑂) ;
#

𝑘 = 𝑁 + 1: Leading order.  Manifestly 
finite integration over tree-level matrix 
element



.∏𝑑	𝑒& 𝛿 𝑞 − ∑𝑒&𝑛& # 𝜃(𝑞'− ∑𝑒&)

.𝑑𝑣𝑜𝑙! 𝑥 ∶=.∏𝑑	𝑥& 𝛿 1 − 𝑥𝑥

𝜔% ≔
2	𝑒%
𝑞)

)𝑑	𝑃𝑆# = )Π𝑑𝜔% 	𝛿 1 − ∑𝜔% − ∑𝜔%	𝜔+𝜁%+ 	 𝜃(1 −
1
2∑𝜔%)

= )𝑑𝑣𝑜𝑙# E𝜔
2

2 + ∑E𝜔%

#,!

E𝜔E𝜔 ≔
1
4 E𝜔𝐴E𝜔 =

1
4 [ ∑E𝜔%

" − 4∑E𝜔%	 E𝜔+𝜁%+] 𝐴%+: =
𝑛% ⋅ 𝑛+
|𝑛%|	|𝑛+|

= 1 − 2𝜁%+

distances on the celestial sphere: 

𝜁%+ =
&!(."	⋅.$)

"(."⋅&)(.$⋅&)	
→ !

"
(1 − cos	𝜃%+ 	) 



[𝑥!: 𝑥": 𝑥0]

[1: 0: 0]

[0: 1: 0]

[0: 0: 1]

𝑋∗

𝑋

)
2#,!⟨𝑋𝑑#,!𝑋⟩

𝑋𝐴𝑋 𝑥! +⋯+ 𝑥# + 𝑋𝐴	𝑋
#,!)𝑑PS# =	 )𝑑PS# → )

⟨𝑋𝑑#,!𝑋⟩
𝑥! + 𝑥" + 𝑥0 #

Multi-collinear limit
𝜁%+ ∼ 0

𝑋𝐴𝑋 → 𝑥"+. . +𝑥! #

𝑋 = 𝑥!𝑉!+. . 𝑥#𝑉#
codim-1 boundaries: 𝑃𝑆#,!

Phase-space for the 𝐸#𝐶: 𝑃𝑆#

Canonical simplex Δ#,! 

𝐴 =
1 1 − 2𝜁!"	 . .

1 − 2𝜁!" 1 . .
. . . . 1



Integrand for the 𝐸𝑁𝐶

𝑠(…*: = -
&,, ∈[(,*]

𝜔&𝜔,𝜁&, , 𝐼, 𝐽 ∈ [1, 𝑁]

𝑠#…!0" = 1 − 𝜔", 𝑠!0"," = 𝜔"(1 −-𝜔&𝜁"&)	

𝜁(* ≔
𝑧(*

#

(1 + 𝑧( #)(1 + 𝑧*
#)
,	

𝑧"

𝑧!

𝑧0

E(n⃗1)

E(n⃗2)

E(n⃗3)

O

∞

θ

(𝑁 + 1)-point form factor squared |𝐹!0"(𝜙#)|, 
symmetrized, summed over onshell super states

Multi-collinear limit, 𝜁(* = z(*
# ≪ 1, all denominators have 

homogenous degree 2 or 1. 



𝑝& = 𝑦& − 𝑦&1", 	𝑝&02≔ 𝑝&, 	𝑠&0"…$= 𝑦&$#

Integrand for the 𝐸𝑁𝐶 in multi-collinear limit 
of ：1 → 𝑁	Splitting function

𝑁 = 3:

𝑁 = 4:

𝐺# 	is obtained up to 𝑁 = 11 in 2408.04222

𝐺# = lim
(!..#),3455

𝐹𝐹#678#9!

𝐹𝐹678#9! 	

𝑦&!# → 𝑥&0" +⋯+𝑥!1"

𝑦1"&# → 𝑥" +⋯+𝑥&
𝑦(1",$# = 𝑠(…*: = -

&,, ∈[(,*]

𝑥&𝑥, z&,
#
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Single-valued function of coordinates 
(𝑧a, ̅𝑧a) on the celestial sphere

= 0

= 1= 𝑧

=
𝑧 − 𝑤
1 − 𝑤

= 1= 𝑧

= 0 @	𝐿𝑂𝐺(𝑧) 

𝒢(𝑧, 𝑤) @	𝐿𝑂

𝐵! = 𝐿𝑖" 1 − 𝑢 +
1
2 ln 𝑢	 ln 𝑣	

[1912.11050!]

41	𝑚𝑎𝑥. 𝑤𝑒𝑖𝑔ℎ𝑡	3	𝑝𝑜𝑙𝑦𝑙𝑜𝑔𝑎𝑟𝑖𝑡ℎ𝑚𝑠

𝑁 = 3

𝑁 = 4

B$ = ln 𝑣, 	B0 = ln𝑢,	 𝐵" = Φ"(𝑧)

𝐵: = 𝜁" 𝐵; = 1

!"#$"%&#'()*+,-(./*01-$"%2(31'(4"+(.
5"6789%28:110 (2024) 9, L091901



E(n⃗1)

E(n⃗2)

E(n⃗3)

O

∞

θ

⟨Ε 𝑛! Ε 𝑛" ⟩

⟨Ε 𝑛! Ε 𝑛" Ε(𝑛0)⟩

⟨Ε 𝑛! Ε 𝑛" Ε(𝑛0)Ε(𝑛$)⟩

ℱ 𝜁 = sin"
𝜒
2 	 @𝐿𝑂 @𝑁𝐿𝑂 @𝑁𝑁𝐿𝑂

ℱ 𝜁!", 𝜁!0, 𝜁"0 	 @𝐿𝑂

ln(1 − 𝜁) 𝐿𝑖3@{𝜁,
𝜁

1 ± 𝜁
}

𝑀𝑃𝐿 + 𝐸𝑙𝑙𝑖𝑝𝑡𝑖𝑐

ℱ {𝑧0, ̅𝑧0, 𝑧$, z𝑧$, |𝑧" |}  @	𝐿𝑂

𝐿𝑖"@{𝑠, 𝜏!, 𝜏", 𝜏!𝜏", 𝑠	𝜏!,
$!

%
, 𝑠	𝜏",

$"

%
, 𝑠	𝜏!𝜏",

$! $"

%
!

"

31'(4"1'; (.5"6789%28<%--8129 (2022) 2, 021602!!

<#'()1( =*';(31'(4"1'; (>*.?@@%1&

A%'' (./*01-$"%2(31'(.4"#B*%C*2(.
5"6789%28:DEEFGEDHIJ( EJKEDE

𝑀𝑃𝐿
+ 3	𝑡𝑦𝑝𝑒𝑠	𝑜𝑓	𝐸𝑙𝑙𝑖𝑝𝑡𝑖𝑐	𝑐𝑢𝑟𝑣𝑒𝑠141 master integrals



! "#$%&'()

Integration-by-parts 
algorithms + differential 
equations for finite 
integrals in feynman 
parameter space

Apply to both 
calculations in multi-
collinear limit and at 
generic scattering angle 

A shortcut for 
determine the rational 
coefficients 

Highest weight from 
sequential 
discontinuity (spherical 
contour algorithm)

Bootstrapping Lower 
Weight Functions
From Cancellation of 
Spurious Poles

Simplex contour | quadric and 
linear singularity surfaces 

𝐸#𝐶 |
3455,.	

= 𝑐% 𝑧% , z𝑧% ∗ 𝐵%

[Arkani-Hamed,Yuan,1712.09991.]
[Gong, Yuan, 2206.06507]



!"#"$%&'()*&+,

In collaboration with J.Lin, R.Ma, J.Gong, Y.Zhang
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𝑥(,..,*	 ≔ 𝑥( +⋯+ 𝑥*	𝑠(…*: = -
&,, ∈[(,*]

𝑥&𝑥, z&,
#

! "#$%&'(" )#%$*)(+" '
+,#$ ' - . / ( ) ) ( "%'
01"2)(+" '

𝑁 = 3:	

𝐺# contains only multi-particle poles, no two-particle pole  
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* +,-#.&%/.&012'(%3'4#(5

𝑁 = 3 ∶

𝑁 = 4 ∶

𝐷!,= are 
multi-particle 
poles 
corresponding 
to physical 
singularities
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𝑶𝒊 ∘ 𝒇!"#$%!$&%'$()!%*+!,-.+/ 01-#2%'23! 1-24'%'-2!5 !&24!1-24'%'-2!6

Differential operators acting on 
projective variables

/67%#80.&#&#0$%9-2%
,2-:0;&#<0%#.&012'($%%

!"#$%&%'()(*+,-#
integrand has the 
overall scaling 
dimension −𝑁

."#/*)*+()(00:  free 
from IR divergences 
as any subset of 
energy variables go 
to zero. 

!"#$%&'()*$+,-'&./)"$) '010/)&#+"2&+*3&..()/&+*/4() 3"$%*+*"$)5 )&$%)
3"$%*+*"$)6
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/67%#80.&#&#0$%9-2%
,2-:0;&#<0%#.&012'($%%

By solving syzygy equations, obtain IBP operators that do not 
increase the power of propagators that could vanish.

𝑗 ∈ 𝐴

7'18! 𝑶𝒊 ∘ 𝒇!%*&%!$&%'$()!1-24'%'-2!5 !&24!1-24'%'-2!6



16

/67%#80.&#&#0$%9-2%
,2-:0;&#<0%#.&012'($%%

Boundary integral family: lower-point 
integrals defined in [𝑥!, . . E𝑥% , . . , 𝑥#]

Expanded over 𝐴?,…?%;&&..&'
Each term is finite  

boundary terms are generated on the surface of 
integration domain
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=#9&%&-%8#99020.&#'(%
0>?'&#-.$

𝜕B∗∗𝑓 = B∗∗. 𝑓 + 	boundary	integrals

Differential operators 
acting on angle 
parameters
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𝐵?&,),?),?',&&,&!,&) = )
𝑑0𝑥
𝐺𝐿(1)

𝑥!
,&&𝑥"

,&!𝑥0
,&)

𝑠!"0
?& 𝑥"0

?)𝑥!"0
?'

𝐵":
𝑥"

𝑠!"0𝑥"0𝑥!"0
𝐵!:

1
𝑠!"0𝑥!"0

𝐵0:
𝑥"

𝑠!"0𝑥!"0" 𝐵$:
𝑥0

𝑠!"0𝑥!"0"

Boundary terms are 
kinematic independent 
two-point integrals 
integrating to rational 
numbers.

! ! " !"#$%&'!()%&*'#+$

1 𝐶!:

𝑑𝑙𝑜𝑔
1 − 𝑧
1 − ̅𝑧 𝑑𝑙𝑜𝑔

𝑧
̅𝑧

𝑑𝑙𝑜𝑔
1 − 𝑧 #

1 − 𝑧 #

𝑑𝑙𝑜𝑔 𝑧 #

𝑑𝑙𝑜𝑔 1 − 𝑧 #

𝑑𝑙𝑜𝑔 𝑧 #

𝑑	𝑔⃗ = 𝑑𝐴	𝑔⃗

= 1= 𝑧

= 0



!"#$%&'()$%*&"+#',-'./&%%'")0'1,2&34,5)$'6)7'6)*+%'
!"#$$%&'()*+ ,'-#%&'()*+

!"#$%&%'#"(

)%('*"+
,-'*&"%.(

/0+$"#$%&%'#"(1+/2/+3%('*"+4-'*&"%.(,-'#+0+5%34.4*(

!"#$%&'(

!"#$%&')

!"#$%&'*

6.(#+7*$*-7(+#-+(895%34.:+4-'*&"%.(;
<=*+(89(>"4$'(+7*(>"49*(+?=4>=+(895%34.:+

'=*+$"#$%&'#"+9*.#-&(+'#@+



6)"+7$58'9%#2+$#',-'!"#$%&'()$%*&"+#'
!"#$$%&'()*+ ,'-#%&'()*+

.//%01+*$#%2)*$3#1/+
1#$%0&4+

!"#$%&'()**)+,

0'+*%'5%2)*$3#1/+%1#$%
6//(7*(8%2)*$3#1/+

-.(,'.+%/010*%+,

2&&3/*34,'5+31360*3%6

78 .+%/010*%+'𝐷"'069'𝐷!"',)/0+0*)&"

:8 ;%#$360*3%6,'%<'𝐷$𝐷C = 𝑠!":𝑠0$:
=8 .+%/010*%+'𝐷:

!"#$%&%'(&)"*+%
),-.&%/(0+.*#0 !"#$%

1&2*$&-%
3(.

40%.5#%)*$%*0.,6"&-78%
7'(&",%"##.7%,$,"6,9%

:(&)"*+%#/%.5#%
;&"*&<-,7%*07*),9

A%34.:+0+5#"+4-('%->*

=#$,%+&00#.%<,%
*0.,6"&.,)%)*",+.->
=>$<#-%40.,6"&.*#0

𝑃! +7*&"**+2+$#.:-#34%.(𝑄" +7*&"**+B+$#.:-#34%.(+9#'=+4-+C+%-7+:

Subscipts	indicate	
the	highest	power	
of	the	polynomial



!"#$$%&%'()"
())'$(*+

In collaboration with J.Gong, A.Pokraka, 
H.Hannesdottir, X.Zhang 
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𝑥(,..,*	 ≔ 𝑥( +⋯+ 𝑥*	

𝑠(…*: = -
&,, ∈[(,*]

𝑥&𝑥, z&,
#

𝑁 = 3:	

Introduce two more variables, combine into a single quadric 𝑄: = 𝑠!"0 + 𝑥:𝑥"0 + 𝑥$𝑥!"0

! ! " !"#$$%&!'() ' ! ' (% *+' '$! ,%-("#(! .()%/0#+1!! !

6@+D43%1+E@F@+F8%-+/GH+

0 𝑢 𝑣
10
0

𝑢
𝑣 1

1
1
1
0
0

1
1
01 1 1
0

0

0 1 1

𝑄: =

𝐸:,0 =
𝑋𝑑$𝑋 𝑇[𝑋0]

𝑋𝑄:𝑋
:90
"

𝜕D,E𝐸:,! 𝜕D,E ∘ 𝑑F∘ 𝐸:,)

𝜕D,E ∘ 𝐸$,)

27+(>%.%"+9#C+4-'*&"%.(

!*-'%&#-+4-'*&"%.+?4'=+
I%-JK0+'*-(#"+-83*"%'#"+

𝑢 =
𝑧!" "

|𝑧"&|"
𝑣 =

𝑧!& "

|𝑧"&|"



𝑛 = 4, 𝑄 = 𝑄:
(%), 𝑖 = 2,3,4,5𝐸0𝐶 = !

G&! ! G!) !×

−(𝑢	𝜕D + 𝑣	𝜕E	) ∘

+ +

+	𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠

+
−𝑢 − 𝑣 + 𝑢" + 𝑣" − 2𝑢𝑣

2 Δ(𝑢, 𝑣)

+
𝑣 − 𝑢
2 +

𝑢 − 𝑣
2

𝑢 − 𝑣
2

1
2

1
2



𝐿𝑖" 1 −
𝑣
𝑢 +

1
2 ln

𝑣
𝑢	ln

1
𝑢	

𝐸0𝐶 =�𝑐% 𝑢, 𝑣 	𝐵% 𝐵%: UT	master	integrals

− +𝑎 𝑎 𝑎𝐵!



Φ" 𝑧, ̅𝑧

)
1

𝑥!"𝑥"0𝑥!"0
= 𝜁" )

2
𝑥!"00 = 1

#" $ ## $𝐵"

𝐵0,$

𝐵:,;



Φ" 𝑧
𝑧 − ̅𝑧 0 +	…

e.g. Spurious pole at 𝑧 = 𝑧𝑏 must cancel 

Hidden relation between highest-weight and 
lower weight coefficients

𝑐"(u, v)

Compute the symbol of highest weight functions via taking sequential discontinuities
--> fix all highest-weight coefficients

Impose physical constraints --> fix all lower-weight coefficients 

𝐸0𝐶 =�𝑐% 𝑢, 𝑣 	𝐵%



:,,$#$&";;5)*<'6+*,&5$/=#'>?%&?5%@

!"#$%&'#()'*&#)+,$&-.

/.%&+'0)1&2$&'3$,$2)#,%4$#%5&'#5'
652"%&)'788'#()'3,59$+$#5,.

:9(),%;$8'65&#5<,.'=5,'>%+().#'?)%+(#

@55#.#,$99%&+'A5B),'?)%+(#'0<&;#%5&.
0,52'6$&;)88$#%5&'5=':9<,%5<.'358).



! C(,))'35%&#'DD6E'?)'&))-':98%##%&+'0<&;#%5&.

! '''''''''' :FGE''

! H6IE'J<$,K'L)#'=5,'%&.#$&;)'''

:,,$#$&";;5)*<'()$%*&")0#

!=!

L@+)@+M%3$9*..+%-7+E@+N@+D@+O.#P*"+QGH+
R@+M%'%-4+%-7+)@+O"%SS4-4+QTH



! 3<,95.)M'!&)N-)&52%&$#5,'J<$-,%;'.%&+<8$,%#1'#5'9),=5,2':9(),%;$8'65&#5<,

! G$#;('#()' (525+)&%#1E'%&#5'9,5L);#%O)'2)$.<,)'

'''' B%#('#()'O58<2)')8)2)&#'

! P)J<%,)2)&#M'H<$-,%;':%&+<8$,%#%).Q''''''''

9%@&5$%'5)$,'4&,A%8$5?%'B;"8%

>)"#06 '.0+0#)*)+,'%<'?@09+34'
*)+#',A%@&9'$)',)*'*%'7B

?@,",%:%*7%&%A2A%$&."*2



! R)&),$881'S<.)-'%&'=5<,'95%&#.'"55#.#,$99%&+'5,'(%+(),T

! 05,'UVWE''$#'25.#'.)O)&'%&#)+,$#%5&'9$,$2)#),.X

1%7)=")'4"&"=%$&5C"$5,)

!"#$%&'()%*(+'%,"-./

𝑡 𝑠!"0$ + 1 − 𝑡 	𝑠!"0= 𝑠!"0 + 𝑡(𝑠!$+𝑠"$ + 𝑠0$)

𝑡𝑥$ → 𝑥$H	, 𝑥$ → 𝑥: + 𝑥$H

𝑠!"0$H

Cannot combine 𝑠!"0, 𝑠"0$ without encountering cubic curve, keep t as a parameter 

max. weight-3, 6d hexagon

! "#$%#&' &( ) *#+' &( &#,!
" 2$-

.) +/ ,
- #

0"#30#32- "#32



! 78+5,%#(2.'5=':9(),%;$8'65&#5<,

D5*/%#$'E%5*/$<'B;/%&58"+'F,)$,2&#

! ;%6,39)+'6'3,')C)6
! D'3,',"##)*+34'#0*+3E
! D'3,'6%*'9)1)6)+0*)
! F'3,'0'406%6340&',3#/&)E'

9)<36)9'$"'

! G,361

! H3,4%6*36@3*3),

! >3+,*'26*+3),

IA)+)

! J)4@+,3C)&"'+)09'K>3+,*'26*+3),L'069'93,4%6*36@3*3),

6@+D43%1+E@F@+F8%-+/GH+



! ?(1':9(),%;$8'65&#5<,'?5,K.Y

D5*/%#$'E%5*/$<'B;/%&58"+'F,)$,2&#'GH;+")"$5,)

4A%%,)'3MN
3N'>3+,*'26*+3),

;0&4@&0*361'

H3,4%6*36@3*3),

O%I'*%P

! .)+<%+#';A061)'%<'Q0+30$&),

! R<*)+'4A061)'%<'Q0+30$&),

! H3,4%6*36@3*"';%6*%@+,S'!/A)+340&';%6*%@+,
B@*7%*7%",-&.,)%.#%.@&.%.@,%
)*7+#0.*0(*.*,7%&",%7*$*-&"%

.#%",7*)(,%+#0.#("79



! G5,)'%&=5,2$#%5&M'P$#%5&$8';5)==%;%)&#'5='.12"58.X'G%Z)-'B)%+(#.X

! :12"58'D&#,%).'B%88'&5#';($&+)X

! I%.;5&#%&<%#%).';$&'")';$8;<8$#)-'"1'#()'.$2)'.9(),%;$8';5&#5<,Q

D5*/%#$'E%5*/$<'B;/%&58"+'F,)$,2&#'@5$/'I2=%&"$,&#

4A%%,)'3MN
3N'>3+,*'26*+3),

;0&4@&0*361'

H3,4%6*36@3*3),
TT (0,*'36*)1+0&'J0*3%60&

;%)<<)43)6*
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Analytic function of distances on the celestial sphere: 

𝜁%+ =
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𝑘 = 𝑁 + 1: Leading order.  Manifestly finite integration over tree-level 
matrix element 𝐹𝐹#9!
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