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The simplest inflationary model

Eternal  Inflation



Consider a tiny universe of a smallest possible size 10-33 cm at the 

Planck density. If the potential energy of the scalar field in this domain 

was greater than its kinetic and gradient energy, it starts growing fast. 

Within 10-42 s the universe becomes homogeneous and completely 

dominated by the potential energy of the scalar field.

The solution shows that the universe grows approximately exponentially. 

At the end of inflation, the universe grows up by a factor 

Here f0 is the initial value of the field.

Equation for the 

scalar field

Einstein’s equation





in ANY units of length 



The universe after inflation becomes huge and almost 

absolutely uniform, but quantum fluctuations make it slightly 

non-uniform. This leads to formation of galaxies and tiny 

perturbations of the temperature of the universe 



In this theory, original inhomogeneities are 

stretched away, but new ones are produced from 

quantum fluctuations amplified during the 

exponential growth of the universe.

Galaxies are children of quantum fluctuations 

produced in the first 10-35 seconds after the birth 

of the universe.



This is an image of quantum fluctuations produced by inflation 

10-35 seconds after the Big Bang.  These tiny fluctuations were 

stretched by inflation to incredibly large size, and now we can 

observe them using all sky as a giant photographic plate







According to Planck 2018, non-inflationary HZ spectrum with ns = 1 is 

ruled out at a better than 6s level, just as predicted in 1981 by 

Mukhanov and Chibisov. (This is an important prediction of inflation, 

similar to asymptotic freedom in QCD.)

An impressive success of inflationary theory

Agrees with predictions of the simplest 

inflationary models with accuracy  O(10-4).

Universe is flat with 

accuracy about 10-2

Spectrum of perturbations 

is nearly flat

Planck + SPT + BAO



B-modes: a special polarization pattern which can be 

produced by gravitational waves generated during inflation. 

A discovery of the gravitational waves of this type could 

provide a strong additional evidence in favor of inflation.

A non-discovery of B-modes is fine too: many models 

predict gravitational waves with a tiny amplitude.  

BICEP/Keck, LiteBIRD and other experiments

A.A. Starobinsky, Pis'ma Zh. Eksp. Teor. Fiz. 30 (1979) 719

V.A. Rubakov, M.V. Sazhin, A.V. Veryaskin, Phys.Lett.B 115 

(1982)

A discovery of inflationary gravitational waves is NOT

required for proving inflation, but it would be a great gift 

indeed, and not only for inflation, but for investigation of 

quantum gravity and processes at energies many orders 

above LHC.



1) The universe is flat, W = 1. (In the mid-90’s, the consensus was 

that  W = 0.3, until the discovery of dark energy confirming inflation.)  

2) The observable part of the universe is uniform (homogeneous). 

3) It is isotropic. In particular, it does not rotate. (Back in the 80’s we 

did not know that it is uniform and isotropic at such an incredible level.)

4) Perturbations produced by inflation are adiabatic

5) Unlike perturbations produced by cosmic strings, inflationary 

perturbations lead to many peaks in the spectrum 

6) The large angle TE anti-correlation (WMAP, Planck) is a distinctive 

signature of superhorizon fluctuations (Spergel, Zaldarriaga 1997), 

ruling out many alternative possibilities



7) Inflationary perturbations should have a nearly flat (but not exactly 

flat) spectrum. A small deviation from flatness is one of the 

distinguishing features of inflation. It is as significant for inflationary 

theory as the asymptotic freedom for the theory of strong interactions

8) Inflation produces scalar perturbations and tensor perturbations

with nearly flat spectrum, and it does not produce vector 

perturbations. 

10) Scalar perturbations are Gaussian. In non-inflationary models, the 

parameter fNL
local describing the level of local non-Gaussianity can be as 

large as 104, but it is predicted to be O(1) in all single-field inflationary 

models. Confirmed by Planck. Prior to the Planck2013 data release, 

there were rumors that fNL
local >> O(1), which would rule out all single 

field inflationary models 

9) In the early 80’s it could seem that inflation is ruled out because 

scalar perturbations are not observed at the expected level 10-3 

required for galaxy formation. Thanks to dark matter, smaller 

perturbations are sufficient, and they were found by COBE.







3 observables:  As, ns, r

3 parameters:  m, a, b

Destri, de Vega, Sanchez, 2007
Nakayama, Takahashi and Yanagida, 2013
Kallosh, AL, Westphal  2014
Kallosh, AL, Roest, Yamada  1705.09247

Example: m =10-5, a = 0.12, 
b=0.29

No problem with initial conditions

https://arxiv.org/abs/1705.09247


A simple polynomial superpotential with 3 

parameters can describe the full range of all possible 

values of As, ns and r, all the way to r = 0 and ns = 1
Kallosh, AL, Westphal  2014
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Fig. 7. Marginalized joint two-dimensional 68% and 95% CL regionsfor combinations of (✏1 ,✏2 ,✏3) (upper panels) and (✏V ,⌘V,⇠2
V)

(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK14 (blue
contours).
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Table 5. Bayesian comparison for a selection of slow-roll inflationary models with wint fixed (see text for more details). We quote
0.3 as the error on the Bayes factor. Models are strongly disfavoured when ln B < −5.
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Natural Inflation

axion flat direction

Monodromy

axion flat direction

a-attractors, Starobinsky, Higgs, fiber inflation, D-brane inflation 

saxion flat direction: plateau potentials

2013

1990 Silverstein, Westphal 2008
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New Inflation
(Coleman-Weinberg 
potential)
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TABLE V. Best -fit and mean values of the 10 considered combinat ions of dataset .

r 0 .0 1 n t

D at aset B est -fi t M ean Value 95% CL a B est -fi t M ean value 95% CL b

PL18+ BK15 0.030 0.025 < 0.058 2.21 1.94 [− 0.22, 4.20]
PL18+ BK18 0.007 0.015 < 0.033 1.50 1.03 [− 1.02, 3.23]

PL18+ BK15+ LV18 0.034 0.023 < 0.059 0.27 − 0.13 [− 1.00, 0.45]
PL18+ BK15+ LV21 0.027 0.022 < 0.054 − 0.09 − 0.14 [− 0.97, 0.42]

PL18+ BK18+ LV21 0.017 0.014 < 0.033 0.23 − 0.18 [− 1.02, 0.43]
PL21+ BK15 0.012 0.020 < 0.049 2.74 1.95 [− 0.60, 4.34]

PL21+ BK18 0.004 0.012 < 0.029 3.05 1.09 [− 1.18, 3.54]
PL21+ BK18+ LV21 0.004 0.012 < 0.028 − 1.04 − 0.37 [− 1.37, 0.42]

PL18+ BK15+ NANO 0.033 0.033 < 0.071 0.64 0.63 [0.44, 0.83]
PL21+ BK18+ NANO 0.013 0.015 < 0.033 0.67 0.66 [0.47, 0.85]

a One-tailed
b T wo-tailed

FIG. 12. 2D 68 and 95% CL intervals in the (r 0.002 , ns )-plane

for PL18 (publicly available MCMC chainsa), PL18+ BK15
and PL21+ BK 18+ LV21. r 0.002 is obtained from our chains

assuming n t = 0. For more details on the various inflat ionary
models, see [13].

a http://pla.esac.esa.int/pla/#home

that what the collaborat ion found in [34] has a cosmo-
logical origin and is not the result of ast rophysical pro-
cesses, e.g. Super-Massive Black Hole (SMBH) mergers,
BH-BH mergers, etc. In Tab.V (see also figure 2 and fig-
ure 3) we show the results of PL18+ BK15+ NANO and
PL21+ BK18+ NANO, together with all the other 8 com-
binat ions. The table shows that there is a discrepancy
between the est imated 1D 95% CL bound of nt obtained
exploit ing NANOGrav or LIGO-Virgo-KAGRA. Indeed,
the reference frequency of NANOGrav is f N A N O = 1
yr− 1 ' 32⇥ nHz ! kN A N O ' 2.0 ⇥ 107 Mpc− 1, in-
stead the LIGO-Virgo-KAGRA one is f L V K = 25 Hz
! kL V K ' 1.6⇥ 1016 Mpc− 1, thus they are separated
by 9 order of magnitudes. This suggests that the signal
detected by the NANOGrav collaborat ion cannot be a
cosmological background signal characterized by a sim-
ple power-law [35–37], assuming that indeed what they
measure has a cosmological origin. Indeed, imagining to
fit the NANOGrav bound on ⌦GW at kN A N O with our
best -fit power-law of PL21+ BK18+ NANO, having the
usual pivot scale at 0.01 Mpc− 1, would make it incon-

sistent with the LIGO-Virgo-KAGRA bound we have at
kL V K . This is consistent to what has been already found
in the literature [35–37]. There is indeed a zoology of
di↵erent models t rying to account for the NANOGrav
claim in a cosmological fashion, however, this is beyond
the scope of this work, so we refer here some examples
including Axion-SU(2) spectator field [35, 36, 55], broken
power-law descript ion of the primordial tensor spect rum
[37], GWs cont ribut ion to the relat ivist ic degrees of free-
dom [56, 57], k-dependencies of the tensor t ilt [49–51],
cosmic st rings [58], first -order phase t ransit ions, domain
walls and large amplitude curvature perturbat ions [59].

V I . CON CL U SI ON S

In this work, we have obtained new bounds on the
tensor-to-scalar rat io r and on the tensor spect ral index
nt . We have exploited newly release datasets from both
an elect ro-magnet ic point of view, i.e. BICEP/ Keck 2018
[14] and Planck PR4 [15], and a GW perspect ive, i.e.
LIGO-Virgo-KAGRA collaborat ion data [32]. In part ic-
ular, the complementarity of Planck and BICEP/ Keck
Array measurements allows to bet ter constrain the am-
plitude of the tensor perturbat ion spectrum, while the
informat ion at small-scales coming from LIGO-Virgo-
KAGRA is able to cut the values of permit ted spectral
t ilts.

In order to obtain reliable bounds on the tensor sector,
we have studied the behavior and performances of two
approaches to encode r and nt into our MCMC anal-
ysis. We have found that sampling direct ly these two
parameters while cut t ing the lowest values of r at some
undetectable threshold [33] is more stable that employing
the two-scales approach used in [13] (see Sec.I I for more
details). For this reason, we have exploited the former
approach to provide our main results in Sec.V (we have
repeated the analysis with the lat ter approach, report ing
the results in App.A).

We have analyzed 10 combinat ions of the available
datasets and we found that the most const raining one

2208.00188
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FIG. 2: The two-dimensional marginalized posterior dist ri-
but ions of the parameter pair (µ0, ⌘0) from CMB (red) and

CMB+ DESI (blue) observat ions in the MG scenario. S0 acts
as a signal parameter to measure the deviat ion from the GR.

The red and blue points denote the best fit value and 2σ lim-
its of S0, respect ively. Similarly, the red and blue lines are the

best fit line and 2σ boundaries when using the fitt ing formula
S0 = µ0 + 0.4⌘0, respect ively. The magenta dashed line cor-

responds to⌘0 = 0 and the cross point between black dashed
lines represents the GR case.

We refer to this dataset as “BK18” .

In order to perform the Bayesian analysis, we employ
the publicly available Boltzmann solver CAMB [55] and
take the Monte Carlo Markov Chain (MCMC) method
to infer the posterior distribut ions of model parameters
by using the public package CosmoMC [56, 57]. We ana-
lyze the MCMC chains via the online package Getdist
[58]. The convergence diagnost ic of the MCMC chains
is the Gelman-Rubin quant ity R − 1 . 0.03 [59]. We
take the following uniform priors for model parame-
ters: the baryon fract ion ⌦bh

2 2 [0.005, 0.1], the cold
dark matter fract ion CDM fract ion ⌦ch

2 2 [0.001, 0.99],
the acoustic angular scale at the recombinat ion epoch
100✓M C 2 [0.5, 10], the amplitude of primordial power
spectrum ln(1010As) 2 [2, 4], the scalar spectral index
ns 2 [0.8, 1.2], the opt ical depth⌧2 [0.01, 0.8], r 2 [0, 3],
thee↵ectivegravitat ional strength µ0 2 [−3, 3], thegrav-
itat ional slip⌘0 2 [−3, 3], thedark matter annihilat ion ef-
ficiency 10− 23✏0f d 2 [0, 1], β 2 [−1, 1], Nef f 2 [3.046, 10]

and m
ef f
⌫,st er i l e 2 [0, 3] eV.

I V . RESU LT S

In light of the DESI year one data, our numerical re-
sults are presented in Figs.1-6. For the inflat ion case,
we obtain the constraint on the tensor-to-scalar rat io
r0.002 = 0.0160+ 0.0063

− 0.0120 at the 1σ (68%) confidence level

(CL) and r0.002 = 0.016+ 0.018
− 0.016 at the 2σ (95%) CL,

using the combined datasets BK18+ CMB+ DESI. It is
clear that this constraint is t ighter than the 2σ upper

bound r0.002 < 0.058 from the Planck collaborat ion [3],
although they use BK15 and previous SDSS BAO mea-
surements. Very interestingly, BK18+ CMB+ DESI gives
the 2σ lower bound 0. We derive the 1σ and 2σ con-
straints r0.05 = 0.0176+ 0.0070

− 0.0130 and r0.05 = 0.018+ 0.020
− 0.017

at the pivot scale kp = 0.05 Mpc− 1. Although the 2σ
upper limit 0.038 from BK18+ CMB+ DESI is slight ly
larger than 0.036 from the BICEP/ Keck Collaborat ion
using BK18+ CMB+ SDSS [54], our constraint provides
a clear 2σ lower limit 0.001. At the pivot scale kp =
0.01 Mpc− 1, we also derive the 1σ and 2σ constraints
r0.01 = 0.0168+ 0.0066

− 0.0120 and r0.01 = 0.017+ 0.019
− 0.017, which

is weaker than the bound r0.01 < 0.028 in Ref.[60]
from the data combinat ion of BK18, Planck DR4 and
LIGO-VIRGO gravitat ional wave observat ions. How-
ever, what is di↵erent is we find the 2σ lower bound 0
for r0.01. Furthermore, BK18+ CMB+ SDSS+ DESI gives
the 1σ and 2σ constraints r0.05 = 0.0170+ 0.0067

− 0.0130 and

r0.05 = 0.017+ 0.020
− 0.017, which is just slight ly t ighter than

thecombined dataset BK18+ CMB+ DESI. It is notewor-
thy that BK18+ CMB+ DESI gives a larger spectra in-
dex ns = 0.9700± 0.0036 than BK18+ CMB+ SDSS does
[54]. This isbecausetheDESI BAO data prefer a slight ly
higher cosmic expansion rate than the SDSS BAO data
[26].

In Fig.1, we show the theoret ical predict ions of several
inflat ionary models. It is interest ing that the 2σ con-
tour from BK18+ CMB+ DESI has an overlap with the
power-law inflat ionary scenarios which has a potent ial
V (φ) / φn (roughly n < 2

3
). This means such power-law

inflat ionary models can be alive within 2σ CL in light of
the DESI data.

For the MG case, using the data combinat ion of
CMB+ DESI, we obtain the 1σ constraints on the ef-
fect ive gravitat ional strength µ0 − 1 = 0.10+ 0.31

− 0.48 and

the gravitat ional slip ⌘0 − 1 = 0.33+ 0.68
− 1.10. These re-

sults seems to demonstrate the validity of GR on cosmic
scales, because they are well compat ible with the point
(µ0,⌘0) = (1, 1). Nonetheless, two-dimensional poste-
rior distribut ions of the parameter pair (µ0,⌘0) shows
clearly a deviat ion from GR using CMB or CMB+ DESI
data. Interestingly, DESI data pull the posterior dis-
t ribut ion to be away from the GR case (see Fig.2). In
our previous work [61], we have proposed the signal pa-
rameter S0 = µ0 + 0.4⌘0, which is a linear combinat ion
of µ0 and ⌘0, to depict the deviat ion from GR. When
S0 = 1.4, GR recovers. For the CMB-only case, we ob-
tain S0 = 1.567 ± 0.088 after simple calculat ions, while
S0 = 1.616± 0.089 for CMB+ DESI. One can easily find
that CMB and CMB+ DESI are in 1.9σ [3, 62] and 2.4σ
tensions with GR, respectively. This indicates that DESI
help improve the evidence of beyond GR.

The DESI observat ions can also help probe the dark
sector more precisely. In Fig.3, we present the constrain-
ing resultsof ADM using CMB and thecombined dataset
CMB+ DESI. Weobtain the2σ upper boundson thedark
matter annihilat ion efficiency ✏0f d < 0.28 for CMB and
✏0f d < 0.241 for CMB+ DESI. It is easy to derive that
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We refer to this dataset as “BK18” .

In order to perform the Bayesian analysis, we employ
the publicly available Boltzmann solver CAMB [55] and
take the Monte Carlo Markov Chain (MCMC) method
to infer the posterior distributions of model parameters
by using the public package CosmoMC [56, 57]. We ana-
lyze the MCMC chains via the online package Getdist
[58]. The convergence diagnostic of the MCMC chains
is the Gelman-Rubin quantity R − 1 . 0.03 [59]. We
take the following uniform priors for model parame-
ters: the baryon fract ion ⌦bh

2 2 [0.005, 0.1], the cold
dark matter fract ion CDM fraction ⌦ch

2 2 [0.001, 0.99],
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spectrum ln(1010As) 2 [2, 4], the scalar spectral index
ns 2 [0.8, 1.2], the optical depth⌧2 [0.01, 0.8], r 2 [0, 3],
thee↵ectivegravitat ional strength µ0 2 [−3, 3], thegrav-
itat ional slip⌘0 2 [−3, 3], thedark matter annihilat ion ef-
ficiency 10− 23✏0f d 2 [0, 1], β 2 [−1, 1], Nef f 2 [3.046, 10]

and m
ef f
⌫,ster i l e 2 [0, 3] eV.

IV . RESULT S

In light of the DESI year one data, our numerical re-
sults are presented in Figs.1-6. For the inflation case,
we obtain the constraint on the tensor-to-scalar rat io
r0.002 = 0.0160+ 0.0063

− 0.0120 at the 1σ (68%) confidence level

(CL) and r0.002 = 0.016+ 0.018
− 0.016 at the 2σ (95%) CL,

using the combined datasets BK18+ CMB+ DESI. It is
clear that this constraint is tighter than the 2σ upper

bound r0.002 < 0.058 from the Planck collaboration [3],
although they use BK15 and previous SDSS BAO mea-
surements. Very interestingly, BK18+ CMB+ DESI gives
the 2σ lower bound 0. We derive the 1σ and 2σ con-
straints r0.05 = 0.0176+ 0.0070

− 0.0130 and r0.05 = 0.018+ 0.020
− 0.017

at the pivot scale kp = 0.05 Mpc− 1. Although the 2σ
upper limit 0.038 from BK18+ CMB+ DESI is slight ly
larger than 0.036 from the BICEP/ Keck Collaboration
using BK18+ CMB+ SDSS [54], our constraint provides
a clear 2σ lower limit 0.001. At the pivot scale kp =
0.01 Mpc− 1, we also derive the 1σ and 2σ constraints
r0.01 = 0.0168+ 0.0066

− 0.0120 and r0.01 = 0.017+ 0.019
− 0.017, which

is weaker than the bound r0.01 < 0.028 in Ref.[60]
from the data combination of BK18, Planck DR4 and
LIGO-VIRGO gravitat ional wave observations. How-
ever, what is di↵erent is we find the 2σ lower bound 0
for r0.01. Furthermore, BK18+ CMB+ SDSS+ DESI gives
the 1σ and 2σ constraints r0.05 = 0.0170+ 0.0067

− 0.0130 and

r0.05 = 0.017+ 0.020
− 0.017, which is just slightly tighter than

thecombined dataset BK18+ CMB+ DESI. It isnotewor-
thy that BK18+ CMB+ DESI gives a larger spectra in-
dex ns = 0.9700± 0.0036 than BK18+ CMB+ SDSS does
[54]. This isbecausetheDESI BAO data prefer a slight ly
higher cosmic expansion rate than the SDSS BAO data
[26].

In Fig.1, we show the theoretical predict ions of several
inflat ionary models. It is interest ing that the 2σ con-
tour from BK18+ CMB+ DESI has an overlap with the
power-law inflationary scenarios which has a potential
V(φ) / φn (roughly n < 2

3
). This means such power-law

inflationary models can be alive within 2σ CL in light of
the DESI data.

For the MG case, using the data combination of
CMB+ DESI, we obtain the 1σ constraints on the ef-
fect ive gravitat ional strength µ0 − 1 = 0.10+ 0.31

− 0.48 and

the gravitat ional slip ⌘0 − 1 = 0.33+ 0.68
− 1.10. These re-

sults seems to demonstrate the validity of GR on cosmic
scales, because they are well compatible with the point
(µ0,⌘0) = (1, 1). Nonetheless, two-dimensional poste-
rior distributions of the parameter pair (µ0,⌘0) shows
clearly a deviat ion from GR using CMB or CMB+ DESI
data. Interestingly, DESI data pull the posterior dis-
tribution to be away from the GR case (see Fig.2). In
our previous work [61], we have proposed the signal pa-
rameter S0 = µ0 + 0.4⌘0, which is a linear combination
of µ0 and ⌘0, to depict the deviat ion from GR. When
S0 = 1.4, GR recovers. For the CMB-only case, we ob-
tain S0 = 1.567± 0.088 after simple calculat ions, while
S0 = 1.616± 0.089 for CMB+ DESI. One can easily find
that CMB and CMB+ DESI are in 1.9σ [3, 62] and 2.4σ
tensionswith GR, respect ively. This indicates that DESI
help improve the evidence of beyond GR.

The DESI observat ions can also help probe the dark
sector more precisely. In Fig.3, we present the constrain-
ing resultsof ADM using CMB and thecombined dataset
CMB+ DESI. Weobtain the2σ upper boundson thedark
matter annihilat ion efficiency ✏0f d < 0.28 for CMB and
✏0f d < 0.241 for CMB+ DESI. It is easy to derive that
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(Coleman-Weinberg 
potential)



a-attractors saving 

monomial potentials

Starobinsky model and Higgs inflation



Kallosh, AL, Roest 2013

To match observations, the simplest chaotic inflation model 

should be modified:

Switch to canonical variables

The potential becomes

This model (a-attractor T-model) is consistent with observational 

data for m ~ 10-5 and any value of a smaller than O(5).



More generally:

In canonical variables

Asymptotically at large values of the field

Addit ional informat ion can be obtained for the hilltop models. The simplest models

V = V0(1− φ4/ m4) represented by the green band in Fig. 8 of the Planck2018 data release [2]

lead to a universal predict ion ns = 1− 3/ Ne for all sub-Planckian values of the mass parameter

m . 1. This predict ion is strongly disfavored by the Planck2018 data for the number of

e-foldings Ne ⇠ 50− 60. These models could provide a good match to the Planck data for

m & 10. However, in that case they predict post-inflat ionary collapse of the universe, which

cannot be avoided without a substant ial modificat ion of such models, st rongly modifying their

predict ions [3].

More complicated versions of the hilltop models, such as the new inflat ion model with the

Coleman-Weinberg potent ial V ⇠1 + φ4

m4 (2log φ2

m2 − 1), are marginally compat ible with the

Planck2018 data [3], though only for m 1. Now they are strongly disfavored by the results

of the recent BICEP/ Keck data release, as we show in Fig. 2.

New Inflation
(Coleman-Weinberg 
potential)

Figur e 2: Models of the type of new inflat ion [4, 5] based on the Coleman-Weinberg hillt op potent ial are

marginally compat ible with Planck2018 data, but st rongly disfavored by the BICEP/ Keck data [1].

However, one can recover all of these losses by making a relat ively simple generalizat ion

of the kinet ic term of the scalar field. After this generalizat ion, most of the improved models,

which we called “ cosmological at t ractors,” become compat ible with all present ly available

inflat ion-related observat ional data, almost independent ly of the choice of the scalar potent ial

prior to the generalizat ion.

2 ↵ -at t ract ors

2.1 T -models

We will begin with describing ↵-at t ractors [6–12]. The simplest example is given by the theory

L
p
− g

=
R

2
−

(@µφ)2

2 1− φ2

6↵
2
− V (φ) . (2.1)

– 2 –

Here φ(x) is the scalar field, the inflaton. In the limit ↵ ! 1 the kinet ic term becomes

the standard canonical term −
(@µφ)2

2
. The new kinet ic term has a singularity at |φ| =

p
6↵.

However, one can get rid of the singularity and recover the canonical normalizat ion by solving

the equat ion @φ

1−
φ2

6↵

= @' , which yields φ =
p

6↵ tanh 'p
6↵

. The full theory, in terms of the

canonical variables, becomes a theory with a plateau potent ial

Lp
− g

=
R

2
−

(@µ ' )2

2
− V

p
6↵ tanh

'p
6↵

. (2.2)

We called such models T-models due to their dependence on the tanh 'p
6↵

. Asymptot ic value

of the potent ial at the plateau at large ' > 0 is given by

V (' ) = V0 − 2
p

6↵ V 0
0 e

−
q

2
3↵

'
. (2.3)

Here V0 = V (φ)|φ=
p

6↵ is the height of the plateau potent ial, and V 0
0 = @φV|φ=

p
6↵ . The

coefficient 2
p

6↵ V 0
0 in front of the exponent can be absorbed into a redefinit ion (shift ) of the

field ' . Therefore all inflat ionary predict ions of this theory in the regime with e
−

q
2

3↵
'
⌧ 1

are determined only by two parameters, V0 and ↵, i.e. they do not depend on any other

features of the potent ial V (φ). That is why they are called at t ractors.

T-models for 

f3

f2

0.014

Figur e 3: The figure illust rat ing the main result s of the BICEP/ Keck [1] superimposed with the predict ions

of ↵-at t ractor T -models with the potent ial tanh2n '
p

6↵
[8, 10]. Each of these models starts at some φ2n (at

↵ ! 1 ) and is forced to go down with decreasing ↵ [8] into the area favored by the BICEP/ Keck.

The amplitude of inflat ionary perturbat ions As in these models matches the Planck

normalizat ion for V0

↵ ⇠10− 10. For the simplest model V = m2

2
φ2 one finds

V = 3m2↵ tanh2 'p
6↵

. (2.4)

– 3 –
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Here                                    This factor can be absorbed in the 

redefinition (shift) of the field. Therefore, at small a, values of

ns and r depend only on V0 and a, not on the shape of V(f).

Here φ(x) is the scalar field, the inflaton. In the limit ↵ ! 1 the kinet ic term becomes

the standard canonical term −
(@µφ)2
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normalizat ion for V0
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Start with the model

Switch to canonical variables

In particular, for                                the potential becomes

Kallosh, AL, Roest 2014

This model (E-model) coincides with the Starobinsky

model for a =1. In general case these models predict 



a-attractors T-models

a-attractors E-models

Starobinsky model and Higgs inflation



Inflation in supergravity

Main problem:

Canonical Kahler potential is

Therefore, the potential blows up at large |F|, and slow-roll 
inflation is impossible:

Too steep, no inflation…



Superpotential must be a real holomorphic function. The Kahler potential is 

any function of the type

The potential as a function of the real part of       at X = 0 is

FUNCTIONAL FREEDOM  in choosing inflationary potential

Kallosh, A.L. 2010,      Kallosh, A.L., Rube, 2010

This method and its generalizations are especially powerful if X is 

a nilpotent field, X2=0. 
Antoniadis, Dudas, Ferrara, Sagniotti 2014 

Ferrara, Kallosh, A.L. 2014



Consider a theory with a Kahler potential

and superpotential

Here X is a nilpotent field, and

Then the potential along the direction                        is given by 

and the cosmological constant is 

Model-building Paradise
Kallosh, A.L, Roest, Yamada 1705.09247;  

Gunaydin, Kallosh, A.L, Yamada 2008.01494,

Kallosh, A.L, Wrase, Yamada 2108.08491, 

2108.08492



In canonical variables, along the real T flat direction one has the a-attractor 

potential



The same results remain true in the theory with many moduli Ti
if we add to the superpotential any function                    such that 

In the absence of the nilpotent field X, this theory would describe 
supersymmetric Minkowski flat directions, but in our construction 
the potential along the flat (inflaton) directions is given by 

along the direction

Importantly, this potential does NOT depend on the value of the 
superpotential outside of the flat inflaton directions. 

This allows to disentangle, sequester, dynamics of inflation from 
the large energy scale encoded in .  



IIB string theory: STU model

Superpotential due to Aldazabal, 

Camara, Font and Ibanez, 2006 

Tadpole cancellation: Bianchi Identities in 10D supergravity with local sources 

Kallosh, A.L, Wrase, Yamada 2108.08492



Seven chiral superfields

Example of a flux superpotential satisfying tadpole cancellation conditions with 

supersymmetric Minkowski flat directions

1 flat direction

derive all seven Poincaré disks cosmological models. We consider type I IB string theory setups

having seven moduli chiral superfields (S, TI , UI ) where I = 1, 2, 3.

ns

Figure 1: ↵-at t ractor benchmarks for T-models (left panel) and E-models (right panel). The

predict ions are shown for the number of e-foldings in the range 50 < Ne < 60.

Each of the seven moduli has the hyperbolic geometry as its target space geometry,1

which can realize ↵-at tractors with 3↵ = 1,

K = −

3X

I = 1

ln(TI + T I ) − ln(S + S) −

3X

I = 1

ln(UI + UI ) . (1.2)

For inflat ionary cosmology, however, we would like to stabilize all but a real single scalar field,

the inflaton φ. We do not need t o have only one inflat on. I n t he 4-2-1 model we

have 3 inflat ons, and it is OK . In part icular, we will show how to remove the unwanted

moduli st ill remaining after Step I from the low energy theory, while keeping the moduli space

geometry interest ing. Schematically, we do the following two step model building:

(S, TI , UI )
| {z }

7 chiral superfields

Wfl ux
=====)

Step I
(T(A ))
| {z }

A= 1,or1,2,3

X , W0
=====)

Step I I
φ (1.3)

Our aim of Step I is to find string theoret ically mot ivated models where we stabilize as

many moduli as possible, while keeping the inflaton candidates massless. We find two classes

of models: The first one has after Step I a single massless superfield, whose moduli space

geometry realizes 3↵ = 7. At Step II we uplift it to the top Poincaré disk target in Fig. 1. The

second model has three unfixed moduli at Step I. They have the geometries of 3↵ = 4, 2, 1,

respectively. At Step II this model will be uplifted to produce all Poincaré disk targets in

Fig. 1 above.

1A target space geometry here is defined by a Kähler potent ial K = − 3↵ ln(T + T̄ ). The case K = − ln(T + T̄ )

in (1.2) means 3↵ = 1.

– 4 –

After uplifting of this flat direction and transformation to canonical variables, 

one finds a-attractor inflationary potential with 3a = 7 and r = 10-2

ns

Kallosh, A.L, Roest, Yamada 2108.08491, 2108.08492

Describes the upper nearly 

horizontal line in this figure



BICEP/Keck2021 do not claim a discovery of the gravitational waves. The 

error bars of their result                                are too large,                    .

However, it is quite intriguing that the yellow and red dashed lines, which 

show the predictions of the largest option a = 7/3, go straight through the 

center of the dark blue ellipse favored by Planck/BICEP/Keck data.                            
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1 Int roduct ion

The new data release from BICEP/ Keck considerably strengthened bounds on the tensor to

scalar rat io r [1]: r0.05 = 0.014+ 0.010
− 0.011 (r0.05 < 0.036 at 95% confidence). The main results

are illustrated in [1] by a figure describing combined constraints on ns and r , which we

reproduce here in Fig. 1. These new results have important implicat ions for the development

of inflat ionary cosmology. In part icular, the standard version of natural inflat ion as well as

the full class of monomial potent ials V ⇠φn are now strongly disfavored.

Figure 1: BICEP/ Keck results for ns and r [1]. The 1σ and 2σ areas are represented by dark blue and light

blue colors. The purple region shows natural inflat ion, and the orange band corresponds to inflat ion driven by

scalar field with canonical kinet ic terms and monomial potent ials.

– 1 –

0.96 0.97

0.05

0.00
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a-attractors E-models

BICEP/Keck hope to reach 

s(r) = 0.003 within 5 years.



Consider the simplest linear potential

The corresponding a-attractor potential in canonical variables is

Akrami, Kallosh, AL, Vardanyan 2017

inflation

dark energy

Requires a ~ 10-2



Probing Cosmic Inflation with the LiteBIRD Cosmic Microwave Background Polarization Survey
2202.02773

https://inspirehep.net/literature/2029403


Snowmass2021 Cosmic Frontier: CMB Measurements White Paper



“Despite significant efforts to explore various inflationary scenarios, 

no single model emerges as a comprehensive solution”

Inflationary potential as seen from different angles

Giare, Pan, Yang, Di Valentino, De Haro, Melchiorri  2305.15378

Some authors trying to address the H0 problem 

complain that they do not know any inflationary 

model that could describe a broad range of ns



A simple polynomial superpotential with 3 

parameters can describe the full range of all possible 

values of As, ns and r, all the way to r = 0 and ns = 1
Kallosh, AL, Westphal  2014



There is a special class of inflationary models where ns = 1 

is an attractor point: Hybrid Inflation
AL 1991, 1994

By increasing the uplifting term                                 one can increase V 

without changing any derivatives of V. Therefore, in the large uplift limit, 

for generic V we have an attractor prediction ns = 1. 

For s = o, it is just the quadratic potential 

uplifted by M4/4l

Figur e 1: Hybrid inflat ion potent ial (3.1) for m = 0.2, M = 1, λ = 0.5, g = 0.8.

The e↵ect ive mass squared of the field σ at σ = 0 is equal to

Vσ,σ(σ = 0) = −M 2 + g2φ2 . (3.2)

For φ > φc = M / g the only minimum of the e↵ ect ive potent ial V (σ, φ) with respect to σ is at

σ = 0. The curvature of the e↵ ect ive potent ial in the σ-direct ion is much greater than in the

φ-direct ion. Thus we expect that at the first stages of expansion of the Universe the field σ

rolled down to σ = 0, whereas the field φ could remain large for a much longer t ime.

The potent ial at σ = 0 can be writ ten as

V (σ = 0, φ) = Vup +
m2

2
φ2 , (3.3)

where the uplift ing potent ial is

Vup =
M 4

4λ
. (3.4)

At the moment when the inflaton field φ becomes smaller than φc = M / g, the phase

t ransit ion with the symmet ry breaking occurs. For a proper choice of parameters, this phase

t ransit ion occurs very fast , and inflat ion abrupt ly ends [1, 2]. However, there are some

situat ions where inflat ion may cont inue for a while in the process of spontaneous symmetry

breaking, which may lead to product ion of primordial black holes (PBHs) [29].

Unfortunately, these models are disfavored by the data in most of its parameter space: at
m2

2
φ2 & Vup the tensor-to-scalar rat io is too high, whereas at m2

2
φ2 ⌧ Vup the spectral index

ns is too high: ns > 1 [30].

Once we switch to ↵-at t ractor version of hybrid inflat ion, the first of these problems

disappears. As we will show later, the second problem may also disappear: in the large N

limit these models lead to the standard ↵-at t ractor predict ions (1.1), (1.3). The issue we need

to carefully examine is whether N ⇠60 is large enough to be described by the large N limit .

– 6 –



Just as in all a-attractors, we have a universal large N attractor prediction 

3.2 H ybr id ↵-at t r act ors

Here we will explore what may happen if we generalize the hybrid inflat ion model (3.1) by

embedding it in the context of exponent ial ↵-at t ractors [3].1

Lp
− g

=
R

2
−

(@µφ)2

2 1− φ2

6↵
2
−

(@µσ)2

2 1− σ2

6β

2
− V (σ,φ) . (3.5)

Upon a transformat ion to canonical variables ' and χ, the hybrid inflat ion potent ial becomes

V (χ, ' ) =
1

4λ
(M 2 − 6βλ tanh2 χp

6β
)2 + 3m2↵ tanh2 'p

6↵

+ 18g2↵β tanh2 'p
6↵

tanh2 χp
6β

. (3.6)

The shape of this potent ial for some part icular values of parameters is shown in Fig. 2.

Figure 2: Hybrid inflat ion potent ial for the model (3.6) with m = 0.2, M = 1, λ = 0.5, g = 0.8, ↵ = 1, β = 1.

I t looks very similar to the original potent ial shown in Fig. 1, but the potent ial along the valley χ = 0 is much

more flat .

The curvature of the potent ial in the χ direct ion at χ = 0 coincides with the curvature

with respect to σ at σ = 0:

Vχ,χ (χ = 0) = Vσ,σ(σ = 0) = −M 2 + g2φ2 = −M 2 + 6↵ g2 tanh2 'p
6↵

. (3.7)

For φ > φc = M / g, this curvature is posit ive, and the inflat ionary t rajectory with χ = 0

remains stable unt il field φ rolls below the crit ical point

φc =
p

6↵ tanh
' cp
6↵

= M / g . (3.8)

If the last 60 e-foldings of inflat ion occur when |φ| ⌧
p

6↵, |σ| ⌧
p

6β, then most

cosmological consequences of this model will coincide with those of the original version of

1We will discuss polynomial at t ractors [10] in sect ion 9.

– 7 –

However, if uplift is very large, the last 60 e-foldings occur at small f.  

Then for N ~ 60 one has the standard hybrid inflation prediction ns = 1.  

Thus, by changing Vuplift one can obtain any value of ns in the range 

between the two attractor predictions

Hybrid attractors are more complicated than the simplest a-attractors. 

However, if H0 problem is real, this flexibility may be desirable.

Kallosh, AL 2204.02425



Snowmass2021 Cosmic Frontier: CMB Measurements White Paper

Hybrid attractors



The results that we discussed so far are valid for hybrid inflation where the 

amplitude of spontaneous symmetry breaking is sub-Planckian,  c0 << 1.

c0

-c0

Original hybrid inflation model:

It’s a-attractor generalization:

In the opposite case c0 > 1 the tachyonic mass of the field c along the ridge c= 0 

is smaller than the Hubble constant, which leads to eternal inflation with the 

amplitude of perturbations O(1). It is very easy to produce large PBH and even 

eternally inflating topological defects in this scenario. 

Garcia-Bellido, A.L., Wands 1996,

Randall, Soljacic, Guth, 1996,

Braglia, A.L., Kallosh, Finelli,  2211.14262

https://arxiv.org/abs/2211.14262


1. Many predictions of inflationary theory have been tested and confirmed 

by observations during the last 40 years. 

2. Some inflationary models, such as the Starobinsky model, the Higgs 

inflation, and a broad class of a-attractors can describe all available CMB 

inflation-related data by a single parameter. 

3. Predictions of a-attractors are stable with respect to modifications of 

the potential. These models can describe any small value of r, all the way 

down to r = 0.

4. BICEP/Keck results are moving close to the range necessary for testing 

tensor modes in these models. LiteBIRD would move us much further.

5. There is a significant progress in implementing inflationary models in 

supergravity.

6. Hybrid a-attractors can describe copious production of PBH, while 

remaining consistent with the Planck/BICEP/Keck data. 



Backup slides about the multiverse







If each part of the multiverse is huge, we will never see other parts, so it is 

impossible to prove that we live in the multiverse. 

If each part of the multiverse is huge, we will never see other parts, so it is 

impossible to disprove that we live in the multiverse.

This scenario is more general (otherwise one would need to explain why 

all colors but one are forbidden). Therefore, the theory of the multiverse, 

rather than the theory of the universe, is the basic theory. 

Moreover, even if one begins with a single-colored 

universe, quantum fluctuations make it multi-colored.

I'd rather be an optimist and a fool than a pessimist and right. Albert Einstein

http://www.goodreads.com/author/show/9810.Albert_Einstein


Example:  SUSY landscape

V

SU(5) SU(3)xSU(2)xU(1)SU(4)xU(1)

Weinberg 1982:   Supersymmetry forbids tunneling from SU(5) to 

SU(3)xSU(2)XU(1). This implied that we cannot break SU(5) symmetry.

A.L. 1983:   Inflation solves this problem. Inflationary fluctuations bring us to 

each of the three minima. Inflation makes each of the parts of the universe 

exponentially large. We can live only in the  SU(3)xSU(2)xU(1) minimum.

Supersymmetric SU(5)



Kandinsky  Universe



This theory provides the only known explanation of numerous 

experimental results (extremely small vacuum energy, strange 

masses of many elementary particles). In this sense, it was 

already tested many times.

“When you have eliminated 

the impossible, whatever 

remains, however improbable, 

must be the truth.”

Sherlock Holmes



Physicists can live only 

in those parts of the 

multiverse where 

mathematics is efficient 

and the universe is 

comprehensible.


