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Motivation
• What is the space of detector operators in (perturbative) QCD?

• The Average Null Energy (ANEC) operator measures the flux of energy at infinity, 
and it is a special kind of detector.

• What else can we measure at infinity? More general detector operators appear in 
the light-ray OPE of ANEC operators.
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• Its matrix elements (energy correlators) are IR safe, and can probe many different 
physics of QCD. [Ian’s and Kai’s talk]

• In a CFT, detectors can be identified with light-ray operators. In weakly-coupled 
theories, the detectors need to be renormalized, and they can mix in a non-trivial 
way [Caron-Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin ’22]. We will explore these phenomena in 
QCD.



Two important equations in QCD
• The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation describes the 

RG evolution of PDFs.

• The Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation controls scattering at high 
energies (Regge limit) .s ≫ − t

• BFKL eigenvalue/anomalous spin:
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• Anomalous dimensions of twist-2 local operators (e.g., ):F∂J−2F

• The two equations can mix with each other. DGLAP equation breaks down at 
small x, and BFKL resums .log(1/x)
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Two important equations in QCD
• The DGLAP anomalous dimension has a pole at .J = 1

• Resummation [Ellis, Stirling, Webber ’96]:

• These divergences are due to mixing between DGLAP and BFKL. The pole of 
DGLAP at  is related to the BFKL equation (and vice versa). Lots of 
exploration in QCD and  SYM. [Jaroszewicz ’82; Lipatov ’96; Kotikov, Lipatov ’00; Kotikov, Lipatov ’02; 
Brower, Polchinski, Strassler, Tan ’06; Kotikov, Lipatov, Rej, Staudacher, Velizhanin ’07;…]

J = 1
𝒩 = 4

• This talk: understand these facts in the light-ray operator/detector language. 

• By working in an appropriate basis, we can obtain a finite anomalous dimension 
matrix for the DGLAP and BFKL detectors (even when they mix).
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• The BFKL eigenvalue has a pole at :ν = − 2



Light-ray operators and detectors
• Light-ray operators [Kravchuk, Simmons-Duffin ’18] are analytic continuation of null integral 

(light transform) of local operators.

• Each detector has a “spin shadow” .SJ : JL → 2 − d − JL
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• Choosing  gives an integral along future null infinity, and  
is the embedding space coordinate of the celestial sphere . This is a 
“detector operator”            (c.f. definition of ANEC).

x = ∞ z = (1, ⃗n)
Sd−2
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The Chew-Frautschi plot in free theory
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<latexit sha1_base64="q9Kv0kej5cwJekzi16auPpwQ27k=">AAACKXicbVDLSsNAFJ34fj+XboJFEMSSiKgbQdSFSBYKVgtNCJPJjR06jzgzUUrod7jVtV/jTt36I05rFlo9MHDuufdy7pwkZ1Qbz3t3RkbHxicmp6ZnZufmFxaXlleutSwUgQaRTKpmgjUwKqBhqGHQzBVgnjC4STon/f7NPShNpbgy3Rwijm8FzSjBxkpReApxcHgeB1vp9k68VPPq3gDuX+JXpIYqXMTLzkSYSlJwEIYwrHXL93ITlVgZShj0ZsJCQ45JB99Cy1KBOeioHFzdczeskrqZVPYJ4w7Unxsl5lp3eWInOTZtPdzri//1WoXJDqKSirwwIMi3UVYw10i3H4GbUgXEsK4lmChqb3VJGytMjA3ql0uqU92WyrSxSO1vBDwQybktwoegDPvOSVYGvZ5Nzh/O6S+53qn7e/W9y93a0XGV4RRaQ+toE/loHx2hM3SBGoigO/SIntCz8+K8Om/Ox/foiFPtrKJfcD6/AGigpkE=</latexit>

�L = JL + d� 2

<latexit sha1_base64="L5QKleBl0t3/pvXT1ds3ssZJVPQ=">AAACI3icbVDLSsNAFJ34rPVZXboJFsFVSUSqG0HUhYsuKlgrNKFMJjd26DzCzMRSQj7Cra79GnfixoX/4vSx0NYDA2fOvZdz74lSRrXxvC9nYXFpeWW1tFZe39jc2t6p7N5rmSkCLSKZVA8R1sCogJahhsFDqgDziEE76l+N6u0nUJpKcWeGKYQcPwqaUIKNldrBNXQb5153p+rVvDHceeJPSRVN0exWnJUgliTjIAxhWOuO76UmzLEylDAoykGmIcWkjx+hY6nAHHSYj/ct3EOrxG4ilX3CuGP190SOudZDHtlOjk1Pz9ZG4n+1TmaSszCnIs0MCDIxSjLmGumOjndjqoAYNrQEE0Xtri7pYYWJsRH9cYl1rHtSmR4Wsb1GwIBIzu0nGDTyYOQcJXmjKGxy/mxO8+T+uObXa/Xbk+rF5TTDEtpHB+gI+egUXaAb1EQtRFAfPaMX9Oq8Oe/Oh/M5aV1wpjN76A+c7x+KQqRS</latexit>

�L = 0

spin shadow

<latexit sha1_base64="C2gVTHquYJ94LF57YRaNQoyXt04=">AAACJHicbVDLSsNAFJ34tr5aXboJFsGNJRGpboSiLlx0oWBtoQllMrmxg/MIMxNLCf0Jt7r2a9yJCzd+i9M2C6seGDhz7r2ce0+UMqqN5306c/MLi0vLK6ultfWNza1yZftOy0wRaBHJpOpEWAOjAlqGGgadVAHmEYN29HAxrrcfQWkqxa0ZphByfC9oQgk2Vuqc+YfBJfSavXLVq3kTuH+JX5AqKnDdqzhLQSxJxkEYwrDWXd9LTZhjZShhMCoFmYYUkwd8D11LBeagw3yy8Mjdt0rsJlLZJ4w7UX9O5JhrPeSR7eTY9PXv2lj8r9bNTHIa5lSkmQFBpkZJxlwj3fH1bkwVEMOGlmCiqN3VJX2sMDE2oxmXWMe6L5XpYxHbawQMiOTcfoJBMw/GzlGSN0cjm5z/O6e/5O6o5tdr9ZvjauO8yHAF7aI9dIB8dIIa6ApdoxYiiKEn9IxenFfnzXl3Pqatc04xs4Nm4Hx9A/66pIo=</latexit>

= 1��L

<latexit sha1_base64="C0CqXkf8w33wbhFLhUzrxQOqrFI=">AAACI3icbVC7SgNBFJ2NGmN8JVraLAbBJmFXJNoIQRuRFBHMA7JLmJ2dTYbMY5mZNYQlH2GrtV9jJzYW/ouTR2ESDwycOfdezr0niClR2nG+rczG5lZ2O7eT393bPzgsFI9aSiQS4SYSVMhOABWmhOOmJpriTiwxZAHF7WB4N623n7FURPAnPY6xz2Cfk4ggqI3Uvik/9Oplt1coORVnBnuduAtSAgs0ekUr64UCJQxzjShUqus6sfZTKDVBFE/yXqJwDNEQ9nHXUA4ZVn4623dinxkltCMhzePanql/J1LIlBqzwHQyqAdqtTYV/6t1Ex1d+ynhcaIxR3OjKKG2Fvb0eDskEiNNx4ZAJInZ1UYDKCHSJqIll1CFaiCkHkAemms4HiHBmPl4o3rqTZ2DKK1PJiY5dzWnddK6qLjVSvXxslS7XWSYAyfgFJwDF1yBGrgHDdAECAzBC3gFb9a79WF9Wl/z1oy1mDkGS7B+fgHjKqPy</latexit>

= �JL � 1

• The DGLAP trajectory and BFKL trajectory intersect at .JL = 2 − d = − 2 + 2ϵ

BFKL

DGLAP

space of detectors Chew-Frautschi plot

<latexit sha1_base64="qwlWlku4RTEiehPYbfG0mrXtb8M=">AAACH3icbVDLTsJAFJ2iIuILdOmmkZi4Iq0x6JJoTFywwCiPhBIynU5hwjyamamENHyCW137Ne6MW/7GKXQh4EkmOXPuvTn3Hj+iRGnHmVu5re2d/G5hr7h/cHh0XCqftJWIJcItJKiQXR8qTAnHLU00xd1IYsh8ijv++D6td16xVETwFz2NcJ/BISchQVAb6dlDD4NSxak6C9ibxM1IBWRoDspW3gsEihnmGlGoVM91It1PoNQEUTwrerHCEURjOMQ9QzlkWPWTxa4z+8IogR0KaR7X9kL9O5FAptSU+aaTQT1S67VU/K/Wi3V4208Ij2KNOVoahTG1tbDTw+2ASIw0nRoCkSRmVxuNoIRIm3hWXAIVqJGQegR5YK7heIIEY+bjTRqJlzr7YdKYzUxy7npOm6R9VXVr1drTdaV+l2VYAGfgHFwCF9yAOngETdACCAzBG3gHH9an9WV9Wz/L1pyVzZyCFVjzXwusoxE=</latexit>

E



The Chew-Frautschi plot in free theory
<latexit sha1_base64="q9Kv0kej5cwJekzi16auPpwQ27k=">AAACKXicbVDLSsNAFJ34fj+XboJFEMSSiKgbQdSFSBYKVgtNCJPJjR06jzgzUUrod7jVtV/jTt36I05rFlo9MHDuufdy7pwkZ1Qbz3t3RkbHxicmp6ZnZufmFxaXlleutSwUgQaRTKpmgjUwKqBhqGHQzBVgnjC4STon/f7NPShNpbgy3Rwijm8FzSjBxkpReApxcHgeB1vp9k68VPPq3gDuX+JXpIYqXMTLzkSYSlJwEIYwrHXL93ITlVgZShj0ZsJCQ45JB99Cy1KBOeioHFzdczeskrqZVPYJ4w7Unxsl5lp3eWInOTZtPdzri//1WoXJDqKSirwwIMi3UVYw10i3H4GbUgXEsK4lmChqb3VJGytMjA3ql0uqU92WyrSxSO1vBDwQybktwoegDPvOSVYGvZ5Nzh/O6S+53qn7e/W9y93a0XGV4RRaQ+toE/loHx2hM3SBGoigO/SIntCz8+K8Om/Ox/foiFPtrKJfcD6/AGigpkE=</latexit>

�L = JL + d� 2

<latexit sha1_base64="L5QKleBl0t3/pvXT1ds3ssZJVPQ=">AAACI3icbVDLSsNAFJ34rPVZXboJFsFVSUSqG0HUhYsuKlgrNKFMJjd26DzCzMRSQj7Cra79GnfixoX/4vSx0NYDA2fOvZdz74lSRrXxvC9nYXFpeWW1tFZe39jc2t6p7N5rmSkCLSKZVA8R1sCogJahhsFDqgDziEE76l+N6u0nUJpKcWeGKYQcPwqaUIKNldrBNXQb5153p+rVvDHceeJPSRVN0exWnJUgliTjIAxhWOuO76UmzLEylDAoykGmIcWkjx+hY6nAHHSYj/ct3EOrxG4ilX3CuGP190SOudZDHtlOjk1Pz9ZG4n+1TmaSszCnIs0MCDIxSjLmGumOjndjqoAYNrQEE0Xtri7pYYWJsRH9cYl1rHtSmR4Wsb1GwIBIzu0nGDTyYOQcJXmjKGxy/mxO8+T+uObXa/Xbk+rF5TTDEtpHB+gI+egUXaAb1EQtRFAfPaMX9Oq8Oe/Oh/M5aV1wpjN76A+c7x+KQqRS</latexit>

�L = 0
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<latexit sha1_base64="C2gVTHquYJ94LF57YRaNQoyXt04=">AAACJHicbVDLSsNAFJ34tr5aXboJFsGNJRGpboSiLlx0oWBtoQllMrmxg/MIMxNLCf0Jt7r2a9yJCzd+i9M2C6seGDhz7r2ce0+UMqqN5306c/MLi0vLK6ultfWNza1yZftOy0wRaBHJpOpEWAOjAlqGGgadVAHmEYN29HAxrrcfQWkqxa0ZphByfC9oQgk2Vuqc+YfBJfSavXLVq3kTuH+JX5AqKnDdqzhLQSxJxkEYwrDWXd9LTZhjZShhMCoFmYYUkwd8D11LBeagw3yy8Mjdt0rsJlLZJ4w7UX9O5JhrPeSR7eTY9PXv2lj8r9bNTHIa5lSkmQFBpkZJxlwj3fH1bkwVEMOGlmCiqN3VJX2sMDE2oxmXWMe6L5XpYxHbawQMiOTcfoJBMw/GzlGSN0cjm5z/O6e/5O6o5tdr9ZvjauO8yHAF7aI9dIB8dIIa6ApdoxYiiKEn9IxenFfnzXl3Pqatc04xs4Nm4Hx9A/66pIo=</latexit>

= 1��L

<latexit sha1_base64="C0CqXkf8w33wbhFLhUzrxQOqrFI=">AAACI3icbVC7SgNBFJ2NGmN8JVraLAbBJmFXJNoIQRuRFBHMA7JLmJ2dTYbMY5mZNYQlH2GrtV9jJzYW/ouTR2ESDwycOfdezr0niClR2nG+rczG5lZ2O7eT393bPzgsFI9aSiQS4SYSVMhOABWmhOOmJpriTiwxZAHF7WB4N623n7FURPAnPY6xz2Cfk4ggqI3Uvik/9Oplt1coORVnBnuduAtSAgs0ekUr64UCJQxzjShUqus6sfZTKDVBFE/yXqJwDNEQ9nHXUA4ZVn4623dinxkltCMhzePanql/J1LIlBqzwHQyqAdqtTYV/6t1Ex1d+ynhcaIxR3OjKKG2Fvb0eDskEiNNx4ZAJInZ1UYDKCHSJqIll1CFaiCkHkAemms4HiHBmPl4o3rqTZ2DKK1PJiY5dzWnddK6qLjVSvXxslS7XWSYAyfgFJwDF1yBGrgHDdAECAzBC3gFb9a79WF9Wl/z1oy1mDkGS7B+fgHjKqPy</latexit>

= �JL � 1

• When turning on interactions,  remains unchanged, and  receives corrections 
(“anomalous spin”).

JL ΔL

<latexit sha1_base64="RvRHMZ3tcellSCrcpOa34jJJ7Mk="></latexit>

�L = JL + d� 2 + ↵s�
DGLAP(JL)

<latexit sha1_base64="1FWAzeQU4qTvza9TdNWxngFQMzE="></latexit>

�L = 0 + ↵s�
BFKL(JL)

<latexit sha1_base64="e0HhgIqVYl8kAWefPnMXnuqqKKk="></latexit>

�DGLAP(JL) = �twist-2(�1� JL)

• Q: What does the C-F plot look like at one loop?



Naive Chew-Frautschi plot at one loop
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<latexit sha1_base64="C2gVTHquYJ94LF57YRaNQoyXt04=">AAACJHicbVDLSsNAFJ34tr5aXboJFsGNJRGpboSiLlx0oWBtoQllMrmxg/MIMxNLCf0Jt7r2a9yJCzd+i9M2C6seGDhz7r2ce0+UMqqN5306c/MLi0vLK6ultfWNza1yZftOy0wRaBHJpOpEWAOjAlqGGgadVAHmEYN29HAxrrcfQWkqxa0ZphByfC9oQgk2Vuqc+YfBJfSavXLVq3kTuH+JX5AqKnDdqzhLQSxJxkEYwrDWXd9LTZhjZShhMCoFmYYUkwd8D11LBeagw3yy8Mjdt0rsJlLZJ4w7UX9O5JhrPeSR7eTY9PXv2lj8r9bNTHIa5lSkmQFBpkZJxlwj3fH1bkwVEMOGlmCiqN3VJX2sMDE2oxmXWMe6L5XpYxHbawQMiOTcfoJBMw/GzlGSN0cjm5z/O6e/5O6o5tdr9ZvjauO8yHAF7aI9dIB8dIIa6ApdoxYiiKEn9IxenFfnzXl3Pqatc04xs4Nm4Hx9A/66pIo=</latexit>

= 1��L

<latexit sha1_base64="C0CqXkf8w33wbhFLhUzrxQOqrFI=">AAACI3icbVC7SgNBFJ2NGmN8JVraLAbBJmFXJNoIQRuRFBHMA7JLmJ2dTYbMY5mZNYQlH2GrtV9jJzYW/ouTR2ESDwycOfdezr0niClR2nG+rczG5lZ2O7eT393bPzgsFI9aSiQS4SYSVMhOABWmhOOmJpriTiwxZAHF7WB4N623n7FURPAnPY6xz2Cfk4ggqI3Uvik/9Oplt1coORVnBnuduAtSAgs0ekUr64UCJQxzjShUqus6sfZTKDVBFE/yXqJwDNEQ9nHXUA4ZVn4623dinxkltCMhzePanql/J1LIlBqzwHQyqAdqtTYV/6t1Ex1d+ynhcaIxR3OjKKG2Fvb0eDskEiNNx4ZAJInZ1UYDKCHSJqIll1CFaiCkHkAemms4HiHBmPl4o3rqTZ2DKK1PJiY5dzWnddK6qLjVSvXxslS7XWSYAyfgFJwDF1yBGrgHDdAECAzBC3gFb9a79WF9Wl/z1oy1mDkGS7B+fgHjKqPy</latexit>

= �JL � 1

• One expects Regge trajectories can’t diverge in interacting theories. The 
singularity can be resolved by studying the non-trivial mixing of detectors at the 
intersection.

• Nonperturbative pictures known in planar  SYM using integrability. [Gromov, 
Levkovich-Maslyuk, Sizov, Valatka ’14; Alfimov, Gromov, Kazakov ’15; Gromov, Kazakov, Leurent, Volin ’15; Gromov, Levkovich-Maslyuk, 
Sizov ’17]

𝒩 = 4

<latexit sha1_base64="RvRHMZ3tcellSCrcpOa34jJJ7Mk="></latexit>

�L = JL + d� 2 + ↵s�
DGLAP(JL)

<latexit sha1_base64="1FWAzeQU4qTvza9TdNWxngFQMzE="></latexit>

�L = 0 + ↵s�
BFKL(JL)



• A detector that measures flux of .  gives the ANEC operator.

• Can be written as a bilocal integral along a null direction  at future null infinity.

E2−d−JL JL = 1 − d

z

DGLAP detector in free theory

<latexit sha1_base64="1bgHoo19rJkZ272yNOVrx5MEHCI=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTRQuLgI1lBC8JJGfY20ySJXt7x+6eEI78BhsLRWz9QXb+GzfJFZr4YODx3gwz88JEcG1c99sprKyurW8UN0tb2zu7e+X9g4aOU8XQZ7GIVSukGgWX6BtuBLYShTQKBTbD0e3Ubz6h0jyWD2acYBDRgeR9zqixks8fs7NJt1xxq+4MZJl4OalAjnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtqWSRqiDbHbshJxYpUf6sbIlDZmpvycyGmk9jkLbGVEz1IveVPzPa6emfx1kXCapQcnmi/qpICYm089JjytkRowtoUxxeythQ6ooMzafkg3BW3x5mTTOq95l1b2/qNRu8jiKcATHcAoeXEEN7qAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwCxN46W</latexit>

i�

<latexit sha1_base64="wfAZ8ITlQMsgpR4l2koCRQFgfkg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokoevBQ8OKxgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZpq7y9s7u3Xzk4bOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3U791hMqzRP5YMYpBjEdSB5xRo2VfP6Yu5NeperW3BnIMvEKUoUCjV7lq9tPWBajNExQrTuem5ogp8pwJnBS7mYaU8pGdIAdSyWNUQf57NgJObVKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadsQ/AWX14mzfOad1lz7y+q9ZsijhIcwwmcgQdXUIc7aIAPDDg8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/tcaOmQ==</latexit>

i0

<latexit sha1_base64="3n6YWxlOFD9VqXnbgAfgPB0Nfp4=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCIJREFF24KLjRXQX7gDaWyXTSDp1MwsxEKCHf4Ae41U9wJ279Br/A33CSZmFbDwwczrl37uF4EaNS2fa3UVpZXVvfKG9WtrZ3dqvm3n5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt7kJvM7T0RIGvIHNY2IG6ARpz7FSGlpYFb7AVJjiUVylz4mp+nArNl1O4e1TJyC1KBAc2D+9IchjgPCFWZIyp5jR8pNkFAUM5JW+rEkEcITNCI9TTkKiHSTPHhqHWtlaPmh0I8rK1f/biQokHIaeHoyj7noZeJ/Xi9W/pWbUB7FinA8O+THzFKhlbVgDakgWLGpJggLqrNaeIwEwkp3NXcl+1tIX2bNOIs9LJP2Wd25qNv357XGddFRGQ7hCE7AgUtowC00oQUYYniBV3gzno1348P4nI2WjGLnAOZgfP0CkPCcog==</latexit>

I +

<latexit sha1_base64="FZtdpeIOILB7Qn2RhddjAq9uzck=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCG0siii5cFNzoroJ9QBvLZDpph04mYWYilJBv8APc6ie4E7d+g1/gbzhJs7CtBwYO59w793C8iFGpbPvbKK2srq1vlDcrW9s7u1Vzb78tw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW9yk/mdJyIkDfmDmkbEDdCIU59ipLQ0MKv9AKmxxCK5Sx+T03Rg1uy6ncNaJk5BalCgOTB/+sMQxwHhCjMkZc+xI+UmSCiKGUkr/ViSCOEJGpGephwFRLpJHjy1jrUytPxQ6MeVlat/NxIUSDkNPD2Zx1z0MvE/rxcr/8pNKI9iRTieHfJjZqnQylqwhlQQrNhUE4QF1VktPEYCYaW7mruS/S2kL7NmnMUelkn7rO5c1O3781rjuuioDIdwBCfgwCU04Baa0AIMMbzAK7wZz8a78WF8zkZLRrFzAHMwvn4BlCScpA==</latexit>

I �

<latexit sha1_base64="wCyE44jgT0EmjoLBb2adT5xuhjA=">AAACI3icbVDLSsNAFJ34qLW+Wl26CRahbkoiUl0WBXHRRQX7gCaUyWTSDp1HmJlYSuhHuNW1X+NO3LjwX5y2WdjWAwNnzr2Xc+8JYkqUdpxva2Nzazu3k98t7O0fHB4VS8dtJRKJcAsJKmQ3gApTwnFLE01xN5YYsoDiTjC6m9U7z1gqIviTnsTYZ3DASUQQ1Ebq3Fc82Hcv+sWyU3XmsNeJm5EyyNDsl6ycFwqUMMw1olCpnuvE2k+h1ARRPC14icIxRCM4wD1DOWRY+el836l9bpTQjoQ0j2t7rv6dSCFTasIC08mgHqrV2kz8r9ZLdHTjp4THicYcLYyihNpa2LPj7ZBIjDSdGAKRJGZXGw2hhEibiJZcQhWqoZB6CHloruF4jARj5uONG6k3cw6itDGdmuTc1ZzWSfuy6taqtcercv02yzAPTsEZqAAXXIM6eABN0AIIjMALeAVv1rv1YX1aX4vWDSubOQFLsH5+ASb9pBk=</latexit>

F (↵1)

<latexit sha1_base64="qMh4LUWbUELyd6GJ19T7J3OsjWk=">AAACI3icbVC7TgJBFJ1FRcQXaGmzkZhgQ3aJQUuiibGgwEQeCUvI7OwsTJjHZmZWQjZ8hK3Wfo2dsbHwX5wFCgFPMsmZc+/Nuff4ESVKO863ldna3snu5vby+weHR8eF4klbiVgi3EKCCtn1ocKUcNzSRFPcjSSGzKe444/v0nrnGUtFBH/S0wj3GRxyEhIEtZE692UPDqqXg0LJqThz2JvEXZISWKI5KFpZLxAoZphrRKFSPdeJdD+BUhNE8SzvxQpHEI3hEPcM5ZBh1U/m+87sC6MEdiikeVzbc/XvRAKZUlPmm04G9Uit11Lxv1ov1uFNPyE8ijXmaGEUxtTWwk6PtwMiMdJ0aghEkphdbTSCEiJtIlpxCVSgRkLqEeSBuYbjCRKMmY83aSRe6uyHSWM2M8m56zltkna14tYqtcerUv12mWEOnIFzUAYuuAZ18ACaoAUQGIMX8ArerHfrw/q0vhatGWs5cwpWYP38Aii3pBo=</latexit>

F (↵2)

• DGLAP detector in free theory:

• For simplicity, let us consider pure Yang-Mills theory.

<latexit sha1_base64="KHUzSm2MwX/SWapqQlpMDrfetP8="></latexit>

DDGLAP
JL

(z) /
Z

d↵1d↵2|↵1 � ↵2|d�2+JLFa(↵1, z)F
a(↵2, z)

• Well-defined for all .JL ∈ ℂ

<latexit sha1_base64="o1uxdzMFeZFmGRkod/MVpVqKRXQ="></latexit>

EJL(z) / �ab
X

�

Z
dE E�JL�1

h
a†�,a(p)a�,b(p)

i���
p=Ez



• Vertex of the DGLAP detector:

DGLAP detector at one loop

<latexit sha1_base64="s1V1HKY+e5sY4RjC1vT6wCotBgA=">AAACI3icbVDLSgMxFM1UrbW+Wl26CRbBVZkpUl0WBXHRRYW+oFMlk8m0oXkMScZShn6EW137Ne7EjQv/xfSx0NYDgZNz7+Xce4KYUW1c98vJbGxuZbdzO/ndvf2Dw0LxqK1lojBpYcmk6gZIE0YFaRlqGOnGiiAeMNIJRjezeueJKE2laJpJTPocDQSNKEbGSh2/qeDtQ+WxUHLL7hxwnXhLUgJLNB6LTtYPJU44EQYzpHXPc2PTT5EyFDMyzfuJJjHCIzQgPUsF4kT30/m+U3hmlRBGUtknDJyrvydSxLWe8MB2cmSGerU2E/+r9RITXfVTKuLEEIEXRlHCoJFwdjwMqSLYsIklCCtqd4V4iBTCxkb0xyXUoR5KZYZIhPYaQcZYcm4//rie+jPnIErr06lNzlvNaZ20K2WvWq7eX5Rq18sMc+AEnIJz4IFLUAN3oAFaAIMReAYv4NV5c96dD+dz0ZpxljPH4A+c7x+BgaRN</latexit>

TrF 2

<latexit sha1_base64="s1V1HKY+e5sY4RjC1vT6wCotBgA=">AAACI3icbVDLSgMxFM1UrbW+Wl26CRbBVZkpUl0WBXHRRYW+oFMlk8m0oXkMScZShn6EW137Ne7EjQv/xfSx0NYDgZNz7+Xce4KYUW1c98vJbGxuZbdzO/ndvf2Dw0LxqK1lojBpYcmk6gZIE0YFaRlqGOnGiiAeMNIJRjezeueJKE2laJpJTPocDQSNKEbGSh2/qeDtQ+WxUHLL7hxwnXhLUgJLNB6LTtYPJU44EQYzpHXPc2PTT5EyFDMyzfuJJjHCIzQgPUsF4kT30/m+U3hmlRBGUtknDJyrvydSxLWe8MB2cmSGerU2E/+r9RITXfVTKuLEEIEXRlHCoJFwdjwMqSLYsIklCCtqd4V4iBTCxkb0xyXUoR5KZYZIhPYaQcZYcm4//rie+jPnIErr06lNzlvNaZ20K2WvWq7eX5Rq18sMc+AEnIJz4IFLUAN3oAFaAIMReAYv4NV5c96dD+dz0ZpxljPH4A+c7x+BgaRN</latexit>

TrF 2

<latexit sha1_base64="oxIFMqvQK+pyIdCRZ5P5CB341tc="></latexit>

VJL(p; z) =

Z
d� ��JL�1�(d)(p� �z)

• Divergence of the one-loop matrix element (for , generic ):ϵ → 0 JL
<latexit sha1_base64="p6HtF0A4CNi5oq+ZBdVdtKPv0PU="></latexit>

hDDGLAP
JL

i1�loop =
g2

8⇡✏
�DGLAP(JL)hDDGLAP

JL
itree + (regular at ✏ = 0)

<latexit sha1_base64="lv7CILME5t7ldc/EUJoF+4mgnZc="></latexit>

�DGLAP(JL) =
2CA

⇡

1

JL + 2
+ �DGLAP

Reg (JL)

• The pole at  is present even for finite , and it’s proportional to the tree-
level matrix element of a different detector — the BFKL detector.

JL = − 2 ϵ

<latexit sha1_base64="PR4a2KpIiAZUDVdWlFiVcq8/K6M="></latexit>

hDDGLAP
JL

i1�loop =
g2µ2✏

8⇡(JL + 2)

✓
2CA

⇡

1

✏
+ eR1(✏)

◆
hDBFKL

JL
itree + (regular at JL = �2)



DGLAP detector at one loop
• The pole at  comes from the leading soft theorem.JL = − 2

<latexit sha1_base64="5jEbb8kYm+n368mNcI09RruZvRs="></latexit>

hDDGLAP
JL

(z)i1�loop =

Z
dPSn�1

Z
d���JL�1|Ftree(�z, p2, . . . , pn)|2

⇠
Z

dPSn�1

Z
d���JL�3

nX

i,j=2

pi · pj
z · piz · pj

faibicfajbjc
⇣
Fa2...bj ...an

tree

⌘⇤
Fa2...bi...an

tree

<latexit sha1_base64="EirJUSNVUP2NYrdY23KKMPge59k="></latexit>

1

JL + 2 tree-level matrix element of BFKL detector

<latexit sha1_base64="zo2Xle9ITrvvnM4YW33bs0wKdJI=">AAACKXicbVC7TsMwFHV4lvJqYWSxqJCYqgShwohgYWAAiT6kJlSO4xALP4LtgKqo38EKM1/DBqz8CE6bgbYc6UrH596rc33ClFFtXPfLWVhcWl5ZraxV1zc2t7Zr9Z2OlpnCpI0lk6oXIk0YFaRtqGGklyqCeMhIN3y4KPrdJ6I0leLWDFMScHQvaEwxMlYK4rscDTwY2sKjQa3hNt0x4DzxStIAJa4HdWfFjyTOOBEGM6R133NTE+RIGYoZGVX9TJMU4Qd0T/qWCsSJDvLx1SN4YJUIxlLZEgaO1b8bOeJaD3loJzkyiZ7tFeJ/vX5m4tMgpyLNDBF4YhRnDBoJiwhgRBXBhg0tQVhReyvECVIIGxvUlEukI51IZRIkIvsbQZ6x5Nw+/Oer3C+cwzi/GhXJebM5zZPOUdNrNVs3x42z8zLDCtgD++AQeOAEnIFLcA3aAINH8AJewZvz7nw4n873ZHTBKXd2wRScn18u+Kaz</latexit>

fa1b1c
<latexit sha1_base64="tWKSZSpADw/2SCw9omMHanNZQSg=">AAACKXicbVC7TsMwFHUKlPJuYWSxqJCYqqRChbGChYEBJFqQ2lA5jkOs+hFsh6qK8h2sMPM1bMDKj+C0GXgd6UrH596rc32ChFFtXPfdqSwsLlWXayura+sbm1v1xnZfy1Rh0sOSSXUTIE0YFaRnqGHkJlEE8YCR62B8WvSvH4jSVIorM02Iz9GdoBHFyFjJj24zNGrDwBbOR/Wm23JngH+JV5ImKHExajjVYShxyokwmCGtB56bGD9DylDMSL46TDVJEB6jOzKwVCBOtJ/Nrs7hvlVCGEllSxg4U79vZIhrPeWBneTIxPp3rxD/6w1SEx37GRVJaojAc6MoZdBIWEQAQ6oINmxqCcKK2lshjpFC2NigfriEOtSxVCZGIrS/EWSCJef2MZycZ8PCOYiy87xIzvud01/Sb7e8TqtzedjsnpQZ1sAu2AMHwANHoAvOwAXoAQzuwSN4As/Oi/PqvDkf89GKU+7sgB9wPr8AMnSmtQ==</latexit>

fa2b2c
<latexit sha1_base64="GVtBBJ3tdnbODQkT7NxTxTtM/pU="></latexit> p1 · p2
z · p1z · p2



BFKL detector in free theory

<latexit sha1_base64="1bgHoo19rJkZ272yNOVrx5MEHCI=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTRQuLgI1lBC8JJGfY20ySJXt7x+6eEI78BhsLRWz9QXb+GzfJFZr4YODx3gwz88JEcG1c99sprKyurW8UN0tb2zu7e+X9g4aOU8XQZ7GIVSukGgWX6BtuBLYShTQKBTbD0e3Ubz6h0jyWD2acYBDRgeR9zqixks8fs7NJt1xxq+4MZJl4OalAjnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtqWSRqiDbHbshJxYpUf6sbIlDZmpvycyGmk9jkLbGVEz1IveVPzPa6emfx1kXCapQcnmi/qpICYm089JjytkRowtoUxxeythQ6ooMzafkg3BW3x5mTTOq95l1b2/qNRu8jiKcATHcAoeXEEN7qAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwCxN46W</latexit>

i�

<latexit sha1_base64="wfAZ8ITlQMsgpR4l2koCRQFgfkg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokoevBQ8OKxgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZpq7y9s7u3Xzk4bOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3U791hMqzRP5YMYpBjEdSB5xRo2VfP6Yu5NeperW3BnIMvEKUoUCjV7lq9tPWBajNExQrTuem5ogp8pwJnBS7mYaU8pGdIAdSyWNUQf57NgJObVKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadsQ/AWX14mzfOad1lz7y+q9ZsijhIcwwmcgQdXUIc7aIAPDDg8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/tcaOmQ==</latexit>

i0

<latexit sha1_base64="3n6YWxlOFD9VqXnbgAfgPB0Nfp4=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCIJREFF24KLjRXQX7gDaWyXTSDp1MwsxEKCHf4Ae41U9wJ279Br/A33CSZmFbDwwczrl37uF4EaNS2fa3UVpZXVvfKG9WtrZ3dqvm3n5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt7kJvM7T0RIGvIHNY2IG6ARpz7FSGlpYFb7AVJjiUVylz4mp+nArNl1O4e1TJyC1KBAc2D+9IchjgPCFWZIyp5jR8pNkFAUM5JW+rEkEcITNCI9TTkKiHSTPHhqHWtlaPmh0I8rK1f/biQokHIaeHoyj7noZeJ/Xi9W/pWbUB7FinA8O+THzFKhlbVgDakgWLGpJggLqrNaeIwEwkp3NXcl+1tIX2bNOIs9LJP2Wd25qNv357XGddFRGQ7hCE7AgUtowC00oQUYYniBV3gzno1348P4nI2WjGLnAOZgfP0CkPCcog==</latexit>

I +

<latexit sha1_base64="FZtdpeIOILB7Qn2RhddjAq9uzck=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCG0siii5cFNzoroJ9QBvLZDpph04mYWYilJBv8APc6ie4E7d+g1/gbzhJs7CtBwYO59w793C8iFGpbPvbKK2srq1vlDcrW9s7u1Vzb78tw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW9yk/mdJyIkDfmDmkbEDdCIU59ipLQ0MKv9AKmxxCK5Sx+T03Rg1uy6ncNaJk5BalCgOTB/+sMQxwHhCjMkZc+xI+UmSCiKGUkr/ViSCOEJGpGephwFRLpJHjy1jrUytPxQ6MeVlat/NxIUSDkNPD2Zx1z0MvE/rxcr/8pNKI9iRTieHfJjZqnQylqwhlQQrNhUE4QF1VktPEYCYaW7mruS/S2kL7NmnMUelkn7rO5c1O3781rjuuioDIdwBCfgwCU04Baa0AIMMbzAK7wZz8a78WF8zkZLRrFzAHMwvn4BlCScpA==</latexit>

I �

<latexit sha1_base64="O0oOEz2fAHD5gJebGtPN/BW20U8=">AAACI3icbVDLTsJAFJ2iIuILdOmmkZi4Iq0x6JJoYlywwEQeCVQynU7phHk0M1MJafgIt7r2a9wZNy78F6fAQsCTTHLm3Htz7j1+TInSjvNt5TY2t/LbhZ3i7t7+wWGpfNRWIpEIt5CgQnZ9qDAlHLc00RR3Y4kh8ynu+KPbrN55xlIRwR/1JMYeg0NOQoKgNlLn7imFA3c6KFWcqjODvU7cBamABZqDspXvBwIlDHONKFSq5zqx9lIoNUEUT4v9ROEYohEc4p6hHDKsvHS279Q+M0pgh0Kax7U9U/9OpJApNWG+6WRQR2q1lon/1XqJDq+9lPA40ZijuVGYUFsLOzveDojESNOJIRBJYna1UQQlRNpEtOQSqEBFQuoI8sBcw/EYCcbMpz9upP3M2Q/TxjRLzl3NaZ20L6purVp7uKzUbxYZFsAJOAXnwAVXoA7uQRO0AAIj8AJewZv1bn1Yn9bXvDVnLWaOwRKsn19Lt6TC</latexit>

F a1
<latexit sha1_base64="/I4BjwrX63brDQV/ON7cya1Z6NQ=">AAACI3icbVDLTsJAFJ36QMQX6NJNIzFxRVpi0CXRxLhggYk8EopkOp3ChHk0M1MJafgIt7r2a9wZNy78F6fQhYAnmeTMuffm3Hv8iBKlHefb2tjc2s7t5HcLe/sHh0fF0nFbiVgi3EKCCtn1ocKUcNzSRFPcjSSGzKe4449v03rnGUtFBH/U0wj3GRxyEhIEtZE6d08JHFRng2LZqThz2OvEzUgZZGgOSlbOCwSKGeYaUahUz3Ui3U+g1ARRPCt4scIRRGM4xD1DOWRY9ZP5vjP73CiBHQppHtf2XP07kUCm1JT5ppNBPVKrtVT8r9aLdXjdTwiPYo05WhiFMbW1sNPj7YBIjDSdGgKRJGZXG42ghEibiJZcAhWokZB6BHlgruF4ggRj5uNNGomXOvth0pilybmrOa2TdrXi1iq1h8ty/SbLMA9OwRm4AC64AnVwD5qgBRAYgxfwCt6sd+vD+rS+Fq0bVjZzApZg/fwCTXGkww==</latexit>

F a2

<latexit sha1_base64="w9bJcCo0/XczPeVxbh0tyPSrnYg=">AAACI3icbVDLTsJAFJ2iIuILdOmmkZi4Iq0x6JJoYlywwEQeCVQynU7phHk0M1MJafgIt7r2a9wZNy78F6fAQsCTTHLm3Htz7j1+TInSjvNt5TY2t/LbhZ3i7t7+wWGpfNRWIpEIt5CgQnZ9qDAlHLc00RR3Y4kh8ynu+KPbrN55xlIRwR/1JMYeg0NOQoKgNlLn7in1B+50UKo4VWcGe524C1IBCzQHZSvfDwRKGOYaUahUz3Vi7aVQaoIonhb7icIxRCM4xD1DOWRYeels36l9ZpTADoU0j2t7pv6dSCFTasJ808mgjtRqLRP/q/USHV57KeFxojFHc6MwobYWdna8HRCJkaYTQyCSxOxqowhKiLSJaMklUIGKhNQR5IG5huMxEoyZT3/cSPuZsx+mjWmWnLua0zppX1TdWrX2cFmp3ywyLIATcArOgQuuQB3cgyZoAQRG4AW8gjfr3fqwPq2veWvOWswcgyVYP79Nc6TD</latexit>

F b1
<latexit sha1_base64="36hl5KG74L4QQznBu8EM8YnUgcQ=">AAACI3icbVDLTsJAFJ36QMQX6NJNIzFxRVpi0CXRxLhggYk8EopkOp3ChHk0M1MJafgIt7r2a9wZNy78F6fQhYAnmeTMuffm3Hv8iBKlHefb2tjc2s7t5HcLe/sHh0fF0nFbiVgi3EKCCtn1ocKUcNzSRFPcjSSGzKe4449v03rnGUtFBH/U0wj3GRxyEhIEtZE6d0+JP6jOBsWyU3HmsNeJm5EyyNAclKycFwgUM8w1olCpnutEup9AqQmieFbwYoUjiMZwiHuGcsiw6ifzfWf2uVECOxTSPK7tufp3IoFMqSnzTSeDeqRWa6n4X60X6/C6nxAexRpztDAKY2prYafH2wGRGGk6NQQiScyuNhpBCZE2ES25BCpQIyH1CPLAXMPxBAnGzMebNBIvdfbDpDFLk3NXc1on7WrFrVVqD5fl+k2WYR6cgjNwAVxwBergHjRBCyAwBi/gFbxZ79aH9Wl9LVo3rGzmBCzB+vkFTy2kxA==</latexit>

F b2

<latexit sha1_base64="aMmxsQmKhC4oyhw5EedHRenk1M4="></latexit>

N c(z) / ifabc
X

�

Z
Ed�2dE

2E

h
a†�,a(p)a�,b(p)

i���
p=Ez

• A Wilson loop at future null infinity decorated by 
four field strengths.

•  for all values of   a horizontal trajectory 
at  on the C-F plot.
ΔL = 0 JL ⇒

J = 1

<latexit sha1_base64="+8Ksk6GEr1KNa0HSSkKo30z9aJE="></latexit>

DBFKL
JL

(z) =

Z
Dd�2z1D

d�2z2 KJL(z1, z2, z)N c(z1)N c(z2)

<latexit sha1_base64="v63oKZPwuBX/y9hi5TzgsDwh1b8="></latexit>

KJL /
✓

�2z1 · z2
(�2z1 · z)(�2z2 · z)

◆� JL
2

• The BFKL detector is a product of two “color-interference” detectors smeared over 
the celestial sphere:



• Divergences of the BFKL detector at one loop at  for generic :ϵ = 0 JL

BFKL detector at one loop

<latexit sha1_base64="zIzdqYY7v073tVYkWavtRpGLv2E="></latexit>

hDBFKL
JL

i1�loop =
g2

8⇡✏
�BFKL(JL)hDBFKL

JL
itree + (regular at ✏ = 0)

<latexit sha1_base64="MPNTVPODiDIAnDIME8NQ9aQDEwg="></latexit>

�BFKL(JL) = �2CA

⇡

1

JL + 2
+ �BFKL

Reg (JL)

the BFKL eigenvalue

• For finite , it has a pole at  proportional to the tree-level matrix 
element of the DGLAP detector

ϵ JL = − 2 + 4ϵ

<latexit sha1_base64="4UlNuQHau+COJrJRnHTM5NDYrd8="></latexit>

hDBFKL
JL

i1�loop =
g2µ2✏

8⇡(JL + 2� 4✏)

✓
�2CA

⇡

1

✏
+ eR2(✏)

◆
hDDGLAP

JL
itree + (regular at JL = �2 + 4✏)

<latexit sha1_base64="s1V1HKY+e5sY4RjC1vT6wCotBgA=">AAACI3icbVDLSgMxFM1UrbW+Wl26CRbBVZkpUl0WBXHRRYW+oFMlk8m0oXkMScZShn6EW137Ne7EjQv/xfSx0NYDgZNz7+Xce4KYUW1c98vJbGxuZbdzO/ndvf2Dw0LxqK1lojBpYcmk6gZIE0YFaRlqGOnGiiAeMNIJRjezeueJKE2laJpJTPocDQSNKEbGSh2/qeDtQ+WxUHLL7hxwnXhLUgJLNB6LTtYPJU44EQYzpHXPc2PTT5EyFDMyzfuJJjHCIzQgPUsF4kT30/m+U3hmlRBGUtknDJyrvydSxLWe8MB2cmSGerU2E/+r9RITXfVTKuLEEIEXRlHCoJFwdjwMqSLYsIklCCtqd4V4iBTCxkb0xyXUoR5KZYZIhPYaQcZYcm4//rie+jPnIErr06lNzlvNaZ20K2WvWq7eX5Rq18sMc+AEnIJz4IFLUAN3oAFaAIMReAYv4NV5c96dD+dz0ZpxljPH4A+c7x+BgaRN</latexit>

TrF 2

<latexit sha1_base64="s1V1HKY+e5sY4RjC1vT6wCotBgA=">AAACI3icbVDLSgMxFM1UrbW+Wl26CRbBVZkpUl0WBXHRRYW+oFMlk8m0oXkMScZShn6EW137Ne7EjQv/xfSx0NYDgZNz7+Xce4KYUW1c98vJbGxuZbdzO/ndvf2Dw0LxqK1lojBpYcmk6gZIE0YFaRlqGOnGiiAeMNIJRjezeueJKE2laJpJTPocDQSNKEbGSh2/qeDtQ+WxUHLL7hxwnXhLUgJLNB6LTtYPJU44EQYzpHXPc2PTT5EyFDMyzfuJJjHCIzQgPUsF4kT30/m+U3hmlRBGUtknDJyrvydSxLWe8MB2cmSGerU2E/+r9RITXfVTKuLEEIEXRlHCoJFwdjwMqSLYsIklCCtqd4V4iBTCxkb0xyXUoR5KZYZIhPYaQcZYcm4//rie+jPnIErr06lNzlvNaZ20K2WvWq7eX5Rq18sMc+AEnIJz4IFLUAN3oAFaAIMReAYv4NV5c96dD+dz0ZpxljPH4A+c7x+BgaRN</latexit>

TrF 2



• The DGLAP and BFKL trajectories intersect at . At this 
intersection, the two detectors become exactly the same.

JL = 2 − d = − 2 + 2ϵ

Tree-level basis for DGLAP/BFKL

<latexit sha1_base64="EWktWLG9uov5b4a1aTo5hQ52g7k="></latexit>

DJL =

0

@
µJL+2�2✏DDGLAP

JL

DBFKL
JL

�µJL+2�2✏DDGLAP
JL

JL+2�2✏

1

A

• To make sure the basis is regular at all  (in particular at the intersection), one 
should consider the following tree-level basis:

JL

<latexit sha1_base64="+8Ksk6GEr1KNa0HSSkKo30z9aJE="></latexit>

DBFKL
JL

(z) =

Z
Dd�2z1D

d�2z2 KJL(z1, z2, z)N c(z1)N c(z2)

<latexit sha1_base64="pMU+Tl7ErtPTW0YV45PG0PpB3C0="></latexit>

K2�d(z1, z2, z) = �(z � z1) + �(z � z2)

<latexit sha1_base64="3hP5y+QWCZ0WemTaPJAIq/J3YJk="></latexit>

) DBFKL
2�d (z) = N c(z)

Z
Dd�2z0N c(z0) = DDGLAP

2�d (z)

<latexit sha1_base64="im6Jz2EIQbAdMxTNeqh89vtmZlY="></latexit>

lim
✏!0

✏x�1+✏✓(x) = �(x)

gauge invariance



• In the regular basis, the tree-level dilatation matrix has off-diagonal terms.

Renormalizing the multiplet

<latexit sha1_base64="n2hlQ5kVelYpHN3SWdygkQuvWw0="></latexit>

DDJ L =
!

! 2 + 2! ! JL 0
1 0

"
DJ L a log-multiplet!

• Renormalized detector 
<latexit sha1_base64="4uP5U8mBmI/hRd997QwANw8lSIs="></latexit>

[DJ L ]R ! Z ! 1
J L

DJ L

• The renormalization factor should remove all divergences of the 1-loop matrix 
element, including .1/ϵ, 1/(JL + 2), 1/(JL + 2 − 4ϵ)

<latexit sha1_base64="TsFgZTMGERZpxWsVc90JONurimE="></latexit>

D = Z ! 1
J L

!
D0 + ! (g)

"
" g

"
ZJ L

• One-loop dilatation operator



DGLAP meets BFKL
<latexit sha1_base64="PK4i15EYwWsR8UAu7c2pvu5vLGk="></latexit>

D = D0 + ! s

!
! " DGLAP

Reg (JL ) 2CA
!

1
4

"
#R !

1(0) + #R !
2(0) ! 8" 21(JL )

$
! " BFKL

Reg (JL )

%

+ O(! 2
s)

• DGLAP:

• The eigenvalues of this dilatation matrix ( ) should recover the DGLAP and 
BFKL trajectories away from the intersection, and smoothly connect them when 
going through the intersection.

−ΔL

• BFKL:

• Intersection:

<latexit sha1_base64="gngp1pKFS4PfKoPWaZy9olZUbWs="></latexit>
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DGLAP meets BFKL
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• In QCD, there are two DGLAP detectors, but only one of them will mix with BFKL.

DGLAP meets BFKL in QCD
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DBFKL
2! d = CA DDGLAP g

2! d + CF DDGLAP q

2! d
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 Subleading trajectories
• The DGLAP anomalous dimension also has poles at .

• The pole at  is due to the mixing between DGLAP and its spin shadow 
(subleading soft theorem [Casali ’14]). The two detectors also become exactly the 
same at the intersection.
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C-F plot including subleading trajectories
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nf = 4

• The same method gives a 5x5 dilatation matrix that is finite near all the 
intersections.



C-F plot including subleading trajectories
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nf = 4

• Depending on , one gets different behaviors near the  intersection due to 
different signs of the residue of DGLAP.

nf J = 0



• Higher-order; include more intersections

• Odd-spin or nonzero transverse spin sector.

• Connection between divergences of DGLAP anomalous dimension and soft 
theorems (for squared form factors)?

• What does the shape of the subleading trajectories near  tell us about the 
Regge limit at subleading power?

• Relation to other approaches for BFKL physics: null Wilson lines [Caron-Huot ’13], color 
dipole [Balitsky, Kazakov, Sobko ‘13], Glauber SCET [Rothstein, Stewart ’16].

• What is the OPE between general detector operators?

• Can one study detector operators in gravity? [Herrmann, Kologlu, Moult ‘24]

• Can one formulate matching relations between hadron detectors and gluon/quark 
detectors?

J = 0

Outlook



• Higher-order; include more intersections

• Odd-spin or nonzero transverse spin sector.

• Connection between divergences of DGLAP anomalous dimension and soft 
theorems (for squared form factors)?

• What does the shape of the subleading trajectories near  tell us about the 
Regge limit at subleading power?

• Relation to other approaches for BFKL physics: null Wilson lines [Caron-Huot ’13], color 
dipole [Balitsky, Kazakov, Sobko ‘13], Glauber SCET [Rothstein, Stewart ’16].

• What is the OPE between general detector operators?

• Can one study detector operators in gravity? [Herrmann, Kologlu, Moult ‘24]

• Can one formulate matching relations between hadron detectors and gluon/quark 
detectors?

J = 0

Outlook

Thank you!


