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STARTING FROM 14 SEPT 2015: 
GRAVITATIONAL WAVE (GW) DETECTIONS BY

 TWO LIGO (+ VIRGO+KAGRA+…) GW DETECTORS

Virgo (IT)
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Livingston

KAGRA
waveform h(t)
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Rµ⌫ = 0

ds

2 = gµ⌫(x
�) dxµ

dx

⌫

= 0

needed with ever-decreasing unfaithfulness:
currently 10^-2 (0.1 rad); future 10^-4 (0.01 rad) or more

GR 2-body pb,
radiation-
reaction,
radiation
emission.

waveform h(t)



EOB

PN (or 
NRGR) NR

PM SF

LIGO’s bank of search templates
O1: 200 000 EOB + 50 000 PN
O2: 325 000 EOB + 75 000 PN
(+ phenom + surrogate templates)

v ⌧ c

R � GM/c2

v ⇠ c

R ⇠ GM/c2

R � GM/c2

BH
perturbation

m1 ⌧ m2

ST,QFT,EFT

LISA’s templates
via EOB[SF] ?

WQFT
Quantum (or Classical) Scattering

+ Bremsstrahlung waveform

MPM

TF
Tutti-Frutti strategy 

combining
PN,PM,MPM,SF,EFT

within EOB 
(Bini-TD-Geralico’19)



Perturbative (PN) computation of 2-body Hamiltonian

Ĥcm
4PN = ĤN + Ĥ1PN + Ĥ2PN + Ĥ3PN + Ĥ4PN

DJS’14



time-nonlocality
due to tails

order G^4/c^8
recent progress

in computing
H^loc
at G^4

(Dlapa+’24,
Bini-TD’24)

local
part

nonlocal



Perturbative computation of GW flux from binary system
• lowest order : Einstein 1918  Peters-Mathews 63
• 1 + (v2 /c2) : Wagoner-Will 76
• … + (v3 /c3) : Blanchet-Damour 92, Wiseman 93 
• … + (v4 /c4) : Blanchet-Damour-Iyer Will-Wiseman 95
• … + (v5 /c5) : Blanchet 96
• … + (v6 /c6) : Blanchet-Damour-Esposito-Farèse-Iyer 2004
• … + (v7 /c7) : Blanchet
• … + (v8 /c8) + (v9 /c9) : Blanchet et al 2023
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The Effective One-Body (EOB) approach to the GW
signal emitted by the Merger of two Black Holes 

Inspiral:
perturbative
computation

of higher-order
contributions
to E=H and F

(expansion in v^2/c^2
+ tidal polarizability
+ of NS)

Ringdown (BBH):
«  vibration modes »
of final BH (QNM);

perturbation
of BHs à la

Regge-Wheeler-Zerilli-
Teukolsky

+Vishveshwara

Late inspiral, « plunge » and merger:
first estimated by the Effective One-Body method (AB-TD 2000) 

later confirmed and improved by using 
numerical simulations (Pretorius…2005)

Buonanno-TD’2000



From EOB vs NR to EOB-NR waveforms 
Buonanno-Cook-Pretorius 2007

EOB

NR

EOB
NR

TD-Nagar-Dorband-
Pollney-Rezzolla 2008

EOB-NR vs NR

EOB-NR is obtained by
tuning some yet unknown
theoretical EOB parameter

to a sample of NR simulations



hringdown
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EOB

Complete waveforms 
for BBH coalescences: 

Hamiltonian:
conservative

dynamics
Rad Reac Force

Resummed
waveform



1:1 map

µ =
m1m2

m1 + m2

Level correspondence 
in the semi-classical limit: 
Bohr-Sommerfeld -> 
identification of  
quantized action variables

J = ⌃� =
1
2�

�
p�d⇥

N = n� = Ir + J

Ir =
1
2�

�
prdr

Real 2-body system 
(in the c.o.m. frame) An effective particle of mass mu  in some effective metric

mass-shell constraint

0 = gµ⌫e↵ (X)PµP⌫ + µ2 +Q(X,P )

Crucial energy map

gµ⌫e↵ (X)

Effective One-Body (EOB) approach: H + Rad-Reac Force
Historically rooted in QM: Brezin-Itzykson-ZinnJustin’70
eikonal scattering amplitude+ Wheeler’s:`Think quantum mechanically’

as functions of I_r and I_phi=J
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Quantum Scattering Amplitudes and 2-body Dynamics
• Quantum Scattering Amplitudes —> Potential  
one-graviton exchange :  
Corinaldesi ’56 ‘71,  
 Barker-Gupta-Haracz 66,  
Barker-O’Connell 70, Hiida-Okamura72 

Nonlinear: Iwasaki 71 [1PN],  
Okamura-Ohta-Kimura-Hiida 73[2 PN] 

Using modern amplitude techniques: Bjerrum-Bohr+..2003-

Amati-Ciafaloni-Veneziano 1987-2008 
Ultra-High-Energy (s >> M_Planck^2)
Four-graviton Scattering at 2 loops

Eikonal phase \delta in D=4
with one- and two-loop corrections using the Regge-Gribov approach

� =
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~

✓
log

✓
LIR

b

◆
+

6`2s
⇡b2

+

2G2s

b2
(1 +

2i

⇡
log(· · · ))

◆
confirmed by

DiVecchia+'19

Personally becoming aware of   
the ACV results in Parma 2008, 

plus discussions at IHES with  
Donoghue and Vanhove 
—> GSF and EOB (TD 2010): 
scattering and zero-binding  
zoom-whirl orbit (Barack et al’19) 



Reviving the PM Two-Body Dynamics
(pioneered by Bertotti’56, Havas-Goldberg’62, Rosenblum’78, Westpfahl’79, Portilla’80, Bel et al.81)

using Classical and/or Quantum Two-Body Scattering  
TD 2016, 2017: 

Cheung-Rothstein-Solon 2018

two-loop
G^3+G^4

one-loop
G^2 

one-loop
G^2 

tree-level
G^1
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Simple Map: Scattering angle <->  EOB dynamics

Ee↵
µ

= � = �p1 · p2
m1m2

1

j
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Gm1m2

J

gµ⌫e↵
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metric M=m1+m2

Q =

✓
GM

R

◆2

q2(E) +

✓
GM

R

◆3

q3(E) +O(G4)

q2 = � 4

⇡
(�2 � �Schw

2 ) q3 =
4

⇡

2�2 � 1

�2 � 1
(�2 � �Schw

2 )� �3 � �Schw
3
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TD’16-18 
Bini-TD-Geralico’20
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Application to the ACV eikonal scattering phase
(massless or ultra-relativistic scattering)

1

2
�eikonal = 2

�

j
+

16

3

�3

j3
+ · · ·

Amati-Ciafaloni-Veneziano’90+ Ciafaloni-Colferai’14+ Bern et al’20+ DiVecchia et al’20

valid in the HE limit
gamma-> infty

�eikonal =
1

~ (�
R

+ i�I) + quantum corr.

Using the  chi—> Q dictionary 
this corresponds to the HE limits:

qHE
2 =

15

2
�2

qHE
3 = �2

i.e. an HE limit for the EOB 
mass-shell  condition (TD’18)

0 = gµ⌫e↵ (X)PµP⌫ + µ2 +Q(X,P )

0 = gµ⌫SchwPµP⌫ +
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Translating quantum scattering amplitudes into 
classical dynamical information (1)

The domain of validity of the Born-Feynman expansion 

Gs

~v ⇠ GE1E2

~v ⌧ 1
is

while the domain of validity of classical scattering is (Bohr 1948)

Gs

~v ⇠ GE1E2

~v � 1

Amati-Ciafaloni-Veneziano  faced this issue by assuming eikonalization in b space

classical phase

total classical momentum transfer:

2�(s, b) =
�Sr(s, J)

~
subtracted radial
action of potential
scattering

Other approaches to extracting classical info: Bern et al., KMOC, Porto, Plefka, Damgaard,…
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Translating quantum scattering amplitudes into 
classical dynamical information (2)

TD’17: EOB potential Q(R,E) or W(R,E)
Cheung-Rothstein-Solon’18, Bern et al’19
 different EFT potential V(R,P^2) and methods for
taking the classical limit at the integrand level,
and extracting the « classical part » of the scattering amplitude

non-
relativistic
potential

scattering ! MQFT
classical =

8⇡Gs

~ fEOB = MEFT

EOB EFT

issue: extracting the « classical »
piece of the amplitude
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Translating quantum scattering amplitudes into 
classical dynamical information (3)

Kosower-Maybee-O’Connell’19 formalism for any quasi-classical observable O
with |out> = S |in> and S=1+i T 

�O = hin|i[O, T ]|ini+ hin|T †[O, T ]|ini

Hermann-Parra-Martinez-Ruf-Zeng’21 making use of: generalized unitarity,
reverse unitarity ( for phase-space integrals), method of regions, integration by parts, 
canonical differential eqs applied KMOC to O= p_1^mu and p_rad^mu
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the eight
2-loop diagrams
contributing
to the O(G^3/r^3)
classical potential

two-loop
level
G^3

two-loop level arcsinh

Double-copy
Einstein=YM^2

rooted in StringThy
V µ⌫ / @zX

µ@z̄X
⌫eik.X

KLT’86, BCJ’08
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3PM computation (Bern-Cheung-Roiban-Shen-Solon-Zeng’19) 
using a combination of techniques:  generalized unitarity; BCJ double-copy; 2-loop amplitude of 

quasi-classical diagrams; EFT transcription (Cheung-Rothstein-Solon’18); 
resummation of PN-expanded integrals for potential-gravitons

h(�, ⌫) ⌘
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1

h(�, ⌫)
� 1

◆
+

2⌫

h2(�, ⌫)
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2
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�

j
+ (12� 8 ln(2�))

�3

j3
+O(G4)

qcons
3

⇡ +8 ln(2�)�2

puzzling HE limits when compared to ACV and Akcay et al’12

instead of qACV
3 ⇡ +1�2

confirmations: 5PN (Bini-TD-Geralico’19); 6PN (Blümlein-Maier-Marquard-Schäfer’20,

             Bini-TD-Geralico’20); 3PM (Cheung-Solon’20, Kälin-Porto'20)

G^3 contrib. to H_EOB
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Conservative vs Radiation-reacted 
Classical Gravitational Scattering

Radiation-reaction effects enter scattering at G^3/c^5 (Bini-TD’12)

Radiation-reaction effects in scattering play a crucial role at high-energy
(DiVecchia-Heissenberg-Russo-Veneziano’20, TD’21, Hermann-Parra-Martinez-Ruf-Zeng’21,….) 
they resolve the O(G^3) puzzle of the discrepancy between the HE limit of
Amati-Ciafaloni-Veneziano’90(+ Ciafaloni-Colferai’14), and the G^3 result of Bern et al’19,20 

Fokker-Wheeler-Feynman
conservative action using
G_sym=1/2(G_ret+Gadv)

=Re[G_F]=PV(1/p^2)

Subtleties arise at G^4
when iterating 

several PV(1/p^2)

chi^rad linked to radiated E and J
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(Bini-TD-Geralico 
’19,’20’21)

6PN 
conservative

dynamics
complete at 

3PM and 4PM

G^4 G^5  G^6 G^7
Tutti-Frutti

method

combines
PN, MPM, EOB,

Delaunay,
Self-Force,

mass-
polynomiality
of scattering

angle
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with both potential- and soft (radiationlike) gravitons

tail 
effect

matches the 6PN
result of the
Tutti Frutti approach
(Bini-TD-Geralico’21)

three-loop
level
G^4

three-loop



rad-reac force=O(G^2)

rad-reac^2 =O(G^4)  
contribution to scattering

New Subtleties in Radiative Contributions to Gravitational Scattering

(Bini-TD-Geralico’21)

Effects linked to rad-reac^2



with
retarded

propagator

with
retarded

propagator

Approach initiated long ago: Rosenblum’78 Westpfahl’79,’85 Portilla’80 Bel et al.’81
limited by the technical difficulty of computing the integrals beyond G^2, ie at G^2=2-loop.
Recently developed in two different flavors: 
Dlapa-Kalin-Liu-Porto vs Jakobsen-Mogull-Plefka+…,,…

Classical (or « Quantum ») scattering worldline perturbation 
theory enhanced by using QFT integration methods 



(PRL 10 March 2023)

Its PN expansion agrees with Bini-TD-Geralico’23 notably for the nu^2 =O(RR^2) contribution.
Moreover, Bini-TD-Geralico’23 went beyond the linear-response formula by using balance+mass-polynomiality

confirmed by recent QFT computation
Damgaard-Hansen-Plant’e-Vanhove’23

G^4 term

relation between
the rad-reac^2

term and P^rad_x



(PRD March 2023)

NR
perturbative
radiation-
-reacted
4PM

EOB-resummed
radiation-reacted 4PM

Newtonianlike EOB radial potential



Recent NLO (one-loop) waveform
G^3=3PM 
Brandhuber+’23, Herderschee+’23, Georgoudis+’23,
Bohnenblust+’24

5-point HEFT one-loop amplitude
—-> O(G^3) waveform via KMOC

PM waveform computation 

LO (tree level) waveform
G^2=2PM: classical time-domain W(t,n): Kovacs-Thorne 1977
quantum-based: yields W(k,p1,p2,p3,p4)=W(k,p1,p2,q1) 
Johansson-Ochirov’15, GoldbergerRidgway’17 Luna-Nicholson-OConnellWhite’18
Mougiakakos-Riva-Vernizzi’21,Bautista-Siemonsen’22, De Angelis-Gonzo-Novichkov’23

/ �(!)

W (kµ) = ✏µ✏⌫hµ⌫(!, ✓,�)

G^1=1PM (linearized,Einstein 1918) stationary

5-point
amplitude

« cut term »
important

(Caron-Huot+’23)



Comparing one-loop amplitude to MPM waveform
tails

g = ⌘ +Gh1 +G2h2 +G3h3 + ...,
⇤h1 = 0,
⇤h2 = @@h1h1,
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algorithmic
STF tensors encoding

multipole moments
(related to the source

moments I_L,J_L)

radiative multipole moments
(observable at infinity)

U_L, V_L

MMPM(k, b, u1, u2,m1,m2) = �i


2
✏µ✏⌫hMPM
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
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Z
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(Bini-TD-Geralico’23)



Comparison one-loop amplitude vs MPM waveform 
W (t, ✓,�) ⇠ 1

c4

✓
G (stationary) +G2
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◆

tree-level one-loop
Aim:  accuracy up to radiation-reaction effects: O(1/c^5) beyond LO quadrupole

Main results of the initial EFT-MPM comparison (Bini-TD-Geralico, 2023):
mismatch at the Newtonian level, except if one refers the one-loop amp. to classical averaged momenta, 
rather than incoming momenta; then the terms linked to time-even PN corrections to multipoles agree 
but there are many mismatches at the G^2/c^5 level

rad-reac plus 
similar effects

Uij(!) ⇠
✓
G(1 +

1

c2
+

1

c4
) +G2(1 +

1

c2
+

1

c3
+

1

c4
+

1

c5
) +O(G4)

◆
+O(

1

c6
)

LO tailNewtonian G^2

Updated comparisons (Georgoudis et al.’23,’24, Bini et al. ’24) lead 
to perfect agreement after taking into account three subtle effects: 
(1) the bilinear-in-amplitude KMOC term generates the needed rotation 
(2) IR divergences generate an additional (D-4)/(D-4) contribution 
(3) zero-frequency gravitons contribute additional terms at h~G and h~G^3 
(4) interesting links beween zero-freq gravitons and BMS frame (Veneziano-Vilkovisky)



31

Current Puzzles
high-energy limits?
 G^3 energy loss too large
G^3 angular momentum loss too large (Manohar-Ridgway-Shen’22)

Rad-reacted G^4 scattering diverges (Porto..,Damgaard..)
cf ACV motivation: BH formation in HE scattering
Subtleties in defining/computing angular momentum flux
(Ashtekar et al., Veneziano-Vilkovisky, Riva-Vernizzi,…) 

low-energy discrepancy at 5PN between
Foffa-Sturani’19,21,22 Bluemlein et al’21 and Bini-TD-Geralico 

TF-constraint on 5PN O(nu^2) 
EFT radiative terms

not solved by recent in-in results (Foffa-Sturani’22)



Conclusions
The recent synergy between various methods (time-honored and 
recent QFT-based ones) has led to many very interesting  
new vistas on the gravitational 2-body interaction. 

Many impressive new results have been derived and more are in store, though 
one is close to reaching the limits of the new techniques 

There remains puzzles to clarify 

Though Numerical Relativity is and  
will remain very important and useful,  
analytical approaches will continue to  
play an important role. 

Some improved avatar of the  
time-honored PN+MPM (+EFT)  
approach might remain most useful. 

The flexible analytical nature of the EOB formalism makes it 
 useful for incorporating new information in LIGO-useful form.


