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Notion of robustness in this talk

Robustness in SBI:

o Model Misspecification 1

o Measurement Error 2

!Dellaporta, C., Knoblauch, J., Damoulas, T. and Briol, F.X., 2022, May. Robust Bayesian
inference for simulator-based models via the MMD posterior bootstrap. In International
Conference on Artificial Intelligence and Statistics (pp. 943-970). PMLR.

2Dellaporta, C. and Damoulas, T., 2023. Robust Bayesian Inference for Measurement Error
Models. arXiv preprint arXiv:2306.01468.
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Simulator-based models

o Independent sampling is possible, but the likelihood is unavailable

@ Model is usually at best a rough approximation of a complex physical or biological
phenomenon

@ It will most likely not capture all of the key characteristics of the underlying data

generating process.
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Simulator-based models

o Independent sampling is possible, but the likelihood is unavailable

@ Model is usually at best a rough approximation of a complex physical or biological
phenomenon

@ It will most likely not capture all of the key characteristics of the underlying data
generating process.

Two main problems:

@ Unavailability of the likelihood function

@ Model misspecification
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Problem setting

Simulator-based model family
e ——

(Po={Ps:0€0}CP

Py is associated with simulator function
Gop : U — X and probability measure U in
space U

y = Go(u) ~ Py, u~TU.
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Problem setting

Simulator-based model family Observed i.i.d. data x., ~ P*
T

‘ Po = {IP’@ 10 ¢ @} cP ‘ 'pe P
Py is associated with simulator function * ' _;'H.]P*
Gp : U — X and probability measure U in hY 4
space U T
misspecified
y = Go(u) ~ Py, u~TU. model
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Standard Bayesian Inference:

P(O|x1, ..., xn) < P(x1,...,x,|0)- P(6)
—

Posterior Likelihood Prior

o Likelihood / model is assumed to be correct

o Uncertainty is set directly on 6 via the prior!
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Standard Bayesian Inference:

P(O|x1, ..., xn) < P(x1,...,x,|0)- P(6)
—

Posterior Likelihood Prior
o Likelihood / model is assumed to be correct
o Uncertainty is set directly on 6 via the prior!

Bayesian Nonparametric Learning (NPL):

P* ~ P(]P)*) — P(]P)* |X1;n) o P(Xl;n | P*) . P(]P)*) — |_||\|p|_(9)
—_———

Nonp. Prior on P* Nonp. Posterior on P* NPL posterior on 6

e Model not assumed to be correct

o Uncertainty set directly on P* and propagated to 6
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Bayesian Nonparametric Learning (NPL) framework

(Lyddon et al., 2018; Fong et al., 2019)

@ Place a nonparametric prior directly on the data-generating mechanism P*:
P~ DP(a,F), P|xi.n ~ DP (', F')
where

o =a+n F =2F+-2P, Pn—127:15x,

a+n nta B

@ For a loss function I(x, 8) propagate uncertainty from P* to the parameter of
interest 6 through

\ 07 (P*) := arginfoco Exp- [/(X, 0)] \

@ The push-forward measure (6;)x(DP(a/,F’)) gives a posterior on © denoted by
Mupe.
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Proposal: Maximum Mean Discrepancy (MMD) based loss

|07 (P) := arginfoco Ex- (X, 0)]
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Proposal: Maximum Mean Discrepancy (MMD) based loss

\ 07 (P*) = arginfoco Exp- [/(X, 0)]

MMD(Py, P*)

e Map 6" now corresponds to a minimum MMD estimator as in Briol et al. (2019);
Chérief-Abdellatif and Alquier (2022)
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Proposal: Maximum Mean Discrepancy (MMD) based loss

\ 07 (P*) = arginfoco Exp- [/(X, 0)]

MMD(Py, P*)

e Map 6" now corresponds to a minimum MMD estimator as in Briol et al. (2019);
Chérief-Abdellatif and Alquier (2022)

@ The MMD between two probability measures P and Q in an RKHS H with
associated kernel k : X x X — R can be expressed as

MMDQ(P» Q) = fx fx X Y)P(dX)P(dY) - 2fx fx k(X>}’)P(dX)Q(d}’)
+ fX fx Q(dx)Q(dy)
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MMD

MMD(P, Q) = [lup — pollr, = [Exnplk(x, )] = Exvqlk(x, )]ln
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MMD Posterior Bootstrap

P p2) PO X DP(, F)
P P2
x K
P X

Q@ Draw PY ~ DP(a/,F)
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MMD Posterior Bootstrap

1id
PO, PO PO X DP(a, F') 0P s 0
P P2 I
>{/ * (//—ﬂ v N

O Draw PY) ~ DP(o/,F)
@ Obtain §U) := §*(PY) = arg min,.o MMD?(PY), Py)
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Generalisation error

o Assumption: sup, ./ |k(x,x")| < oo, W.L.O.G. [k(x,x")| <1 V x,x'€X
e v:= DP(d,F)
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Generalisation error

o Assumption: sup, .y |k(x,x")| < oo, W.L.O.G. [k(x,x")| <1 V x,x'€X
e v:= DP(d,F)

E " [EPNV [MMD(P*7P9*(P))”

x1:p ~ P
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Generalisation error

o Assumption: sup, /.y |k(x,x")| < oo, W.L.O.G. [k(x,x")| <1 V x,x'€X
e v:= DP(d,F)

inf MMD(P*,Pg) < E 4
6co X1:n

id . [Epns [MMD(P", Po-(s))]]

Pe
& o inf MMD(P*, P,
;Ee ( 3 5‘)

/ >

Robust SBI PHYSTAT-SBI 2024, Max Planck Institute for Physics 10 /18



Generalisation error

o Assumption: sup, /.y |k(x,x")| < oo, W.L.O.G. [k(x,x")| <1 V x,x' €X
e v:= DP(d,IF)

Generalisation Error

0 < E_ . [Eees [MMD(F",Py-)]] — inf MMD(E", Py)

xp:p ~ P

2 2 li¥eY
— + +
vn o Va+n+2 a+n

IN

Pe
g inf MMD (B*, P,
;Ee ( 3 5‘}

/ e
Extensions:
@ Robustness to outliers for contaminated model P* = (1 — €) Py, +€Q

@ Posterior consistency in the frequentist sense
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Example: Contaminated G-and-k distribution model

P* = (1 — €) Pg, +€Q where Py, denotes the G-and-k distribution with
6o = (3,1,1,—log(2)), and Q is the shifted distribution Q = Py, £50
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Example: Contaminated G-and-k distribution model

P* = (1 — €) Pg, +€Q where Py, denotes the G-and-k distribution with
6o = (3,1,1,—log(2)), and Q is the shifted distribution Q = Py, £50
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Example: Contaminated G-and-k distribution model

P* = (1 — €) Pg, +€Q where Py, denotes the G-and-k distribution with
6o = (3,1,1,—log(2)), and Q is the shifted distribution Q = Py, £50
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Example: Contaminated G-and-k distribution model
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Figure: Comparison of posterior marginal distributions obtained using the MMD Posterior
Bootstrap (NPL-MMD) and the Wasserstein-ABC (WABC) method in Bernton et al. (2019).
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Example: Toggle switch model with Cauchy noise

@ Arising in Systems Biology (see e.g. Bonassi et al., 2011)
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@ Arising in Systems Biology (see e.g. Bonassi et al., 2011)

@ A dynamic model used to study cellular networks describing the interaction of two
genes over time
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Example: Toggle switch model with Cauchy noise

@ Arising in Systems Biology (see e.g. Bonassi et al., 2011)

@ A dynamic model used to study cellular networks describing the interaction of two
genes over time

@ For cell i and unknown parameters 6 = (au, az, f1, B2, i, 0, fy)T, the simulator input

is uy = (Ll,',1’1, Ui12,-..,Ui,11,UT2, U,',T+171)T ~ UI‘IH:([O7 1]2T+1) and the simulator
Gy is defined through:

_ N _ N
Go(uj) =7t (¢(7(H+:(’,T)V"T) + Ui, 7411 (1 - ¢(7(H+:';)V"T))) 5+ (p+vir)

inT

where for t = 1,..., T — 1, we have

Vit = Vie + —5 TP —(1+40.03v;,;)

l,t

Witt1 = Wi + +Vﬁ2 — (14 0.03w;,¢)

Vitrl = Vipy1 + 0.507 1(¢(—2\7i,t+1) + uj1(l1— ¢(—2\7i,t+1)))
Wit = Wier1 + 0.50 (D=2 e41) + tie2(1 — P(—2Wi,e11)))
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Example: Toggle switch model with Cauchy noise

@ Inference on 6 = (au, a2, B1, B2, i1, 0,) for n = 2000 data points simulated from
the toggle-switch model in which 10% of the data have some added Cauchy noise
of location parameter 0 and scale parameter 10.
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Example: Toggle switch model with Cauchy noise

@ Inference on 0 = (a1, a2, B1, B2, i1, 0,y) for n = 2000 data points simulated from
the toggle-switch model in which 10% of the data have some added Cauchy noise
of location parameter 0 and scale parameter 10.
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Strengths & Limitations

Strengths:

V' Posterior Bootstrap algorithm suitable for simulator-based models inducing
robustness through:

@ Bayesian Nonparametric Learning (NPL) framework

@ Minimum Maximum Mean Discrepancy (MMD) estimators

v’ Parallelisable algorithm
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Strengths & Limitations

Strengths:

v

Posterior Bootstrap algorithm suitable for simulator-based models inducing
robustness through:

@ Bayesian Nonparametric Learning (NPL) framework

@ Minimum Maximum Mean Discrepancy (MMD) estimators

v’ Parallelisable algorithm
v Generalisation error, posterior consistency and robustness to outliers guarantees
Limitations:

V" Optimisation; objective usually not convex, kernel choice and associated
hyperparameters

v MMD scales well with dimensions but optimisation needs to be repeated a lot of
times

v" MMD approximation; estimators with improved sample complexity e.g. Bharti et al.
(2023)

v’ Larger scale applications to follow
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Extension to Measurement Error models

@ Measurement Error in the covariates
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Extension to Measurement Error models

@ Measurement Error in the covariates

o Covariate X is only observed via a noisy proxy W such that:

X=W+N, E[N=0
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Extension to Measurement Error models

@ Measurement Error in the covariates
o Covariate X is only observed via a noisy proxy W such that:
X=W+N, E[N]=0
o Function g: © x X — R explains the relationship between X and Y such that:

Y =g(00,X)+ E, E[E]=0.
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Extension to Measurement Error models

@ Measurement Error in the covariates
o Covariate X is only observed via a noisy proxy W such that:
X=W+N, E[N]=0
o Function g: © x X — R explains the relationship between X and Y such that:

Y =g(00,X)+ E, E[E]=0.

¥
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Extension to Measurement Error models

@ Measurement Error in the covariates
o Covariate X is only observed via a noisy proxy W such that:
X=W+N, E[N]=0
o Function g: © x X — R explains the relationship between X and Y such that:

Y =g(00,X)+ E, E[E]=0.

Goal: Estimate 6y when realisations of (W, Y') are available and true distributions of N
and E are unknown (prior beliefs might be available)
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Measurement Error

o We do not have observations from P* anymore!
@ If our model assumes that there is no ME, how can we be robust?

o Target parameter:

0 (Px,y) = arg gin Ex,vy~py  [1(x,y:0)]
. :

© Set uncertainty on the true distribution of X | W = w;, denoted by P},

o Dirichlet Process (DP) prior for each i =1,...,n:
P,’ ~ DP(C,FWI.)
o DP posterior:
P, [wi~DP(c+1,F,), F, =— 5, +—°_F
Pl i)y B = 0w Ty

o Preprint under review 3

3Dellaporta, C. and Damoulas, T., 2023. Robust Bayesian Inference for Measurement Error
Models. arXiv preprint arXiv:2306.01468.
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