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Goal: clarify the current SM theory prediction for
muon (g-2), focusing on the QCD contributions.

1. Muon (g-2): experiment and theory
2. Light-by-light scattering

3. Hadronic vacuum polarization

« Muon (g-2) Theory Initiative whitepaper: T. Aoyama et al,
arXiv:2006.04822

‘Snowmass update for Theory Initiative whitepaper: G. Colangelo et al.,

Useful refs:  arxiv:2203.15810

-6th plenary workshop of the Theory Initiative, University of Bern, 09/23:
https://indico.cern.ch/event/1258310/

Fine print: | am involved with the Muon (g-2) Theory Initiative, but | am not
giving this talk on behalf of the Initiative; opinions expressed are my own.
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1. Muon (g-2):
experiment and theory




(image credit: Fermilab Muon (g-2) Experiment)

- Above: the Fermilab muon (g-2) experiment - basically, a huge magnetic
storage ring. Precession of muons’ spin vs. momentum as they go
around the ring is used to measure magnetic moment —> (g-2) directly!
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The Big Move!

(image credits: Fermilab Muon (g-2) Experiment - except the beer photo)

Experiment uses a 50-ft diameter, 1.45T superconducting
electromagnet, originally at Brookhaven on Long Island!
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Experiment usedq
electromagnet, e
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Summary of current results

_ 2 (Latest experiment: FNAL Muon (g-2) Collaboration, PRL 131, 161802 (2023); arXiv:2308.06230)
L g,LL (WP ’20: T. Aoyama et al (Muon (g-2) Theory Initiative), arXiv:2006.04822)
a L = 9
BNL (g-2)-
FNAL (g-2), Run 1 + Run 2/3-
exp
(g-2) exp. avq. - T
WP 201 | | < =7 = l
10 SM thy
-30 -20 -10 0 10

(ay —a*P)) x 10710

Muon (g-2): theory status

Latest FNAL
(g-2) results in
~50 tension with
“SM theory”
prediction from
Theory Initiative
whitepaper!
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Summary of current results

_ 2 (Latest experiment: FNAL Muon (g-2) Collaboration, PRL 131, 161802 (2023); arXiv:2308.06230)
L g,LL (WP ’20: T. Aoyama et al (Muon (g-2) Theory Initiative), arXiv:2006.04822)
af,u — 9
BNL (g-2)- s
FNAL (g-2), Run 1 + Run 2/3-
exp
(g-2) exp. avg. - T
....................................... Latest FNAL
WP 201 —0— < = = l (g-2) results in
10 . .
SMthy ~50 tension with
WP 20 w/HVP (BMW '20)- —— “SM theory”
(BMW Collaboration, arXiv:2002.12347) d t f
rediction frrom
WP '20 w/HVP (CMD-3 mr) —— 'FI)'h Initiat
(based on M. Davier et al, arXiv:2312.02053) eory nitiative
whitepaper!
-30 -20 -10 0 10

(a, —aie*P)) x 10710

But, not so fast...(sometimes crude, unofficial) updates of WP
number with newer results indicate a value closer to experiment;
there are some internal tensions.
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https://arxiv.org/abs/2006.04822

-+ “Anomalous” muon (g-2) starts with
simple one-loop QED:

(image credit: Wikimedia Foundation)
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+ Focus today on QCD, but QCD

zgf)ﬂt% gjo"@ m contributions mean nothing without
the heroic QED calculations that

I(a) I(b) I(c) I(d) I(e)

dominate the SM prediction!
f®\ [@\ (@\ /@\3 § : - Left: “Tenth order” corrections,
I® (h) 1) 10 12,672 unique diagrams! Same
m m /@\ ﬁ)\ % calculation gives electron (g-2),
where there are also some tensions
II(a) 1I(b) 1I(c) 11(d) Ii(e)

(a story for another talk...)
(from T. Aoyama, M. Hayakawa, T. Kinoshita, and M. Nio, arXiv:1205.5368)

Muon (g-2): theory status Ethan Neil (Colorado)



(WP '20: T. Aoyama et al (Muon (g-2) Theory Initiative), arXiv:2006.04822)

Full result: (from (g-2) Theory Initiative '20)

a,(SM) = (9”2_

interactions / force carriers
(bosons)

=124.97 GeV/c?

gluon higgs

Z boson '

=80.39 GeVic

T W

4

2
) _ 1165918.10(43) x 10~

Break apart the SM contribution into pure QED,
EW (involving W/Z/h) and QCD (involving gluons.)

a,(QED) = 1165847.189(1) x 10~
a, (EW) = 1.536(10) x 1077
a,,(QCD) = 69.370(430) x 10~°

+ QCD contribution is relatively small, but by far dominates

the uncertainty! Precision goal of experiment is (16).
Commensurate precision from QCD would be

0.16/69.37 ~ 0.2%. (Currently, 0.43/69.37 ~ 0.6%,
although some internal conflicts...)
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- Describe QCD contribution using “QCD blobs”. Two meaningful
diagrams: hadronic vacuum polarization (HVP) and hadronic
light-by-light scatterlng (HLbL).

Lo

- Relative size of contributions: a,"VF ~ 70 x 109;

» Overall precision goal of 0.2% for QCD overall —> 0.2% precision for
HVP, and for HLbL.

- Both terms can be estimated both by leveraging experimental input
(dispersive analysis), or ab initio by lattice QCD calculation.
Improvements are in the works for both approaches; the more cross-
checks, the better!
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2. Light-by-light
scattering




Dispersive analysis uses experimental input;
pseudoscalar meson terms (e.g. form factors)
are most significant.

/é . 7T+
777 77 / \
a, P + ; 477% +

Dispersive framework ('21)  a, x 10"

Dominant contributions from
w0, n, 03.8 +4

0 ’ i}
7%/n/n’” well-understood. pion/kaon loops —16.4+ 0.2
Larger uncertainty from S-wave 77 —8+1
higher states and “short axial vector 6+6
distance” contributions. scalar + tensor —1+3

g-loops / short. dist. cstr 15 £+ 10

charm + heavy q 3+1
19/92 ~ 21% rel. error

HLbL (dispersive) 92 £ 19

(remember, 10% target.)

(from talk by A. Gerardin, 5th Muon g-2 Theory Initiative workshop)
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Zop,V

- Lattice QCD can
calculate HLbL
directly; correlation
between four

ro g, B insertions of EM
oro e e current.

y7a -’E,p

Lsrc ! . N,
y,o AN Y x,p

(from talk by T. Blum, RBC/UKQCD collaborations, 5th Muon g-2 Theory Initiative workshop)

aalytle. X« “QED in a box” is hard! Work

a=0——
e o1 . directly in finite box, or
e ooy .. Separate out QED and treat in
infinite-volume perturbation
theory.

Left: testing QED FV method
with QCD turned off, against

0 002 004 006 008 01 012 0.14 exactly calculable “muon loop”.
1/(m#L)2
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(from talk by A. Gerardin, Mainz group, 5th Muon g-2 Theory Initiative workshop)

120 | | |
N202 ——
80 \ 7 +n(L=21fm)——
n Iz 1 7r0+77(L=3.1fm)H—*
£ 60f RS 7047 (L=00) -
i /:;[ /I i _{\\\\
S 4of e xR :
X X Yy IO
g 20 //'II .
~— ﬁ’
=0
—20
—40 ' l
0 0.5 1

* Right: Continuum and
infinite-volume
extrapolation of (physical,
connected) light-quark

(Conn + 2+2) X 1011

n

a
Y
S oS

| |

HLbL. Other terms (heavy
quarks, disconnected) also

calculated on lattice.

Left: Integrate over one
current position, show
remaining integrand f(y) to
get a sense for energy/
distance dependence.

(Solid lines: lattice complete;
dashed lines: 79/n form

factor only. “SU(3) point”.)

ont. & Inf. Vol.
3.70

=3.55
=3.46
=3.40
=3.34

X
v
A
.
o
°

C
B
B
B
B
B

m L =5.818
- m L =4.642
m L =3.917

a

I I [ I I I I
0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

m’ [GeV’]

(from talk by A. Gerardin, Mainz group, 5th Muon g-2 Theory Initiative workshop)
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RBC-UKQCD '19 (+ c loop){ | O |
(RBC-UKQCD Collab, arXiv1911.08123)

Dispersive avg. - | > |
WP '20- | O |
Mainz '21, '22 - l | ] |

(Mainz/CLS, arXiv:2104.02632) (not in WP avg.)
(Mainz/CLS, arXiv:2204.08844)

RBC-UKQCD '23- | u |

(RBC-UKQCD Collab, arXiv:2304.04423)

Summary: direct lattice and dispersive approaches agree
well; lattice input on form factors —> dispersive gives further
checks. Precision is getting close to 10% goal already!
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3. Hadronic vacuum
polarization




- HVP can be estimated from experiment using a dispersion
relation:

=

fm[/vv“ f""‘”j 4 //WW

\
4

. . B 14
g)(y(fllw“"? , >/\W
T

¢

In principle, this is a simple integral over the ratio:
o(ete~ — hadrons)
oete” = utp~)

R(s) =
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(from M. Davier, A. Hoecker, B. Malaescu, and Z. Zhang, 1908.00921)

Davier-Hoecker-Malaescu-Zhang, 2019

@ 6 B | | | I I | 1 | I | | | | I : | | | E | I | | | | | | l—
o - ol |o |9 Jp: Y(2S): |
5 — ¥ 4040 ]
B ] ¥ 4160 |
— :11’377 L -
4 -
sl -
21 -
— B c'e — hadronsdata -
— (HVPTools compilation) ]
11— \ ¢ BES —
B { KEDR ~
- —— pQCD (massless) -
B | | | | | | | | | | | | | | | | | | | | | | | | | | I_
Ou
0 1 2 3 4 5

\s [GeV]

In practice, combination of results from multiple experiments is intricate;
multiple groups do the extraction of HVP independently; systematic
errors assigned to cover disagreements between experiments.
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(F.V. Ignatov et al, arXiv:2302.08834)

Measurement of the ete™ — w7~ cross section from threshold to
1.2 GeV with the CMD-3 detector

— gEsl
00.1 5 f_‘" N N B B B B B CLEO18 e
o4 LY I —— KLOE10 )

.................. - T o
- = sn0
E . KLOEcomb
E | —+—  BABAR

e ——=— : | | BES
= «~——  CLEO
E ] . —= . CMD3 |

_0.05f

ol

_llll llllllllllll lllll'llllllllllllll

- z : é é : . i
—0.15F | SRR S S A AR S N 360 365 370 375 380 385 390
1 : : : : : : a™ (0.6 <\s <0.88 GeV ), 107"°

Y0 | F N T U DUUEE PN DU DUUE T I
63 04 05 06 07 08 09 1 14 12
\s, GeV

- Some tension between experiments in places, particularly
two-pion data from 600-900 MeV; new CMD-3 result,
arXiv:2302.08834, shows larger discrepancies.
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(from the Muon g-2 Theory Initiative, arXiv:2203.15810)

HVP from:

lllllllllllllllIlllllllllll/llﬂIIIIIIIIIIIIII
LM20 = @, i
BMW20 O L 2 notyetinwp_
ETM18/19 | @ :
Mainz/CLS19 = i
FHM19 ? @
PACS19 ; ®
RBC/UKQCD18 = ® =
BMW17 | ® =
RBC/UKQCD CA IS
data/lattice §
BDJ19 O £
J17 {1 E
| N [ S P __notusedinWP20 <
dispersive DHMZ19 - .
KNT19 - £
w
WP20 I
lIIlllIllllllllllllllllllllll Iﬂlllllllllllllll
-60 -50 -40 -30 20 -10 0 10 20 30
SM 10
(@ -a " ) x 10
W u

Current WP 20 theory value for HVP dominated by dispersive
results; lattice determinations not precise enough at the time!
BMW ’20 (most precise full lattice calculation) not in the WP 20
average, in particular.
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- To compute HVP on lattice, we compute
correlation between two vector currents:

A A N

v (o) V(T)
Path integration automatically “sums over” all gluon

configurations, but fermions treated more explicitly:
“light-quark disconnected”

"~ 2 '
c b
)'/ /
"heavy-quark connected” "Isospin-breaking corrections”
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*Bernecker and Meyer, Eur.Phys.d. A47 (2011) 148 _

*Blum et al. (RBC/UKQCD), Phys. Rev. Lett 121 (2018) 2, 022003

(Fermilab/HPQCD/MILC collaborations, arXiv:2301.08274)

t/a
0 20 40
= .
=
ﬂ@ﬁ .  J
110 < 107 .
zi \g/ . .
S =
19 = S or
= =
O
E

t |fm]

To validate and cross-check lattice results, calculation can be restricted
to an “intermediate window”, W; contributions in [0.4, 1.0] fm. (Other
windows are considered, but this is the most common choice.)

No long-distance or short-distance contributions makes this piece of

HVP relatively clean and highly precise. On the dispersive side, this
window corresponds to a specific energy range
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(from G. Benton, D. Boito, M. Golterman, A. Keshavarzi, K. Maltman and S. Peris, arXiv:2311.09523)

" +—=—  BMW 20
—a— LM 20
-— xQCD 23
=——  ABGP 22 8
—=—  Mainz/CLS 22 attice
—a— ETMC 22 results!
—a— Fermilab/HPQCD/MILC 23
- RBC/UKQCD 23
T Data-based BBGKMP 23
=== Data-based (CMD3) BBGKMP 23
195 200 205 210

aleVquc % 1010

* Results for “intermediate window?”, “light-quark connected” from several lattice
groups all show excellent agreement, increasing precision.

- Significant tension with dispersive result persists here (although, some effort/modeling
Is needed to translate real-world experiment into “light-quark connected”.) Likewise,
using only over [0.33, 1.2] GeV in LQC window is much closer to
lattice...but discarding all other experimental results is premature, this is just a hint!
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(from M. Davier, A. Hoecker, A.M. Lutz, B. Malaescu, and Z. Zhang, arXiv:2312.02053)

IIIIII\1IIIII'llllllllllllllllllllllll,lllIIIT

BABAR (100% of 2z below 1.8 GeV)

_168 = 38 = 29 ¢

CMD-3 (98.9%)
-50 +42 + 29

KLOE ;4 (97-1%) . o

-263 + 51 = 29

KLOEp eakl’2-3%)
-265 + 23 + 29

———t

Tau (100%)
-135+34 £ 29

0=+22

Q

Exp

BMW (lattice QCD)
-105 = 55

IIIIII\lllllllllll‘llll|Illl]llll|||lllIllill_LL

-450 -400 -350 -300 -250 -200 -150 -100 -50 0 50
-11
au-aﬁ"ID [ x10 ]

Breaking down into individual results for “two-pion” energy region of R(s)
total a, (or for the window) shows internal discrepancy between results
from different experiments.

More lattice calculations at high precision will help, as will further scrutiny
on the experimental/dispersive side. Work is in progress!
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-+ On the lattice QCD side,
many groups are working
hard on updated calculations
with better statistics, and a
close look at all individual

i
a,(conn.)

(1';,“\ “(conn.) [

(:;;‘((]is(-.)

Au;i"(SIB conn.)

T

contributions.

Au;i”(SlB disc.) [ B

(Fermilab/HPQCD/MILC collaborations, preliminary) Auf;‘(QIED) i ‘ &

dd - " oo, (fm?) 0.04 0.06 0.09* 0.09 0.12 0.15

o 000 0 00000 0002 00050 0.007 ~ a [fm]

e My collaboration (Fermilab/MILC/
g ] ) HPQCD) is currently working on full a, in
‘ ] (“ _é W and short-distance; all contributions for
2 a “complete” determination. Improved

. % statistics, multiple lattice spacings (above.)
7 194
o v e oo ow]  + New paper soon! Preliminary (and blind!)
% - e B ey results (e.g. for strong-isospin breaking,
4 30 "o Mo v left) show good control of systematics and
= 0001 0.002 0.003 mi?rl(\[|[);“Jm 0.006 0.007 better statistics.
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Summary

Muon (g-2): theory status

Muon (g-2) is an incredibly
precise test of the SM, and
discrepancies could be a sign of
new physics! (But we need to
understand QCD better.)

Hadronic light-by-light seems
under control, uncertainty is
near the precision goal

Better HVP precision in
progress; understanding current
discrepancies will be critical
(group vs. group, lattice vs.
dispersive, “windows”)

Stay tuned for new theory

results and an update from the
Theory Initiative in the next year!

Ethan Neil (Colorado)



Thank you!

7th Plenary Workshop of the Muon g—2 Theory Initiative
September 9-13, 2024 @ KEK, Tsukuba, Japan

https: / /conference-indico.kek.jp/event /257

.
S

International Advisory Committee
Gilberto Colangelo (University of Bern)
Michel Davier (University of Paris-Saclay and CNRS, Orsay), co-chair
Aida X. El-Khadra (University of Illinois), chair
Martin Hoferichter (University of Bern)
Christoph Lehner (University of Regensburg), co-chair
Laurent Lellouch (Marseille)

(9-2),

Local Organizing Clommittee

Tsutomu Mibe (KEK) . . Kohtaroh Miura (KEK)
Lee Roberts (Boston University) Shoji Hashimoto (KEK)
Thomas Teubner (University of Liverpool) Toru Iijima (Nagoya)
Hartmut Wittig (University of Mainz) Tsutomu Mibe (KEK)
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Backup
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(summary from P.P. Giardino and H. Davoudiasl, arXiv:2311.12112)

Electron (g-2)

(T. Aoyama, T. Kinoshita, and M. Nio, arXiv:1712.06060)
(X. Fan, T.G. Myers, B.A.D. Sukra, and G. Gabrielse, arXiv:2209.13804)

Latest (g-2)e measurement gives:

a(®P) = 1159652.18059(13) x 10~*

- SM theory prediction depends strongly on input value of fine-
structure constant. Two recent measurements with large

discrepancy:

o~ ' (Rb) = 137.035999206(11)
— agexp.) o aéSM) _ (

~1(Cs) = 137.035999046(27)

1

= al®P) — M) = (101 +

-16) x 107 [+2.20]

27) x 107'* [=3.70]
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The lattice QCD “world” in which
HVP/HLbL are calculated is
necessarily distorted: various effects
must be removed to get the “real
world” answetr.

Discretization (grid size) and finite
volume (box size) must be
extrapolated or otherwise removed

- Physical scales (quark masses and
overall energy) must be tuned. Also
QED effects and (my-mad) corrections.

Important to have analyses from
different lattice groups:
iIndependent statistics, but also
variety of methods for dealing with all
of the above (fermion discretizations,
finite-volume extrapolations, etc.)

(image credits: amazon.com)
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http://amazon.com

(Fermilab/HPQCD/MILC collaborations, arXiv:2301.0874) CL2 [me]
100 200 300 40 0.005 0.01 0.015 0.02
225 ] ] \ l - I + Apy (C'M) l /d, ]
a’lJ»(BMA) D + Apv, Arp (CM) /,
— T ) + Apy (NNLO) ,/ )
- Fits: 2160 1SN S >
VR ,// /////
g. 215 B B //,/ /////
g ,ﬂf ,¢//,
S / e o
g/ 210 . - //// """ "'."",ov'o' .
F— ™~ __,—-@‘" _‘_g:_:: ————————
:n@ 205 fE‘;:e"-.: !::E::‘éﬁiééééiai"’@e
S 210 —
- +Apy, AR ¢ fTB% NoTB I NLO I NNLO ] CM 2 MLLGs | HP
Rl TS L DV SR B U
206 |- ¢ H + + + +
10F e o™
0 L X = ® R
=
000k ® ®e
| 1 | | 1 1 | 1 &
6.0 6.05 6.1 6.15 6.2 6.25 6.3 6.35

XTate (@) + 2k + 2Neut

Example of analysis details from recent paper on light-quark connected W HVP. 2160 fit
variations - dealing with discretization, finite volume, mass corrections, and other effects!
Variations combined using Bayesian model averaging.
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(Fermilab/HPQCD/MILC collaborations, arXiv:2301.08274)

Source Sa, " (conn.) (%)
Monte Carlo statistics 0.19
Continuum extrapolation (a — 0, Arg) 0.34
Finite-volume correction (Apy) 0.16
Pion-mass adjustment (Ajs. ) 0.06
Scale setting (wg (fm), wo/a) 0.24
Current renormalization (Zy) 0.17
Total 0.50%

- “Error budget” shows the contribution to uncertainty from various
sources

- Continuum extrapolation is currently dominant; scale setting error is
larger for total HVP, but sub-leading for the window.
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103

102

|cy’7|/fa [TeV_l]

- An example new-physics model that can give rise to
muon (g-2) is an axion-like particle (ALP) (although
the authors note some model-building challenges:)

111111]0 L1
10

T
m, |GeV]

104

(Buen-Abad, Fan, Reece, and Sunk, https://arxiv.org/pdf/2104.03267)

Muon (g-2): theory status
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https://arxiv.org/pdf/2104.03267

(summary slide taken from talk by P. Paradisi, sixth plenary meeting of (g-2) Theory Initiative)

Outlook

® The muon g — 2 represents the most longstanding hint of New Physics now,
thanks to the E989 experiment at FNAL, growing to 4.2¢.

® LQCD results by the BMW¢c weaken the muon g — 2 discrepancy to 1.60 but
they are in tension with the EW-fit and e e~ — hadrons experimental data:

» Light NP in 01,,q4 Seems to be unlikely to solve this "new g-2 puzzle".
The MUonE experiment can shed light on this puzzle!

e Both heavy New Physics (v < A < 100 TeV) and ligh New Physics (A < 1GeV)
scenarios have the potential to account for the muon g—2 anomaly.

» Different scenarios can be disentangled by dedicated searches at running or
future experiments such as Belle Il and a high-energy Muon Collider .

* |[f the muon g — 2 anomaly will survive, we expect relevant enhancements in
leptonic EDMs (especially in the muon EDM) and LFV physics.

Message: an exciting Physics program is in progress at the Intensity Frontier!
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https://indico.cern.ch/event/1258310/contributions/5515431/

(from A. Kronfeld, Ann.Rev.Nucl.Part.Sci. 62 (2012), arXiv:1203.1204)
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- Modern lattice QCD is well-tested and reliable, for a wide variety
of ab initio predictions - like the hadron spectrum above!
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