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Aim

A brief overview on the state-of-the-art of exotic hadron spectroscopy
Discussion about the underlying structure and the most promising
approaches
Summary of some of our recent contributions (focus on femtoscopy)
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The heavy exotics collection

Since 2003 [X (3872)]: about fifty candidates observed!
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Intepretations for composition and binding mechanisms?

Hadron Molecules

Hybrids

Glueballs

Tetraquarks

Cusp effects (TS’s)

. . .
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Theoretical perspective
A compelling and unified understanding has not yet emerged

No single theoretical framework explains the exotics collection
Candidates: different interpretations (hadron molecule,
diquark-antidiquark, kinematical effects, ...)
(m, Γ) can be explained by different models or even superposition of
them

Necessity of more studies, more observables to distinguish their
internal structure
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Strategy 1 ⇒ Exotics in Heavy-Ion Collisions

X (3872) [(cqc̄q̄); 0(1++)]

[PRD 90, 114023 (2014); 105, 116029 (2022); 110,

014011 (2024); PTEP 2016, 103B01 (2016), PLB 761,

303 (2016); EPJC (2022); ...] (Navarra’s Talk)

χc1(4274) [(csc̄ s̄); 0+(1++)]

[PRD 108, 096028 (2023); PRD 109, 014041 (2024)]

T+
cc(3875) [(ccq̄q̄); 0(1+)]

[EPJC 82, 296 (2022); PRD 105, 116029 (2022); NPB

985, 115994 (2022)]

X (3700)− [(cc̄qq̄)0+(0++)]

s = 5.07 TeV
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q = 0.02 GeV

Λ = 0.42 GeV

[PRD 110, 034037 (2024)] (Sobrinho’s Talk)

[Collaboration USP-UNIFESP-UFBA: Navarra, Nielsen, Torres, Kamchandani, LMA, Vieira, Britto, Magalhães ...]
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Strategy 2 → Exotics in hadron decays

X (3930, 3960) in
B → KJ/ψω
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[Collaboration Valencia-UFBA

(Abreu, Albaladejo, Feijoo, Oset,

Nieves); EPJC 83, 309 (2023)]

DD̄(3720) in
B+ → K+ηη

of the order of 10−2. It might seem that this decay has
nothing to do with the Kþηη decay, but we will show
that a triangle diagram with Bþ → D"þ

s D̄0 followed by
D"þ

s → D0Kþ, and fusion of D̄0D0 to produce the DD̄
bound final state, with its posterior decay to ηη, has a
reasonable large branching fraction which would make this
decay easily accessible.
The DD̄ bound state with isospin I ¼ 0 looks now more

acceptable after the discovery of the Tccð3875Þ, but from
the theoretical point of view, it resembles very much the
f0ð980Þ, which couples strongly to KK̄, that has been
obtained within the chiral unitary approach [29–35]. Since
a general rule is that the binding of states becomes larger
when going from lighter to heavier quarks with the same
configuration [36], the existence of the DD̄ bound state
seems unavoidable, and with this conviction we propose
the new reaction with the Bþ → Kþηη decay which is
accessible by the LHCb and Belle Collaborations.

II. FORMALISM

The idea is to find an efficient mechanism to produce ηη
at the end. For this purpose it is not necessary to produce ηη
in a first step in a B decay. Instead, the idea is to produce
DD̄ since this is the main component of theDD̄ bound state
and ηη is only one decay channel. Yet, it is convenient to
have three particles in the final state because this allows one
to have different values for the invariant mass of any pair; in
particular, we can have an ηη invariant mass distribution
and observe the peak of the DD̄ bound state. The idea is
then to produce one particle and DD̄. Then the DD̄ can
interact, producing the DD̄ bound state. One way to
accomplish it is to produce D"þ

s D̄0, let D"þ
s decay to

KþD0, and then we have the pair D0D̄0 to interact and
proceed via DD̄ → ηη.
The choice of the first step is most welcome since the

process proceeds via the most Cabibbo favored mode for a
B decay, with external emission, as shown in Fig. 1 for the
complex conjugate B− → D"−

s D0 reaction. This favors a

large rate of this decay mode, and one finds the branching
fraction [28],

Br½Bþ → D"þ
s D̄0' ¼ ð7.6( 1.6Þ × 10−3: ð1Þ

This is a big rate for a B decay, which necessarily
involves a suppressed Cabibbo transition b → c. The next
step after the D"þ

s D̄0 production is to allow the D"þ
s decay

to D0Kþ (virtually) and then proceed with the D0D̄0

transition to ηη, where the peak of the bound state would
show up. This process is depicted in Fig. 2, through a
triangle diagram, which, however, does not develop a
triangle singularity [37], since D"þ

s → D0Kþ is kinemat-
ically forbidden and one cannot place the three intermediate
particles on shell [38].
We take the meson masses from the PDG [28],

mBþ ¼ 5279.34 MeV; mη ¼ 547.862 MeV;

mD0 ¼ 1864.84 MeV; mKþ ¼ 493.677 MeV; and

MD"þ
s

¼ 2112.2 MeV: ð2Þ

A. B+ decay to D" +
s D̄0

In the diagram of Fig. 2 we have a vertex D"þ
s → KþD0

which one can obtain from a standard Lagrangian, the
D0D̄0 → ηη scattering amplitude that one takes from [24]
and the Bþ → D"þ

s D̄0 transition, determined from the
experiment as described below.
The Bþ → D"þ

s D̄0 vertex has the typical structure of a
vector coupling to two pseudoscalars as follows:

t1 ¼ CϵμðPþ qÞμ; ð3Þ

where ϵμ is the polarization vector of the D"þ
s and C is the

coupling constant.
The Bþ → D"þ

s D̄0 width is given by

Γ½Bþ → D"þ
s D̄0' ¼ 1

8π
1

m2
B

X

pol

jt1j2q; ð4Þ

FIG. 1. Cabibbo favored process for a B decay, with external
emission at the quark level.

FIG. 2. Mechanism producing ηη through the rescattering of
D0D̄0.

BRANDÃO, SONG, ABREU, and OSET PHYS. REV. D 108, 054004 (2023)
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where P̃η is the momentum of η in the ηη rest frame,

P̃η ¼
λ1=2ðM2

invðηηÞ; m2
η; m2

ηÞ
2MinvðηηÞ

: ð28Þ

III. RESULTS

In Fig. 3 we show the results of RT ¼ 1
ΓB

dΓ
dMinv

. We make
use of the value of the ratio C2

ΓB
from Eq. (8); hence, we can

predict not only the shape of the mass distribution but also
its strength. We indeed find in Fig. 3 a neat peak around the
mass of the DD bound state with the width predicted
in Ref. [24].
To find the feasibility of this experiment we integrate

RT over MinvðηηÞ to get the strength of the peak as
1
ΓB

R
dΓ

dMinvðηηÞ
dMinvðηηÞ, and we obtain the following value

for the branching ratio of the reaction Bþ → KþDD̄jb;
DD̄jb → ηη, where DD̄jb means the DD̄ bound state,

B½Bþ → KþDD̄jb;DD̄jb → ηη& ¼ 1.47 × 10−4: ð29Þ

Taking into account that most of the hadronic branching
fractions reported in the PDG are of the order of 10−4 or
smaller, with some branching ratios of the order of 10−7,
this branching ratio is relatively big and could easily be
observed in experiments. This result can only encourage
experimental teams to perform this measurement that
would show for the first time the peak associated with
the DD̄ bound state.

IV. CONCLUSIONS

We have studied the reaction Bþ → Kþηη with the aim
of finding a peak in the ηη mass distribution corresponding

to a DD̄ bound state that has been predicted by several
theoretical frameworks, in lattice QCD simulations, and has
also been claimed to exist from the observation of a
concentration of strength around the DD̄ threshold in
reactions producing DD̄ in the final state.
To maximize the chances of observation we have

selected a reaction that in a first step produces a DD̄
which is allowed to interact and produce the ηη at the end.
The reaction chosen is Bþ → D'þ

s D̄0, which has a large
branching fraction for a B hadronic decay, of the order of
10−2. The D'þ

s decays to D0Kþ and the D0D̄0 interact and
produce the ηη. Technically the combined process is
evaluated by means of a triangle diagram where the DD̄
are virtual, a necessary condition to produce the DD̄ bound
state. The choice of ηη being produced by the D0D̄0

interaction is motivated because the DD̄ bound state only
decays in light meson pairs, where the cc̄ quarks have been
annihilated. From previous calculations one knows that the
ηη channel is one of the light pseudoscalar channels that
couples most strongly to the DD̄ bound state.
With this promising scenario we have evaluated the ηη

mass distribution for the Bþ → Kþηη decay, and we have
found indeed a clear peak around the predicted mass of the
DD̄ bound state. Then we have integrated the mass
distribution and found a branching fraction for Bþ →
Kþ (DD̄, bound); (DD̄, bound) → ηη of the order of
1.5 × 10−4. This is a relatively large branching fraction for
a B decay, which should encourage its search to finally find
a peak for this much searched for state.
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FIG. 3. Results of RT as a function of MinvðηηÞ invariant mass
distribution.
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[Collaboration

Valencia-Beihang-UFBA (Brandão,

Song, Abreu, Oset); PRD 108,

054004 (2023)] (Brandão’s talk)

BB̄(10550) in
Υ(4S) → γX (10550)

Thus, by invoking heavy-quark flavor symmetry, one
can ask about the existence of molecular partners in the
bottom sector. This natural hypothesis, combined with the
observation of the so-called Zbð10610Þ and Zbð10650Þ
states with quantum numbers 1þð1þÞ [24,25], has yielded
a lot of attention to the hidden bottom meson molecules;
see, for instance, the works [12,26–46]. In this context, an
obvious case that has been explored was the heavy-quark
flavor symmetry partner of the Xð3872Þ, the 0þð1þþÞ state
denoted as Xb with a possible molecular configuration
ðBB̄$ þ c:c:Þ. We refer the reader to the theoretical and
experimental analyses in Refs. [12,38,45–57] that have
investigated the similarities between these partner states.
However, on the experimental side, no significant Xb
signals have been observed yet [48–51]. As noticed in
Ref. [54], at the current electron-positron colliders the
direct observation of Xb in hadronic decays is not likely
because of its quantum numbers and large mass. Indeed, the
Belle (Belle-II) Collaboration has found no Xb evidence in
the search for Xb → ωϒð1SÞ [48,49]. In addition, analyses
of the CMS and ATLAS experiments at the LHC based on
samples of pp collisions at

ffiffiffi
s

p
¼ 8 TeV have searched for

the Xb decaying into ϒð1SÞπþπ−, and no significant excess
above the background was observed [50,51], which might
indicate that the isospin is conserved in this bottomonium
system. Therefore, other possible channels have been
proposed, and due to its high mass, a logical expectation
is the Xb production by means of the radiative decays of
higher bottomonia. For example, in Refs. [53,54] the Xb
production as a ðBB̄$ þ c:c:Þ molecule was estimated to be
small in the processes ϒð5S; 6SÞ → γXb, with a branching
fraction of about 10−7. On the other hand, in Ref. [57] the
Xb production via the radiative transition of ϒð10753Þ was
estimated to have a branching fraction a factor of about
10−3–10−2 higher than the former case, making it testable
by future Belle-II experiments.
Thus, benefiting from the discussion above, one can also

focus on the bottomonium counterpart of the Xð3700Þ state,
i.e., the 0þð0þþÞ state, also denoted as Xð10550Þ, with a
possible molecular configuration BB̄. We mention that
Ref. [58] made use of an effective Lagrangian consistent
with the heavy-quark and chiral symmetries and argued that
the existence of a bound state in the ðDD̄$ þ c:c:Þ channel
does not necessarily imply the existence of a bound state in
the DD̄ or BB̄ channels (see also the analysis of the
DD; B̄ B̄ cases in Ref. [59]). In contrast, the meson-meson
interaction was analyzed in Ref. [38] via a coupled channel
unitary approach, combining the heavy-quark spin sym-
metry and the dynamics of the local hidden gauge, and a
weakly 0þð0þþÞ BB̄ bound state was found. In the
sequence, other works have studied the possible existence
and properties of the Xð10550Þ; the reader can consult, for
example, Refs. [12,45,55,60]. Interestingly, we remark that,
differently from the Xð3700Þ, analyses exploring the
potential observation of the Xð10550Þ via decays are very

scarce. To the best of our knowledge, the available studies,
like [55,61,62], investigated hadronic transitions with final
states carrying Bð$ÞB̄ð$Þ or conventional bottomonia but did
not explore the existence of the Xð10550Þ.
Hence, considering the increasing interest in exotic

hadron spectroscopy and the search for more possible exotic
states via the estimation of relevant observables, as well as
taking advantage of the similarities between the 0þð0þþÞ
partner states in charmonium and bottomonium sectors
discussed previously, in the present work we investigate
the possible existence of the S-wave BþB− bound state [here
we continue denoting this charged component as Xð10550Þ]
and propose a method to estimate its production via ϒð4SÞ
radiative decays. In particular, we make use of the effective
Lagrangian approach and the compositeness condition
to calculate the Xð10550Þ production rate in ϒð4SÞ →
γXð10550Þ decays employing triangle diagrams.
This work is organized as follows. We introduce the

formalism to calculate the amplitude associated with the
triangle mechanism for the ϒð4SÞ → γXð10550Þ decay in
Sec. II. Results and discussions are given in Sec. III,
followed by concluding remarks in Sec. IV.

II. FORMALISM

In what follows, we describe the effective formalism
used to evaluate the production of the so-called exotic state
Xð10550Þ via ϒð4SÞ radiative decays. Assuming that this
bound state is a S-wave BþB− molecule (here denoted just
as BB̄) with quantum numbers JPC ¼ 0þþ, its production
at the hadron level via the mentioned reactions can be
described using the triangle diagrams depicted in Fig. 1. To
calculate the partial decay width of this reaction, we
employ the effective Lagrangian approach.
We start by presenting the effective Lagrangian respon-

sible for the interaction between the exotic state Xð10550Þ,
here associated with the field X, and the BB̄ pair [63],

LXBB̄ ¼ gXBB̄XðxÞ
Z

dyBðxþ ωB̄ByÞB̄ðx − ωBB̄yÞΦðyÞ;

ð1Þ

where y is the relative Jacobi coordinate and ωij ¼ mi
miþmj

;
sincemB ¼ mB̄, we employ ωB̄B ¼ 1=2 henceforth.ΦðyÞ is

FIG. 1. Triangle Feynman diagrams for the radiative decays
ϒð4SÞ → γXð10550Þ via the S-wave bottom meson loops.
Particle labels and their momenta (in parentheses) are defined.

ANDRÉ L. M. BRITTO and LUCIANO M. ABREU PHYS. REV. D 110, 056008 (2024)

056008-2Now we present the results for the partial decay width
of the radiative decay ϒð4SÞ → γXð10550Þ, defined in
Eq. (13), as a function of the binding energy. They are
shown in Fig. 4. It can be seen that with increasing EB, the
radiative decay width increases. This behavior comes
essentially from the dependence of gXBB̄ on the binding
energy previously discussed. In Table I we show explicitly
the central values for the decay width Γϒð4SÞ→γXð10550Þ and
the branching ratio for some specific binding energies. In
particular, assuming the Xð10550Þmolecule with a binding
energy of 1–100 MeV, in consonance with the range
considered in Ref. [38], i.e., mX ∼ 10 558–10 458 MeV,
the radiative decay width predicted is

Γϒð4SÞ→γXð10550Þ ∼ 0.5–192 keV; ð14Þ

which engenders a branching ratio of the order
Bϒð4SÞ→γXð10550Þ ∼ 10−5–10−3. This result indicates a rela-
tively large radiative width, suggesting a promising hunt for
Xð10550Þ via the ϒð4SÞ → γXð10550Þ decay in updated
Belle II experiments. This is the main finding of the
present study.
It is also worth remarking that the prediction of the

radiative decay width predicted in Eq. (14) is (taking into

account the uncertainties) of the same order as that reported
in Ref. [57] for the production of the Xb, the heavy-quark
flavor symmetry counterpart of the Xð3782Þ in the botto-
monium sector, via radiative transition of the ϒð10753Þ,
seen as an S −D mixed state of the ϒð4SÞ and ϒ1ð33D1SÞ,
within a distinct framework based on a nonrelativistic
effective field theory. Hence, these two findings corrobo-
rate the viewpoint that the radiative decays of ϒ states
might be an interesting ground for the study of new exotic
states in the bottomonia sector.
Our final comment is devoted to the consideration of

more decay channels. In principle, one might ask about
calculations for other decay channels and therefore the
ratios between them, which would be of greater utility to
experimentalists. However, as pointed out in the Intro-
duction, the Bð#ÞB̄ð#Þ-molecule production from the decays
of higher-mass states is not an easy task because of its
large mass. Being more concrete, assuming mXð10550Þ∼
10 558–10 458 MeV, the mass of the state ϒð4SÞ is not
large enough to provide enough phase space for a hadronic
decay into the Xð10550Þ and a vector meson like the ρ, ω
mesons. One can wonder how to circumvent this limitation,
and a natural choice is to consider the decay of a higher
excited bottomonium state. First, it should be noticed that
the decay mode ϒð4SÞ → BþB− provides a much more
relevant contribution to the triangle mechanism than the
other higher bottomonia, as can be seen from the branching
ratio Bϒð4SÞ→BþB− reported in [1] and in the previous
section. Second, and more importantly, the highest bottomo-
nium state according to [1] is theϒð11020Þ, which has a mass
of 11 000 MeV; consequently, its decays like ϒð11020Þ →
ρXð10550Þ;ωXð10550Þ are naturally suppressed due to
the lack of available phase space. Thus, considering these
arguments, we have restricted ourselves to the logical
proposition of searching for the BB̄ molecule via ϒð4SÞ
radiative decays. In this regard, we believe that the results
summarized in Eq. (14) and Table I give a valuable and
useful prediction for the experimental collaborations.
Notwithstanding, one can also think about analogous

discussions in other sectors of the spectrum to test the idea
of comparison with other decay modes. For instance, some
equivalent mechanisms in the light sector would be seen in
terms of the ρ, ω decays into a γf0ð500Þ final state, as
shown in the diagrams in Fig. 5. The couplings of the

FIG. 5. Feynman diagrams for some equivalent mechanisms to
those shown in Fig. 1 but in the light sector, like the ρ, ω decays
into a γf0ð500Þ final state.

TABLE I. Central values of the coupling constant gXBB̄ related
to the vertex involving the molecular Xð10550Þ state and its
meson components B and B̄ (considering Λ ¼ 1 GeV), the decay
width Γϒð4SÞ→γXð10550Þ, and the branching ratio Bϒð4SÞ→γXð10550Þ
for some values of the binding energy EB.

EB [MeV] gXBB̄ [GeV] Γϒð4SÞ→γXð10550Þ [keV] Bϒð4SÞ→γXð10550Þ

5 28.50 1.55 7.55 × 10−5

10 33.96 2.59 1.25 × 10−4

25 47.94 6.90 3.37 × 10−4

50 67.87 19.87 9.70 × 10−4

75 85.85 42.34 2.06 × 10−3

100 102.73 76.79 3.75 × 10−3

FIG. 4. Partial decay width Γϒð4SÞ→γXð10550Þ as a function of the
binding energy EB. The band denotes the uncertainties coming
from the values of the size parameter in the range 0.9–1.1Λ.

PRODUCTION OF A BB̄ BOUND STATE VIA ϒð4SÞ RADIATIVE … PHYS. REV. D 110, 056008 (2024)

056008-5

ΓΥ(4S)→γX (10550) ∼ 0.5 − 192 keV

[Collaboration UFRB-UFBA (Britto,

Abreu); PRD 110, 056008 (2024)]
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Strategy 3 → Compositeness of exotic
states
Weinberg criterion + Bethe-Salpeter form. + fit

Eur. Phys. J. C           (2023) 83:983 Page 7 of 11   983 

In order to get the binding at s0 we have V−1 = G(s0).
Hence there is a trade off between V and G, such that making
changes with δV−1 = δG we would get the same binding.
Then starting with V from [87], let us call it VFL, and G
with qmax = 420 MeV, we would get an equivalent VEQ for
qmax ≈ 504 MeV such that

V−1
EQ − V−1

FL = G(qmax = 504 MeV) − G(qmax = 420 MeV).

With this we obtain

VEQ = −350, (34)

to be compared to V from Eq. (30), let us call it VMi =
V ′

11 − V ′
12

VMi = −380. (35)

The agreement found is remarkable, stressing once more the
I = 0 character of the Tcc state. Considering the probabil-
ities P1, P2 we observe that what we obtain in Table 1, is
essentially the same result as was found from the analysis
of [87] in spite of the apparently different solutions in the
fitting parameters. This simply indicates strong correlations
between the parameters, yet within a range of natural values,
like having the range qmax between 420 MeV and 700 MeV,

typical of the exchange of a light vector meson. This is also
very valuable information.

5.2 Direct fit to the D0D0π+ mass distribution

Now we turn to fit (b). For it we take the D0D0π+ mass
distribution obtained in Ref. [2] which corrects the raw data
by the experimental resolution and fits the distribution with
a unitary amplitude, accounting for the decay of the D∗.
We compare then our results for Γ (s) in Eqs. (18), (19)
of Ref. [87], using the new potential of Eqs. (4), (7), (10),
with the results in Fig. 8 of the supplementary information of
Ref. [2]. The parameters are V ′

11, V
′
12,α,β, qmax and a nor-

malization constant. There is a strong correlation between
V ′

11, V
′
12 and qmax. However, we leave V ′

11, V
′
12, qmax as free

parameters without using the constraint of Eq. (20) on the
binding energy, since the mass distribution contains infor-
mation on the position of the peak. On the other hand, we are
using now the G functions accounting for the width of the
D∗ as done in [101] with

G =
∫

|q|<qmax

d3q
(2π)3

ω1 + ω2

2 ω1ω2

1√
s + ω1 + ω2

× 1
√
s − ω1 − ω2 + i

√
s′

2mD∗ ΓD∗(s′)
, (36)

where s′ = (
√
s − ωD)

2 − q2 and ΓD∗(s′) as given in
Eqs. (14), (15) of [87].

We take 44 points from Fig. 8 of Ref. [2], with the typical
errors obtained from the raw data taking a 10% value of the

Fig. 1 Fit to the data of Fig. 8 of supplementary material in Ref. [2]
with the size of the errors taken from the raw data in the way explained
in the text

square root of the number of events, and perform a best fit to
the data whose result is shown in Fig. 1. In order to estimate
the statistical uncertainties we use the resampling (bootstrap)
method [93–100], with a new fit for every random choice of
centroids of the data. We show below the average values of
the parameters and uncertainties obtained from these fits:

qmax = 406 ± 14 MeV, V ′
11 = −61 ± 58,

V ′
12 = 388 ± 65, α = −12 ± 60, β = 8 ± 55. (37)

One should not worry too much about these values and their
errors, since we know that there are also correlations between
V ′

11 and V ′
12 and α and β (the differences between these

parameters is what matters if one has an I = 0 state). The rel-
evant thing is what we get for the observables, and from the
different fits in the resampling method we obtain the average
values of the observables and their dispersion. The results
are summarized in Tables 3 and 4.

These results are very similar to those displayed in Table 1.
Yet, they should be better compared to the results of Ref. [2]
when the D∗ width is explicitly taken into account, which
are

aexp1 = [(7.16 ± 0.51) − i (1.85 ± 0.28)] fm,

aexp2 = (1.76 − i 1.82) fm. (38)

The agreement is perfect within errors if we assume the rel-
ative errors in aexp2 to be similar to those of aexp1 . We see that
a1 is now complex, yet with the imaginary part reasonably
smaller than the real one. The real parts obtained for a1 or
aexp1 in this case are also very similar to a1 of Eqs. (13) and
(14) obtained with fit (a) to the data neglecting the width of
the D∗.

We have taken advantage of the weak dependence of the
obtained magnitudes with the D∗ decay width and evaluate
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Table 3 The obtained scattering
lengths and effective ranges

ai [fm] r0,i [fm]

i = 1 (D∗+D0) (7.60 ± 0.14) − i (1.73 ± 0.09) −2.94 ± 0.04

i = 2 (D∗0D+) (1.99 ± 0.07) − i (1.25 ± 0.23) (0.11 ± 0.17) − i (2.74 ± 0.22)

Table 4 The obtained binding
energy, width, coupling
constants and probabilities

B [KeV] Γ [KeV] g1 [MeV] g2 [MeV] P1 P2

360 ± 2 38 ± 1 3875 ± 51 −4077 ± 72 0.697 ± 0.017 0.301 ± 0.009

Fig. 2 Amplitude for DD∗ from a preexisting nonmolecular state

P1, P2, P1 + P2 (P1 + P2 = 0.998 ± 0.024)6 and r0,1, r0,2,

g1, g2 in the limit of ΓD∗ → 0, using the parameters obtained
in Eq. (37) and the formulas described in Sect. 3.

We see that the systematic errors in the effective ranges
are similar to the ones obtained for the scattering lengths.
The values of the couplings obtained are also very similar
to those shown in Table 2 with the fit (a), compatible within
errors. Coming now to the compositeness P1, P2, the values
obtained are also remarkably similar to those in Table 2,
indicating again the molecular nature of the Tcc state, with
P1 + P2 essentially 1 in the present fit with an uncertainty of
the order of 0.024.

6 Limiting case of a nonmolecular state

We shall assume that the origin of the Tcc state corresponds
to a state, which has a very small overlap with the D0D∗+,
D+D∗0 components (a minimum overlap is needed such that
the state is observed in the D0D∗+ and D+D∗0 channels).
We shall also assume, to be consistent with experiment, that
the state has I = 0, although the conclusions are not tied to
this fact. The amplitude for the DD∗ (I = 0) state will be
given by

T̃D∗D,D∗D = g2

s − s0

depicted in Fig. 2, and g2 should be small to prevent the
overlap of the genuine state with the DD∗ components. Con-
sistently with the nonmolecular assumption, we will also
assume that the D0D∗+, D+D∗0 components have no inter-
action stemming from a potential, or t-channel exchange of

6 P1 + P2 is calculated in each fit and the average of P1 + P2 and its
dispersion is obtained from the statistical analysis.

other hadrons. Yet, the picture for the T matrix is not com-
plete since, for consistency with the small coupling of the
genuine state to the DD∗ components, we have to consider
the selfenergy of the state due to its coupling to the DD∗

components, as depicted in Fig. 3.
By taking into account the I = 0 structure of the DD∗

state, we find from Fig. 3

TD0D∗+,D0D∗+ = 1
2

g2

s − s̃0 − 1
2g

2GD0D∗+ − 1
2g

2GD+D∗0
.

(39)

Once again, by considering Eq. (25) and that Im T−1 =
1

8π
√
s k, we realize that the amplitude of Eq. (39) satisfies

unitarity in the two channels D0D∗+, D+D∗0, reproducing
exactly the imaginary part of f −1(s). We now derive the
results for a, r0 in the limit of g → 0, such that Eq. (39) has
a pole at s0,where it should be. Let us call D the denominator
of Eq. (39),

D = s − s̃0 − 1
2
g2GD0D∗+ − 1

2
g2GD+D∗0 . (40)

In order to have a pole of TD0D∗+,D0D∗+ at s0, we need

D
∣∣
s=s0

= 0. (41)

Let us note that if g ̸= 0, then s̃0 ̸= s0 and we can make
an expansion of T in powers of s − s0, and we would then
go back to the previous analysis accounting for the genuine
state in terms of the energy dependent terms, the constant
parts reabsorbed in the Vi j coefficients. Thus, the novel thing
should be found in the g2 → 0 limit.

In this case it is easy to find a and r0 from Eq. (39)

− 1
a
= lim

g2→0
−8π

√
s

2
g2

{
s − s0 − 1

2
g2GD0D∗+

−1
2
g2GD+D∗0

}
. (42)

Thus, we immediately see that − 1
a → ∞ and hence a →

0; a1 → 0, a2 → 0.

123

[Collaboration Valencia-Huzhou-UFBA: Dai, LMA, Feijoo, Oset,

EPJC 83, 983 (2023)]

Strategy 4 → T4Q through
DPS
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[Coll. UNIFESP-UFPEL-UFBA: LMA,

Cerqueira, Carvalho, Gonçalves; EPJC 84, 470

(2024)] (Carvalho’s talk)
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Strategy 5 → exotic states as kinematical effects

Zc(3900): triangle singularity or new
hadron?
Can HICs help to discern the correct
interpretation?

Zc(3900) [(cqc̄q̄); 1(1−)]

T=0 MeV

T=100 MeV

T=150 MeV

3798.8 3799.2 3799.6
0.51

0.52

3860 3880 3900 3920 3940
0

1

2

3

4

mDD*(MeV)

|I ⊲
2
x1
04
(G
eV

-
4
)

Zc(4020) [(cqc̄q̄); 1(??)]

T=0 MeV

T=80 MeV

T=150 MeV

3900 4000 4100 4200
0

1

2

3

4

5

m hc π(MeV)

|I ⊲
2
x1
04
(G
eV

-
4
)

Zcs(3985)− [(csc̄ū) 1
2 (1

+)]

Singularity disappears at temperatures just below TH

Medium: spectroscopic filter to distinguish actual hadrons from TSs

[Collaboration U.Complutense Madrid-UFBA (F. Llanes-Estrada, ...); EPJ C 81, 430 (2021); PoS EPS-HEP2021

(2022) 278]; Nucl.Part.Phys.Proc. 318, 32 (2022)]
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Strategy 6 → Femtoscopy

Generalized coupled-channel CF for a specific channel i

Ci (k) =
Ni (k⃗1, k⃗2)

N(k⃗1)N(k⃗2)
≃
∫

d3 r⃗S12(r⃗)|Ψi (r⃗ , k⃗)|2

= 1 + 4π
∫ ∞

0
drr2S12(r⃗)

(∑
j

wj |j0(kr)δji + Tji (
√
s)G̃j(r ; s)|2 − j20 (kr)

)
,

k⃗: relative momentum;
wj : weight of the observed channel j (common choice: wj = 1);
E =

√
s: the CM energy;

Tji : elements of the scattering matrix encoding the meson–meson interactions;

G̃j(r ; s) =

∫
|q⃗|<Λ

d3q

(2π)3
ω

(j)
1 + ω

(j)
2

2ω(j)
1 ω

(j)
2

j0(qr)

s −
(
ω

(j)
1 + ω

(j)
2

)2
+ iε

,

ω
(j)
a ≡ ω

(j)
a (k) =

√
k2 +m2

a ; Λ = 700 MeV;
S12(r⃗): source function,

S12(r⃗) =
1

(4π)
3
2 R3

exp

(
− r2

4R2

)
,

R: source size parameter (larger R : larger system size pp → pA → AA collisions)
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Lednicky-Lyuboshits (LL) approximation (asymptotic Ψ (r → ∞) )
Using

− T

8π
√
s
= f (k) ≡ 1

k cot δ(k)− ik
=

R

−R/a− ikR
,

then

CLL(x , y) = 1 +
1

x2 + y2

[
1
2
− 2y√

π
F2(2x)− xF3(2x)

]
,

x = kR; y = R/a (a: scattering length); F2(z) =
∫
dt et

2−z2

z
, F3(z) =

1−e−z2

z

y=-0.2

y=-1.0

y=-4.0

y=0.2

y=1.0

y=4.0

0.0 0.5 1.0 1.5
0

1
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4

x

C
L
L
(x
,y
)

a < 0: attractive interaction

a > 0: with a bound state

xΓ=0.2

xΓ=0.8

xΓ=1.5

xΓ=10

0.5 1.0 1.5 2.0 2.5
0.95

1.00

1.05

1.10

1.15

x

C
L
L
(x

)

Resonance at kR(δ = π/2):

CLL(xR) = 1 + e
−4x2R
2x2

R

xΓ =
√

µΓR2 (µ: reduced mass)

Dependence on R, a → bound or quasi-bound state; resonance
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Predictions for the T+
bb state

B∗+B0;B∗0B+ interactions
Bethe-Salpeter formalism:

T = [1 − VG ]−1 V ,

V : interaction potential
(Use of local hidden gauge approach);

G : loop function (qmax = 420 MeV).

I = 0 state:

|BB, I = 0⟩ = − 1√
2
(B∗+B0 − B∗0B+).

[Collaboration Valencia-Huzhou-UFBA
(Dai, LMA, Feijoo, Molina, Oset);
PRD 109, 016014 (2024) ]

CB∗+B0 and CB∗0B+
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T+
bb as a molecular state → the only interpretation from these CF’s?

Inverse Problem
Extraction of relevant observables
from the CFs

Assumption: isospin symmetry,
⟨I = 0|V |I = 0⟩ = 1 → V11 = V22

No a priori choice: freedom is left
for nonmolecular components

Contribution from nonmolecular
states: energy-dependent terms,

V11 = V ′
11 +

α

m2
V

(s − s0)

V12 = V ′
12 +

β

m2
V

(s − s0)

Fit to the synthetic data

Parameter space:
{qmax ,V

′
11,V

′
12, α, β,R}

CFs are used to produce synthetic
data

Fit for the CFs (R(input) = 1 fm):

qmax = 445 ± 29 MeV,

V ′
11 = 70 ± 360,

V ′
12 = 3463 ± 1272,
α = −170 ± 336,
β = 290 ± 346,
R = 0.98 ± 0.02fm
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In order to discern which could be the goodness
and reliability of the information one can extract from
the correlation functions depending on the primary
colliding elements (p − p, A − A), we perform two differ-
ent studies. First we proceed with the analysis of synthetic
data generated employing a source size Rinput ¼ 1 fm,

which would correspond to mimic a p − p collision,
then we iterate the process taking into account a second
set of synthetic data generated from a source with Rinput ¼
5 fm (A − A collision). We obtain these two sets of
parameters:

Rinput ¼ 1 fm∶ qmax ¼ 445" 29 MeV; V 0
11 ¼ 70" 360; V 0

12 ¼ 3463" 1272;

α ¼ −170" 336 β ¼ 290" 346 R ¼ 0.98" 0.02 fm;

Rinput ¼ 5 fm∶ qmax ¼ 402" 93 MeV; V 0
11 ¼ −500" 376; V 0

12 ¼ 3567" 1779;

α ¼ −292" 347 β ¼ 496" 348 R ¼ 4.99" 0.61 fm: ð14Þ

With these parameters we obtain both TB0B%þ;B0B%þ

amplitudes and their modulus squared are plotted in
Fig. 3. We get two very narrow peaks corresponding to
bound states (the tiny width of the B% is neglected in the

calculations). The binding energies obtained from the best
fits are 20.62 MeV (Rinput ¼ 1 fm) and 18.48 MeV
(Rinput ¼ 5 fm), in remarkably good agreement with the
resulting 21 MeV found in [37]. This already shows the
value of the analysis done, which allows from the struc-
tureless correlation functions of Figs. 1 and 2 to deduce that
there is a bound state of the B0B%þ (and BþB%0) system.
The values of the parameters in Eq. (14) give us a feeling

of their strength, but as discussed before, these particular
values are not meaningful given the correlations between
the parameters. In order to obtain the values of the
observables and their uncertainties we use the bootstrap
method and run 50 best fits with the resampled data. In each
of the fits we determine their average and their dispersion.
The results are summarized in Tables I and II. The
scattering lengths are determined with a 20% precision
while, for the components of the effective ranges, we get
larger uncertainties. This larger error is understandable
since the contribution of the effective range in the T matrix
in the range of the correlation functions is smaller than that
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FIG. 1. Correlation function of the B0B%þ pair for different
values of the source size (R) with fixed qmax ¼ 420 MeV.
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FIG. 2. Correlation function of the BþB%0 pair for different
values of the source size (R) with fixed qmax ¼ 420 MeV.
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From CFs: Bound state with
I = 0!
Eb = 20.62 MeV (R(input) = 1 fm)
Eb = 18.48 MeV (R(input) = 5 fm)
In Dai et al. PRD 105, 074017
(2022): Eb = 21 MeV

of the scattering length. In addition, since the evaluation of
the effective range requires a derivative with respect to s
(see Eq. (26) in [74]), it involves the terms with α and β, and
their fluctuations in the resampling method add to the final
uncertainty of this magnitude. Since the information of the
effective range is more important when we move away
from threshold, it is not surprising that we also get a larger
relative error in the determination of the binding and the
couplings. Despite the previous fact, the average values
provided by the bootstrap method for both cases are in
remarkable agreement with the results shown in [37] as can
be seen in Table II and in the values obtained for the
bindings and their uncertainties

Rinput ¼ 1 fm∶ B ¼ −22" 15 MeV;

Rinput ¼ 5 fm∶ B ¼ −22" 21 MeV: ð15Þ

It is even more interesting to note that g1 and g2 are very
similar, with opposite sign in both analyses, which indi-
cates from Eq. (3) that they correspond to a state of I ¼ 0.
We come back here to the issue of the restriction to take

V 0
11 − V 0

12 negative. For this we recall Eqs. (17), (18) of
Ref. [74], which gives for two channels (ignoring α and β
for the discussion)

T ¼ 1

DET

 
V11þðV2

12−V2
11ÞG2 V12

V12 V11þðV2
12−V2

11ÞG1

!
;

ð16Þ

with DET the determinant of 1 − VG, given by
DET ¼ 1 − V11ðG1 þG2Þ − ðV2

12 − V2
11ÞG1G2. We can

see that T11, T22 contain quadratic terms in V12; never-
theless, T12 contains quadratic terms in V12 but is also
proportional to V12. However, in the correlation functions
of Eqs. (6) and (7) T12 appears quadratic, which means that
from the information of the correlation functions we can
only obtain V2

12, and the sign of V12 is not determined. If we
go back to Eq. (14) we can then see that a solution with

V 0
11 ¼ 70 and V 0

12 ¼ −3463 would be equally acceptable.
Since the couplings gi are defined as

g21 ¼ lim
s→s0

ðs − s0ÞT11; g2 ¼ lim
s→s0

ðs − s0Þ
g1T12

T11

ð17Þ

with s0 the square of the bound-state mass, a change of sign
in V 0

12, and hence in T12, implies a change of sign of g2.
Then in Table II wewould get the couplings g1, g2 about the
same and with positive sign. According to Eq. (3) this
would mean that we would have a state with I ¼ 1 coming
from the potential V 0

11 þ V 0
12, which is now attractive.

Hence, technically this solution is possible in the present
analysis. But here we invoke the combination of two
elements: On one side, an experimental fact, which is that
the Tcc was found in [36] to be a state of I ¼ 0, and no
signal was found in the I ¼ 1 channel. Next we invoke
heavy quark flavor symmetry [42], which would make us
conclude that there must be a state of I ¼ 0 also for the Tbb.
Based on this argumentation we impose that V 0

11 − V 0
12

should be negative to prevent the interpretation of the
results as having an I ¼ 1 state. Even then, one could
obtain g1, g2 with opposite sign but not too close to each
other in absolute value. The results of Table II, within
errors, indicate that we have an I ¼ 0 state rather clean.
The probabilities of having B0B&þ and BþB&0, P1, P2,

are very close to 0.5 each, in both cases, and their sum is
compatible with 1 within errors (P1 þ P2 ¼ 0.87" 0.11)
and (P1 þ P2 ¼ 0.80" 0.2) for Rinput ¼ 1 fm and Rinput ¼
5 fm respectively, indicating that the nature of the state is
mainly molecular. Actually, the nonmolecular strength Z ¼
1 − ðP1 þ P2Þ is 0.13 for Rinput ¼ 1 fm with an error"0.11
and 0.13" 0.22 for Rinput ¼ 5 fm, making them basically
compatible with zero.
To conclude, one of the most important results of

the present study is that one can obtain values for both
sources as

Rinput ¼ 1 fm∶ R ¼ 0.974" 0.024 fm

Rinput ¼ 5 fm∶ R ¼ 5.052" 0.614 fm: ð18Þ

TABLE I. The obtained scattering lengths and effective ranges for both bootstrap analyses.

Rinput ðfmÞ a1 ðfmÞ r0;1 ðfmÞ a2 ðfmÞ r0;2 ðfmÞ

1 0.85" 0.18 −0.11" 0.51 ð0.81" 0.13Þ − ið0.03" 0.03Þ ð0.43" 0.11Þ − ið0.38" 0.29Þ
5 0.85" 0.19 −0.92" 1.78 ð0.77" 0.13Þ − ið0.05" 0.06Þ ð0.26" 0.40Þ − ið0.87" 1.13Þ

TABLE II. The obtained coupling constants and probabilities.

Rinput ðfmÞ g1 ðMeVÞ g2 ðMeVÞ P1 P2 Z

1 33039" 14744 −32031" 17367 0.44" 0.06 0.43" 0.05 0.13" 0.11
5 30970" 19666 −31181" 19718 0.41" 0.11 0.39" 0.11 0.19" 0.22
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of the scattering length. In addition, since the evaluation of
the effective range requires a derivative with respect to s
(see Eq. (26) in [74]), it involves the terms with α and β, and
their fluctuations in the resampling method add to the final
uncertainty of this magnitude. Since the information of the
effective range is more important when we move away
from threshold, it is not surprising that we also get a larger
relative error in the determination of the binding and the
couplings. Despite the previous fact, the average values
provided by the bootstrap method for both cases are in
remarkable agreement with the results shown in [37] as can
be seen in Table II and in the values obtained for the
bindings and their uncertainties

Rinput ¼ 1 fm∶ B ¼ −22" 15 MeV;

Rinput ¼ 5 fm∶ B ¼ −22" 21 MeV: ð15Þ

It is even more interesting to note that g1 and g2 are very
similar, with opposite sign in both analyses, which indi-
cates from Eq. (3) that they correspond to a state of I ¼ 0.
We come back here to the issue of the restriction to take

V 0
11 − V 0

12 negative. For this we recall Eqs. (17), (18) of
Ref. [74], which gives for two channels (ignoring α and β
for the discussion)

T ¼ 1

DET

 
V11þðV2

12−V2
11ÞG2 V12

V12 V11þðV2
12−V2

11ÞG1

!
;

ð16Þ

with DET the determinant of 1 − VG, given by
DET ¼ 1 − V11ðG1 þG2Þ − ðV2

12 − V2
11ÞG1G2. We can

see that T11, T22 contain quadratic terms in V12; never-
theless, T12 contains quadratic terms in V12 but is also
proportional to V12. However, in the correlation functions
of Eqs. (6) and (7) T12 appears quadratic, which means that
from the information of the correlation functions we can
only obtain V2

12, and the sign of V12 is not determined. If we
go back to Eq. (14) we can then see that a solution with

V 0
11 ¼ 70 and V 0

12 ¼ −3463 would be equally acceptable.
Since the couplings gi are defined as

g21 ¼ lim
s→s0

ðs − s0ÞT11; g2 ¼ lim
s→s0

ðs − s0Þ
g1T12

T11

ð17Þ

with s0 the square of the bound-state mass, a change of sign
in V 0

12, and hence in T12, implies a change of sign of g2.
Then in Table II wewould get the couplings g1, g2 about the
same and with positive sign. According to Eq. (3) this
would mean that we would have a state with I ¼ 1 coming
from the potential V 0

11 þ V 0
12, which is now attractive.

Hence, technically this solution is possible in the present
analysis. But here we invoke the combination of two
elements: On one side, an experimental fact, which is that
the Tcc was found in [36] to be a state of I ¼ 0, and no
signal was found in the I ¼ 1 channel. Next we invoke
heavy quark flavor symmetry [42], which would make us
conclude that there must be a state of I ¼ 0 also for the Tbb.
Based on this argumentation we impose that V 0

11 − V 0
12

should be negative to prevent the interpretation of the
results as having an I ¼ 1 state. Even then, one could
obtain g1, g2 with opposite sign but not too close to each
other in absolute value. The results of Table II, within
errors, indicate that we have an I ¼ 0 state rather clean.
The probabilities of having B0B&þ and BþB&0, P1, P2,

are very close to 0.5 each, in both cases, and their sum is
compatible with 1 within errors (P1 þ P2 ¼ 0.87" 0.11)
and (P1 þ P2 ¼ 0.80" 0.2) for Rinput ¼ 1 fm and Rinput ¼
5 fm respectively, indicating that the nature of the state is
mainly molecular. Actually, the nonmolecular strength Z ¼
1 − ðP1 þ P2Þ is 0.13 for Rinput ¼ 1 fm with an error"0.11
and 0.13" 0.22 for Rinput ¼ 5 fm, making them basically
compatible with zero.
To conclude, one of the most important results of

the present study is that one can obtain values for both
sources as

Rinput ¼ 1 fm∶ R ¼ 0.974" 0.024 fm

Rinput ¼ 5 fm∶ R ¼ 5.052" 0.614 fm: ð18Þ

TABLE I. The obtained scattering lengths and effective ranges for both bootstrap analyses.

Rinput ðfmÞ a1 ðfmÞ r0;1 ðfmÞ a2 ðfmÞ r0;2 ðfmÞ

1 0.85" 0.18 −0.11" 0.51 ð0.81" 0.13Þ − ið0.03" 0.03Þ ð0.43" 0.11Þ − ið0.38" 0.29Þ
5 0.85" 0.19 −0.92" 1.78 ð0.77" 0.13Þ − ið0.05" 0.06Þ ð0.26" 0.40Þ − ið0.87" 1.13Þ

TABLE II. The obtained coupling constants and probabilities.

Rinput ðfmÞ g1 ðMeVÞ g2 ðMeVÞ P1 P2 Z

1 33039" 14744 −32031" 17367 0.44" 0.06 0.43" 0.05 0.13" 0.11
5 30970" 19666 −31181" 19718 0.41" 0.11 0.39" 0.11 0.19" 0.22

CORRELATION FUNCTION FOR THE Tbb STATE: … PHYS. REV. D 109, 016014 (2024)

016014-5

Molecular probability: P1 + P2 = 0.87 ± 0.11 (compatible with 1)
Nonmolecular probability: Z = 1 − (P1 + P2) = 0.13 ± 0.11

A clear molecular nature for the T+
bb state!
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Can CFs shed light on the nature of the D1 states?

PDG: evidence of two D1 states with JP = 1+

D1(2420) : M = 2422.1 ± 0.6 MeV, Γ = 31.3 ± 1.9 MeV.
D1(2430) : M = 2412 ± 9 MeV, Γ = 314 ± 29 MeV.

Description of M’s and R = ΓD1(2420)/ΓD1(2430) ∼ 10 from the same
dynamics: controversies (see Kamchandani et al. PRD 110, 036008 (2024))

Our purpose [Collaboration USP-UNIFESP-UFBA: Navarra, Torres, Kamchandani, LMA]

Model: Meson-meson coupled channel + Bare quark-model pole
(Interplay of quark-hadron degrees of freedom)
Investigation if CFs can be useful
Focus: channels D∗+(0)π0(+), dominated by strong interactions
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Model A

VQM = − 60002

s − 24402

(Godfrey and Isgur, PRD 32, 189 (1985))
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D∗π: M ∼ 2304 MeV, Γ ∼ 160 MeV
(Lower limit for D1(2430) from Babar (2006))

a
(1/2)
D∗π = −0.20 fm

(In accordance with lattice results for a
(1/2)
Dπ

(Liu et

al. PRD 87, 014508 (2013)))

Model B

VQM =
100002

s − 23702

(gQM ,MQM considered as free parameters)
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D∗π: M ∼ 2436 MeV, Γ ∼ 311
MeV
(Agreement with LHCb and Belle data)

a
(1/2)
D∗π = 0.1 fm

(In accordance with recent Alice results for

a
(1/2)
D∗π

(e-Print: 2401.13541 [nucl-ex]))
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Results [Kamchandani, LMA, Torres, Navarra; PRD 110, 036008 (2024)]:
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Model A: CD∗0π+(k = 0)|R=1fm > 1 (attractive character)

Model B: CD∗0π+(k = 0)|R=1fm < 1 (a(1/2)D∗π = 0.1 fm < 2.3R )

Both models: CD∗0π+(k > 0) reflects the behavior of TD∗0π+

Dip in C0ρ+(k = 0): influence of the narrow state in T
(1/2)
Dρ,Dρ below the Dρ

threshold

D∗0π+ and D0ρ+: more appropriate to test both models

[ϕN CF: LMA, Gubler, Khemchandani, Torres, Hosaka, arXiv:2409.05170]
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Summary

Hadron Spectrum: richer than what we expected
New particle zoo near D(∗)D̄∗,B(∗)B̄∗ thresholds: not (q̄q, qqq)

General description of exotic states?

It remains a great challenge!!!
More experimental and theoretical investigations are necessary to shed
light on their dynamics

Thank You!!!
Financial support:
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