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Motivation



Probing the QCD phase structure using event-by-event fluctuations - Nayak, Tapan K. - arXiv:2008.04643

https://cds.cern.ch/record/2729160?ln=en
https://cds.cern.ch/search?f=author&p=Nayak%2C%20Tapan%20K.&ln=en


Sequential suppression of Upsilon system
CMS, PRL109 (2012) 222301 FASTSUM, JHEP07 (2014) 097 (over  100 citations)
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Lattice QCD in non-zero temperature 
faces challenges 

•Non-equilibrium QCD 

•QCD in finite baryon density
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Z(2) × Z(2)



1. Introduction to Quantum Computing



Beginning



Google’s Sycamore processor mounted in a cryostat, recently used to demonstrate quantum supremacy and the largest quantum chemistry simulation on a quantum computer. Credit: Rocco Ceselin





https://spectrum.ieee.org/ibm-condor









Example of QC : Shor’s Algorithm

•RSA algorithm —> integer factoring problem 

•change integer factoring problem into order-finding 

problem using a digital computer 

•solve order-finding problem using a Quantum Computer 

•P. Shor, proceedings of 35th annual symposium on the 

foundations of computer science, 1994, p124-134



How to factor , a product of two primes 

https://www.youtube.com/watch?v=-UrdExQW0cs&t=712s

N = pq

1. Make a guess,  that shares no factors with  

2. Find  such that  

3. If  is even, calculate  and . If  is odd, go 

back to step 1 

4. Use Euclid’s algorithm to find the greatest common divisor of 

 and 

g < N N

r gr = mN + 1

r (gr/2 + 1) (gr/2 − 1) r

gr/2 + 1 N



How to factor N, a product of two primes (example) 

https://www.youtube.com/watch?v=-UrdExQW0cs&t=712s

 

1.  

2. Find  such that  —>  

3. , ,  

4. Use Euclid’s algorithm to find the greatest common divisor of  and : 

 

5.  is a prime factor of 77!

N = 77 = pq

g = 8

r gr = mN + 1 r = 10

(gr/2 + 1) = 32,769 (gr/2 − 1) = 32,767 (gr/2 + 1)(gr/2 − 1) = mN

gr/2 + 1 N

32769/77 = 425R44 − > 77/44 = 1R33 − > 44/33 = 1R11 − > 33/11 = 3R0

11



How to factor N, a product of two primes (example) 

https://www.youtube.com/watch?v=-UrdExQW0cs&t=712s

•QC is better at step 3, finding  of 

       , because 

         

       are periodic 

•Finding  is related to Fourier transform and QC Fourier transform is faster 

•Fast Fourier transform in DC and quantum Fourier transform in QC!

r

gr = mN + 1

g, g1, g2, ⋯, gr−1, gr, gr+1, ⋯, g2r, ⋯, g3r, ⋯,

r



For digital computer, 

the best Fourier transform algorithm is 
Cooley-Tukey algorithm and the number 

of operations is

∼ N × log2 N, N = 2n



Cooley-Tukey Algorithm
 

For  

       

          

Note that  

       since  

Similarly,   
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Cooley-Tukey Algorithm
 

For   

       

          

          

Note that since 

       

       

         

ex)x0, x1, x2, x3, x4, x5, x6, x7, N = 23, m = 3,

k = 1,⋯, N,

Xk = x0ω0
N + x1ω−k

N + x2ω−2k
N ⋯ + x7ω−7k

N

= Xe
k + Xo

k ω−k
N

= (Xee
k + Xeo

k ω−2k
N ) + ω−k

N (Xoe
k + Xoo

k ω−2k
N )

Xee
k = x0 + x4ω−4k

N , Xeo
k = x2 + x6ω−4k

N , Xoe
k = x1 + x5ω−4k

N , Xoo
k = x3 + x7ω−4k

N

Xk = (x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N ) + ω−k

N [(x1 + x5ω−4k
N ) + ω−2k

N (x3 + x7ω−4k
N )]

= x0 + x4ω−4k
N + x2ω−2k

N + x6ω−6k
N + x1ω−k

N + x5ω−5k
N + x3ω−3k

N + x7ω−7k
N



Cooley-Tukey Algorithm
Bit-ordering —> bit-reverse, swap so that the data  ordered as bit-reversed 

     

 

 

 

 

 

 

 

xi

n = 0, (0,0,0) → (0,0,0), n = 0

n = 1, (0,0,1) → (1,0,0), n = 4

n = 2, (0,1,0) → (0,1,0), n = 2

n = 3, (0,1,1) → (1,1,0), n = 6

n = 4, (1,0,0) → (0,0,1), n = 1

n = 5, (1,0,1) → (1,0,1), n = 5

n = 6, (1,1,0) → (0,1,1), n = 3

n = 7, (1,1,1) → (1,1,1), n = 7

x0, x1, x2, x3, x4, x5, x6, x7 → x0, x4, x2, x6, x1, x5, x3, x7



Cooley-Tukey Algorithm
1. Bit-ordering —> bit-reverse, swap so that the data  ordered as 

bit-reversed 

2. Then, form the first loop 

       

3. Then, form the 2nd loop 

 

4. Then, form the 3rd loop 

xi

(x0 + x4ω−4k
N ), (x2 + x6ω−4k

N ), (x1 + x5ω−4k
N ), (x3 + x7ω−4k

N )

(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N ), (x1 + x5ω−4k

N ) + ω−2k
N (x3 + x7ω−4k

N )

[(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N )] + ω−k

N [(x1 + x5ω−4k
N ) + ω−2k

N (x3 + x7ω−4k
N )]



Cooley-Tukey Algorithm
 

 

 

 

 

 

[(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N )] + ω−k

N [(x1 + x5ω−4k
N ) + ω−2k

N (x3 + x7ω−4k
N )]

k = 0, [(x0 + x4) + (x2 + x6)] + [(x1 + x5) + (x3 + x7)]

k = 1, [(x0 + x4ω−4
N ) + ω−2

N (x2 + x6ω−4
N )] + ω−1

N [(x1 + x5ω−4
N ) + ω−2

N (x3 + x7ω−4
N )]

k = 2, [(x0 + x4ω−8
N ) + ω−4

N (x2 + x6ω−8
N )] + ω−2

N [(x1 + x5ω−8
N ) + ω−4

N (x3 + x7ω−8
N )]

k = 3, [(x0 + x4ω−12
N ) + ω−6

N (x2 + x6ω−12
N )] + ω−3

N [(x1 + x5ω−12
N ) + ω−6

N (x3 + x7ω−12
N )]

k = 4, [(x0 + x4ω−16
N ) + ω−8

N (x2 + x6ω−16
N )] + ω−4

N [(x1 + x5ω−16
N ) + ω−8

N (x3 + x7ω−16
N )]

k = 5, [(x0 + x4ω−20
N ) + ω−10

N (x2 + x6ω−20
N )] + ω−5

N [(x1 + x5ω−20
N ) + ω−10

N (x3 + x7ω−20
N )]

k = 6, [(x0 + x4ω−24
N ) + ω−12

N (x2 + x6ω−24
N )] + ω−6

N [(x1 + x5ω−24
N ) + ω−12

N (x3 + x7ω−24
N )]

k = 7, [(x0 + x4ω−28
N ) + ω−14

N (x2 + x6ω−28
N )] + ω−7

N [(x1 + x5ω−28
N ) + ω−14

N (x3 + x7ω−28
N )]



Quantum Fourier transform

https://courses.edx.org/c4x/BerkeleyX/CS191x/asset/chap5.pdf

[(x0 + x4ω−4k
N ) + ω−2k

N (x2 + x6ω−4k
N )] + ω−k

N [(x1 + x5ω−4k
N ) + ω−2k(x3 + x7ω−4k

N )], N = 23 = 8



https://en.wikipedia.org/wiki/Quantum_Fourier_transform



QFT for Shor’s Algorithm

 under  

 under  

 

                                   under measurement on 

|0 > |0 > →
1

N

N−1

∑
x=0

|x > |0 > QFTN

1

N

N−1

∑
x=0

|x > |0 > →
1

N

N−1

∑
x=0

|x > | f(x) > Uf

1

N

N−1

∑
x=0

|x > | f(x) > →
r
N

N/r−1

∑
i=0

| ir + x0 > | f(x0) >

| f(x) >



Example: QFT for Shor’s algorithm

 under  

 under  ,  

Note that . Choose 1 

under measurement on    

 under 

|0 > |0 > →
1

8

7

∑
x=0

|x > |0 > QFT8

1

8

7

∑
x=0

|x > |0 > →
1

8

7

∑
x=0

|x > | f(x) > Uf f(x) = x(mod 2)

x(mod 2) = 0 or 1

1

8

7

∑
x=0

|x > |1 > →
1
2

( |1 > + |3 > + |5 > + |7 > ) |1 > f

1
2

( |1 > + |3 > + |5 > + |7 > ) → |0 > − |4 > QFT8



Example: QFT for Shor’s algorithm



Fourier transform of the same signal 
requires 
number of operations 

for digital computer 
 number of operations  

for quantum computer

∼ 2n × log2 2n

∼ n2



2. Quantum Error Correction, Threshold 

Probability and Statistical Mechanics Model



Quantum Computing in “noisy environment” 

or Fault-Tolerant QC

•Fighting quantum decoherence with 

entanglement 

•Quantum Error Correction (QEC)  

     cf. B.M Terhal, Rev. Mod. Phys. 87 (2015) 307 



QEC: Shor’s code (classical counter-part)

•Smallest classical code,  

•Measure each bit and do majority choice 

•Not applicable to quantum computer 

•cf. P. W. Shor, “Fault-tolerant quantum computation” in 

the proceedings of 37th FOCS, p55-65

|0 >L = |000 > , |1 >L = |111 >



QEC: Shor’s code (9-bit concatenated code)

• (entangled qubits) 

•Not measure data qubits, but measure parity of data without collapsing qubits 

supperposition/entanglement,  

•Measuring any of qubits by  collapses entangled data qubits 

•Measuring the ancilla qubit collapses entangled data qubits if 1 (or 2, or 3) data 

qubit is entangled with the ancilla qubit (i.e. measuring ) 

•Measuring ancilla qubit doesn’t collapse entangled data qubits if 1,2 (or 2, 3) 

data qubits are entangled with the ancilla qubit (i.e. measuring )

|0 >L = |000 > , |1 >L = |111 >

|ψ >L = cos
θ
2

|0 >L + sin
θ
2

eϕ |1 >L

Z1, Z2, Z3

Z1, or (Z2, Z3)

Z1Z2, or Z2Z3



 parity checkZ1Z2

After measurement

|0 >a

c1 |000 > + c2 |111 >

Before measurement
|000 > |0 > , |001 > |1 > , |010 > |0 > , |011 > |1 > , |100 > |0 > , |101 > |1 > , |110 > |0 > , |111 > |1 >

|000 > |0 > , |001 > |1 > , |010 > |1 > , |011 > |0 > , |100 > |0 > , |101 > |1 > , |110 > |1 > , |111 > |0 >

c1 |000 > + c2 |111 >
Mz



 parity checkX1X2

After measurement

| + >a

c1 |000 > + c2 |111 >

Before measurement
|000 > |0 > , |001 > |1 > , |001 > |0 > , |000 > |1 > , |010 > |0 > , |011 > |1 > , |011 > |0 > , |010 > |1 > ,

c1 |000 > + c2 |111 >
Mz

H

|100 > |0 > , |101 > |1 > , |101 > |0 > , |100 > |1 > , |110 > |0 > , |111 > |1 > , |111 > |0 > , |110 > |1 >

|000 > |0 > , |011 > |1 > , |001 > |0 > , |010 > |1 > , |010 > |0 > , |001 > |1 > , |011 > |0 > , |000 > |1 > ,

|100 > |0 > , |111 > |1 > , |101 > |0 > , |110 > |1 > , |110 > |0 > , |101 > |1 > , |111 > |0 > , |100 > |1 >

|000 > |0 > , |011 > |1 > , |001 > |0 > , |010 > |1 > , |010 > |0 > , |001 > |1 > , |011 > |0 > , |000 > |1 > ,
|100 > |0 > , |111 > |1 > , |101 > |0 > , |110 > |1 > , |110 > |0 > , |101 > |1 > , |111 > |0 > , |100 > |1 >

| + > =
1

2
( |0 > + |1 > ), | − > =

1

2
( |0 > − |1 > )

H |0 > = | + > , H |1 > = | − >

H | + > = |0 > , H | − > = |1 >

c1 |011 > + c2 |100 >



Quantum error and statistical model

•Specific quantum code with stabilizer formalism 

•Modeling quantum error pattern 

•Mapping quantum error pattern to statistical model 

•cf. simple case: Dennis et al, J. Math. Phys. 43 

(2002) 4452



Quantum Error Detection/Correction

•Check whether error happens via the measurement of 

“ancilla” qubits: measurement result is called syndrome 

(quantum error detection) 

•From the syndrome, guess quantum error probabilistically 

•Correct quantum error



Error rate and threshold probability

•If the quantum error rate is higher than the “threshold 

probability”, QEC is not possible. 

•Above the threshold probability, “probabilistic correction” 

is not possible. 

•“Probabilistic interpretation” is related to some statistical 

model



M. Rispler, D. Vodola, SK, M. Muller, “Fundamental 
Thresholds of Realistic Quantum Error Correction Circuits 
from Classical Spin Models”, Quantum 6 (2022), 618

• realistic quantum circuit diagram for 1-D repetition code 
with phase flip error and mapping to a statistical model 
(quenched 2-D Ising model on a triangular lattice)
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1-d repetition code and correlated error

•Protecting against phase flip error (Z-error) 

•Realistic quantum circuit which implements the algorithm 

•Analysis of the correlated quantum error from 1-qubit 

error, 1-qubit gate error, 2-qubit gate error and etc 

•Mapping into 2-d random bond Ising model on triangular 

lattice



cf. J. Kelly et al (Google Quantum AI), “State 
preservation by repetitive error detection in a 
superconducting quantum circuit”, 
Nature 519 (2015) 66



cf. J. Kelly et al (Google Quantum AI), 
“Exponential suppression of bit or phase errors 
with cyclic error correction ”, Nature 595 (2021) 
383



3. Surface code/Toric code and Quenched 

 gauge theoryZ(2) × Z(2)



Surface code(Toric Code) circuit layout



Toric Code circuit unit cell



Qubit error interpretation
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Measurement error interpretation
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Lattice hamiltonian for simulation 
Phase flip or Bit flip

Hx,z(i, j, k) = − Jx
1(i, j, k)σy(i, j, k)σt(i, j + 1,k)σy(i, j, k + 1)σt(i, j, k)

−Jx
2(i, j, k)σt(i, j, k)σx(i, j, k + 1)σt(i + 1,j, k)σx(i, j, k)

−Jx
3(i, j, k)σx(i, j, k)σy(i + 1,j, k)σx(i, j + 1,k)σy(i, j, k)

−Jz
1(i, j, k)τy(i, j, k)τt(i, j + 1,k)τy(i, j, k + 1)τt(i, j, k)

−Jz
2(i, j, k)τt(i, j, k)τx(i, j, k + 1)τt(i + 1,j, k)τx(i, j, k)

−Jz
3(i, j, k)τx(i, j, k)τy(i + 1,j, k)τx(i, j + 1,k)τy(i, j, k)



Lattice hamiltonian for simulation 
Phase flip and Bit flip together

Hy(i, j, k) = − Jy
1(i, j, k)σy(i, j, k)σt(i, j + 1,k)σy(i, j, k + 1)σt(i, j, k)

× τt(i + 1,j, k)τx(i + 1,j, k + 1)τt(i + 2,j, k)τx(i + 1,j, k)
−Jy

2(i, j, k)σt(i, j, k)σx(i, j, k + 1)σt(i + 1,j, k)σx(i, j, k)
× τy(i, j + 1,k)τt(i, j + 2,k)τy(i, j + 1,k + 1)τt(i, j + 1,k)



Monte Carlo Simulation

Finding the threshold probability for fault-tolerant 

quantum computing with a depolarizing noise in which 

surface code/toric code is used to express logical 

informations is equivalent to finding the maximum 

quenching probability above which there is no 

ferromagnetic phase in quenched  gauge theory Z(2) × Z(2)



Monte Carlo Simulation (preliminary)
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cf. R. Acharya et al (Google Quantum AI), 
“Suppressing quantum errors by scaling a surface 
code logical qubit”, Nature 614 (2023) 676



cf. R. Acharya et al (Google Quantum AI), 
“Suppressing quantum errors by scaling a surface 
code logical qubit”, Nature 614 (2023) 676



4. Discussions



• “Threshold probability”, the largest error rate below which fault-tolerant 
quantum computing is possible can be investigated through QEC - Statistical 
Model mapping  

• We show that for the depolarizing noise and the measurement error from a 
realistic quantum circuits of QEC for the surface code, the mapped statistical 
model is quenched Z(2) x Z(2) gauge theory in the 3-dimension 

• To find the threshold probability of this model, Monte Carlo simulation of 
the chosen statistical model using parallel tempering and metropolis updates 
is currently being performed

Stay tuned!



Supplementary



R. Van Meter et al., arXiv:quant-ph/0507023




