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Observational problems of the SM

Two seemingly unrelated observations cannot be 
accounted for in the Standard Model

Neutrinos are 
massive and 
leptons mix

I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, T. Schwetz and A. Zhou, arXiv:2007.14792 [hep-ph]
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The Universe has a 
dark matter 
component

N. Aghanim et al. [Planck Collaboration], arXiv:1807.06209 [astro-ph.CO]

Planck Collaboration: Cosmological parameters

Section 7.2 and Planck Collaboration X (2020) discuss the im-
plications of this result for models of inflation and include con-
straints on models with primordial tensor modes and a scale-
dependent scalar spectral index.

3.5. Matter densities

The matter density can be measured from the CMB spectra using
the scale-dependence of the amplitude, since for fixed ✓⇤ a larger
matter density reduces the small-scale CMB power. The matter
density also a↵ects the amount of lensing in the CMB spectra
and the amplitude of the CMB-lensing reconstruction spectrum.
The matter density is well constrained to be

⌦mh2 = 0.1430 ± 0.0011 (68 %, Planck TT,TE,EE
+lowE+lensing). (22)

The matter mostly consists of cold dark matter, with density con-
strained at the percent level:

⌦ch2 = 0.1200 ± 0.0012 (68 %, Planck TT,TE,EE
+lowE+lensing). (23)

Changes in the baryon density a↵ect the spectrum in character-
istic ways, modifying the relative heights of the even and odd
acoustic peaks, due to the e↵ect of baryons on the depth of first
and subsequent acoustic (de)compressions. Despite comprising
less than a sixth of the total matter content, the baryon e↵ects
on the power spectra are su�ciently distinctive that the baryon-
density parameter is measured at sub-percent level accuracy with
Planck:

⌦bh2 = 0.02237 ± 0.00015 (68 %, Planck TT,TE,EE
+lowE+lensing). (24)

There is a partial degeneracy with ns, which can also a↵ect the
relative heights of the first few peaks. This is most evident in
T E, but is reduced in TT because of the larger range of scales
that are measured by Planck with low noise.

3.6. Changes in the base-⇤CDM parameters between the
2015 and 2018 data releases

Figure 7 compares the parameters of the base-⇤CDM model
measured from the final data release with those reported in
PCP15. To di↵erentiate between changes caused by the new
lowE polarization likelihood, and therefore generated by the
change in the measured optical depth to reionization, we also
show the result of using the 2015 likelihoods in combination
with the 2018 lowE polarization likelihood at low multipoles.
Figure 7 includes the results for both Planck TT+lowE and
Planck TT,TE,EE+lowE.16

The main di↵erences in ⇤CDM parameters between the
2015 and the 2018 releases are caused by the following ef-
fects.

16The published 2015 parameter constraints and chains had a small
error in the priors for the polarization Galactic foregrounds, which was
subsequently corrected in the published likelihoods. The impact on cos-
mological parameters was very small. Here we compare with the uncor-
rected 2015 chains, not the published 2015 likelihood.

• New polarization low-` likelihood. The use of the new HFI
low-` polarization likelihood in place of the 2015 LFI likelihood
is the largest cause of shifts between the 2015 and 2018 param-
eters. The lowering and tightening of the constraint on ⌧ is re-
sponsible for a 1� decrease of ln(1010As) through the Ase�2⌧

degeneracy. This in turn decreases the smoothing due to gravi-
tational lensing at high multipoles, which is compensated by an
increase of about 1� in !c. This decreases the amplitude of the
first acoustic peak, so ns shifts to a lower value by about 0.5�
to restore power. Further adjustments are then achieved by the
changes of ✓⇤ and !b by about 0.5�.
• Polarization corrections in the high-` likelihood. As de-

scribed in detail in Sect. 2.2, the largest changes from 2015 are
caused by corrections applied to the polarization spectra. To iso-
late the causes of shifts introduced by changes in the high-` like-
lihood, Fig. 8 compares 2018 results neglecting corrections to
the polarization spectra with results from the 2015 high-` like-
lihood combined with the 2018 lowE likelihood (so that both
sets of results are based on similar constraints on ⌧). The shift
towards larger values in !b by around 1� is mainly caused by
the beam-leakage correction in the TE high-` likelihood, which
is also responsible for an increase of approximately 0.5� in ns,
compensating for the shift in ns as a result of the change in ⌧
since 2015. The beam-leakage correction also changes !c (by
�0.7�) and ✓MC (+0.7�). The other corrections implemented
in 2018 have a smaller impact on the ⇤CDM parameters, as de-
scribed in detail in Planck Collaboration V (2020).

Figure 9 presents the di↵erences between the coadded spec-
tra from 2018 and 2015. This plot shows the stability of the TT
spectra, while also demonstrating that the main di↵erences in po-
larization between the 2015 and 2018 releases are caused by the
2018 corrections for polarization e�ciencies and beam leakage.

4. Comparison with high-resolution experiments

As discussed in PCP13 and PCP15, Planck TT spectra are statis-
tically much more powerful than temperature data from current
high-resolution experiments such as the Atacama Cosmology
Telescope (ACT, e.g., Das et al. 2014) and the South Pole
Telescope (SPT, e.g., Story et al. 2013; George et al. 2015). As
a result, the Planck temperature data dominate if they are com-
bined with ACT and SPT data. In PCP15, the high-resolution
temperature data were used only to constrain low-amplitude
components of the foreground model, which are otherwise
weakly constrained by Planck data alone (with very little im-
pact on cosmological parameters). We adopt the same approach
in this paper.

Since the publication of PCP15, Hou et al. (2018) have per-
formed a direct map-based comparison of the SPT temperature
data at 150 GHz with the Planck 143-GHz maps over the same
area of sky (covering 2540 deg2), finding no evidence for any
systematic error in either data set after accounting for an over-
all di↵erence in calibration. Temperature power spectrum com-
parisons between Planck and SPT are reported in a companion
paper by Aylor et al. (2017). They find cosmological parameters
for base ⇤CDM derived from Planck and SPT over the same
patch of sky and multipole range to be in excellent agreement.
In particular, by comparing parameters determined over the mul-
tipole range 650–2000 from both experiments, the reduction in
sample variance allows a test that is sensitive to systematic er-
rors that could cause shifts in parameter posteriors comparable to
the widths of the PCP15 posteriors. The parameters determined
over the SPT sky area di↵er slightly, but not significantly, from
the best-fit ⇤CDM parameters reported in PCP15 based on a
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The natural (simple) way
Complete the SM field pattern with right-handed neutrinos

Figure from S. Alekhin et al., arXiv:1504.04855 [hep-ph]
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Neutrino masses and dark matter
Type-I seesaw mechanism: SM + gauge singlet fermions NI

After electroweak phase transition < Φ > = v ≃ 174 GeV
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Neutrino masses and dark matter
Type-I seesaw mechanism: SM + gauge singlet fermions NI

After electroweak phase transition < Φ > = v ≃ 174 GeV

The new fields NI can be viable DM candidates:

• No electromagnetic interactions


• Potentially long-lived


• Produced in the early Universe
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Figure 14: Constraints on sterile neutrino DM. The solid lines represent the most important constraints
that are largely model independent, i.e., they can be derived for a generic SM-singlet fermion N of mass
M and a mixing angle ✓ with SM neutrinos, without specification of the model that this DM candidate is
embedded in. The model independent phase space bound (solid purple line) is based on Pauli’s exclusion
principle (c.f. Section 3.1). The bounds based on the non-observation of X-rays from the decay N ! ⌫�
(violet area, see Section 3.2 for details) assume that the decay occurs solely through mixing with the active
neutrinos with the decay rate given by eq. (29). In the presence of additional interactions, these constraints
could be stronger, see e.g. [520]. All X-ray bounds have been smoothed and divided by a factor 2 to account
for the uncertainty in the DM density in the observed objects. They are compared to two estimates of the
ATHENA sensitivity made in ref. [234]. The blue square marks the interpretation of the 3.5 keV excess as
decaying sterile neutrino DM [184, 188]. All other constraints depend on the sterile neutrino production
mechanism. As an example, we here show di↵erent bounds that apply to thermally produced sterile
neutrino DM, cf. section 4.2. The correct DM density is produced for any point along black solid line
via the non-resonant mechanism due to ✓-suppressed weak interactions (24) alone (Section 4.2.1). Above
this line the abundance of sterile neutrinos would exceed the observed DM density. We have indicated
this overclosure bound by a solid line because it applies to any sterile neutrino, i.e., singlet fermion that
mixes with the SM neutrinos. It can only be avoided if one either assumes significant deviations from the
standard thermal history of the universe or considers a mechanism that suppresses the neutrino production
at temperatures of a few hundred MeV, well within the energy range that is testable in experiments, cf. e.g.
[521]. For parameter values between the solid black line and the dotted green line, the observed DM density
can be generated by resonantly enhanced thermal production (Section 4.2.2). Below the dotted green line
the lepton asymmetries required for this mechanism to work are ruled out because they would alternate the
abundances of light elements produced during BBN [584]. The dotted purple line represents the lower bound
from phase space arguments that takes into account primordial distribution of sterile neutrinos, depending on
the production mechanism [22]. As a structure formation bound we choose to display the conservative lower
bound on the mass of resonantly produced sterile neutrinos, based on the BOSS Lyman-↵ forest data [268]
(see Section 3.3 for discussion). The structure formation constraints depend very strongly on the production
mechanism (Section 4). The dashed red line shows the sensitivity estimate for the TRISTAN upgrade of the
KATRIN experiment (90% C.L., ignoring systematics, c.f. Section 5.2).
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Known solution: The νMSM
T. Asaka, S. Blanchet and M. Shaposhnikov, hep-ph/0503065  

T. Asaka and M. Shaposhnikov, hep-ph/0505013  
M. Shaposhnikov and I. Tkachev, hep-ph/0604236
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νMSM dark matter solution
Shi-Fuller mechanism: lepton number-driven 
resonant MSW conversion of active neutrinos  
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Can we think of other production 
mechanisms?

9

In experimental searches, HNL are looked for in W, Z mediated channels
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In principle we have the necessary ingredients for successful production of DM

• Parent particle in thermal 
equilibrium by EW interactions


• DM coupling suppressed by small 
active-sterile mixing
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Figure 1: Log-Log plot of the evolution of the relic yields for conventional freeze-
out (solid coloured) and freeze-in via a Yukawa interaction (dashed coloured) as a
function of x = m/T . The black solid line indicates the yield assuming equilibrium is
maintained, while the arrows indicate the e↵ect of increasing coupling strength for the
two processes. Note that the freeze-in yield is dominated by the epoch x ⇠ 2 � 5, in
contrast to freeze-out which only departs from equilibrium for x ⇠ 20� 30.

of the freeze-out mechanism is that for renormalisable couplings the yield is dominated by low
temperatures with freeze-out typically occurring at a temperature a factor of 20 � 25 below the
DM mass, and so is independent of the uncertain early thermal history of the universe and possible
new interactions at high scales.

Are there other possibilities, apart from freeze-out, where a relic abundance reflects a com-
bination of initial thermal distributions together with particle masses and couplings that can be
measured in the laboratory or astrophysically? In particular we seek cases, like the most attractive
form of freeze-out, where production is IR dominated by low temperatures of order the DM mass,
m, and is independent of unknown UV quantities, such as the reheat temperature after inflation.

In this paper we show that there is an alternate mechanism, “freeze-in”, with these features.
Suppose that at temperature T there is a set of bath particles that are in thermal equilibrium and
some other long-lived particle X, having interactions with the bath that are so feeble that X is
thermally decoupled from the plasma. We make the crucial assumption that the earlier history
of the universe makes the abundance of X negligibly small, whether by inflation or some other
mechanism. Although feeble, the interactions with the bath do lead to some X production and,
for renormalisable interactions, the dominant production of X occurs as T drops below the mass
of X (providing X is heavier than the bath particles with which it interacts). The abundance of
X “freezes-in” with a yield that increases with the interaction strength of X with the bath.

Freeze-in can be viewed as the opposite process to freeze-out. As the temperature drops below
the mass of the relevant particle, the DM is either heading away from (freeze-out) or towards
(freeze-in) thermal equilibrium. Freeze-out begins with a full T 3 thermal number density of DM
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Thermal effects suppress the rate
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Simplified scenario - Standard Model with only one leptonic generation: one active 
neutrino and its charged lepton partner and one SU(2) singlet Dirac sterile neutrino 

4

sterile neutrinos that are conjectured to provide a solution to the 7Li problem. This is with the caveat that
there seems to be tension among the various bounds available in the literature [79, 83]. Just as these heavier
neutrinos may decay by injecting energy into the plasma as the solution to this problem, we also conjecture that
they may also decay into lighter ≃ KeV sterile neutrinos, with a much smaller branching ratio, that could be
suitable candidates for warm dark matter.

To the best of our knowledge there has not yet been a systematic study of the full dynamics of production and
freeze-out obtaining the non equilibrium distribution functions of heavy sterile neutrinos with Ms ! fewMeV at the
scale T ≃ 100GeV with cosmological expansion. Our analysis is motivated by the possible cosmological relevance
of sterile neutrinos in a wide range of masses, and complements previous studies that focus on lower temperature
regimes.

II. MASS EIGENSTATES, DAMPING RATES AND MIXING ANGLES IN THE MEDIUM:

We consider the Standard Model with only one leptonic generation: one active neutrino and its charged lepton
partner and one SU(2) singlet Dirac sterile neutrino within a type-I see-saw scenario[90] to discuss the main aspects
in the simplest setting. This choice differs from other versions of the type-I see-saw that include only a right handed
Majorana neutrino. The important difference is that in the Majorana case there is no antineutrino contribution,
quantitatively this results in an overall factor 1/2 in the final abundances.
With one lepton doublet LL = (νaL, lL)T and one SU(2) singlet νs the Lagrangian density is

L = LSM + νs i ̸∂νs − Y LL Φ̃ νsR + h.c.−Msνs νs (II.1)

where Φ̃ = iτ2Φ∗ and Φ is the usual Higgs doublet. We consider temperatures sufficiently below the electroweak
crossover at Tew ≃ 160GeV that the Higgs expectation value is very nearly the zero temperature value. After
spontaneuous symmetry breaking and in unitary gauge the Yukawa coupling yields an off-diagonal Dirac mass term
m = Y ⟨Φ0⟩ that mixes νs and νa, neglecting the Higgs active-sterile coupling, since we will focus solely on production
via vector boson interactions, the Lagrangian density becomes

L = LSM + νs i ̸∂νs − να Mαβ νβ + h.c ; α,β = a, s , (II.2)

where a, s refer to active and sterile respectively and

M =

(
0 m
m Ms

)
. (II.3)

Introducing the “flavor” doublet (νa, νs) the diagonalization of the mass term M is achieved by a unitary transforma-
tion to the mass basis (ν1, ν2), namely

( νa
νs

)
= U(θ)

( ν1
ν2

)
; U(θ) =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)

, (II.4)

where

cos(2θ) =
Ms

[M2
s + 4m2]

1
2

; sin(2θ) =
2m

[M2
s + 4m2]

1
2

. (II.5)

In the mass basis

Mdiag = U−1(θ)MU(θ) =

(
M1 0
0 M2

)

; M1 =
1

2

[
Ms −

[
M2

s + 4m2
] 1

2

]
; M2 =

1

2

[
Ms +

[
M2

s + 4m2
] 1

2

]
. (II.6)

We focus on the case m ≪ Ms, therefore

M1 ≃ −m2

Ms
; M2 ≃ Ms ; sin(2θ) ≃ 2θ ≃ 2m

Ms
≪ 1 . (II.7)
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In the seesaw limit: m ≪ Ms

active ν DM
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Ψ = (νa
νs)Introducing the flavour doublet

The equations of motion in flavour basis are

5

We refer to the heavier mass eigenstate with M2 ≃ Ms as sterile-like and the lighter mass eigenstate with M1 ∝
m2/Ms as active-like, since these are primarily composed of the sterile and active “flavors” in the flavor basis.
We work in unitary gauge which exhibits the physical degrees of freedom of massive vector bosons in thermodynamic

equilibrium. The equations of motion were derived previously in references[92–94]. In particular, ref.[92] also includes
contributions from Yukawa couplings between the sterile neutrino and scalar fields, but we will not consider such
extension here as this implies a particular model for the origin of the mass matrix. Our focus here is to study the
sterile neutrino production solely from standard model interactions (charged and neutral currents) under the minimal
set of assumptions discussed above.
Introducing the flavor doublet ΨT = (νa, νs) the equation of motion in the flavor basis is[92–94](for details see the

appendix in ref.[93]).

(
i ̸∂ 1−M+Σt

L
)
Ψ(x⃗, t) +

∫
d3x′dt′ Σr(x⃗ − x⃗′, t− t′) LΨ(x⃗′, t′) = 0 (II.8)

where 1 is the identity matrix in flavor space and L = (1−γ5)/2 is the left-handed chiral projection operator. The full
one-particle irreducible self-energy includes local tadpole (Σt) and non-local dispersive (Σr(x⃗−x⃗′, t−t′)) contributions.
It is solely arising from standard model interactions to all orders and is diagonal in the flavor basis, namely

Σ ≡ Σ

(
1 0
0 0

)

. (II.9)

Furthermore in factoring out the projector L, the remaining self-energy is calculated in the vector-like theory. For
example, the one loop contributions to the self-energy are shown in fig.(1), this is the leading order contribution to
the self energy.

νa νa

Z0

l, νa · · ·

νa νaνa νa

Z0

νa νa νa l

W

(a) (b) (c)

FIG. 1: One loop contributions to the self-energy. The neutral current tadpole is proportional to the lepton (and quark)
asymmetry.

Introducing the space-time Fourier transform in a spatial volume V

Ψ(x⃗, t) =
1√
V

∑

q⃗

∫
dω eiq⃗·x⃗ e−iωtΨ̃(ω, q⃗) (II.10)

and similarly for the self-energy kernels, the effective Dirac equation in the flavor basis becomes[92–94] (see the
appendix in [93])

[
(
γ0ω − γ⃗ · q⃗

)
1−M+

(
Σt +Σ(ω, q⃗)

)
L

]

Ψ̃(ω, q⃗) = 0 , (II.11)

this equation of motion is exact, since the self-energy includes all order contributions in standard model couplings.
The bracket in (II.11) is the inverse or the retarded propagator whose poles in the complex plane determine the
dispersion relations and damping rates of the mass eigenstates in the medium.
The tadpole contribution Σt is local therefore it is independent of ω, q⃗, in (II.11) Σ(ω, q⃗), is the space-time Fourier

transform of Σr(x⃗− x⃗′, t− t′) and features a dispersive representation[92–94]

Σ(ω, q⃗) =
1

π

∫ ∞

−∞

dq0
ImΣ(q0, q⃗ )

q0 − ω − i 0+
. (II.12)

L. Lello, D. Boyanovsky and R. D. Pisarski, arXiv:1609.07647 [hep-ph]

Σ are the self-energy corrections, which are diagonal in flavour basis
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example, the one loop contributions to the self-energy are shown in fig.(1), this is the leading order contribution to
the self energy.

νa νa

Z0

l, νa · · ·

νa νaνa νa

Z0

νa νa νa l

W

(a) (b) (c)

FIG. 1: One loop contributions to the self-energy. The neutral current tadpole is proportional to the lepton (and quark)
asymmetry.

Introducing the space-time Fourier transform in a spatial volume V

Ψ(x⃗, t) =
1√
V

∑

q⃗

∫
dω eiq⃗·x⃗ e−iωtΨ̃(ω, q⃗) (II.10)

and similarly for the self-energy kernels, the effective Dirac equation in the flavor basis becomes[92–94] (see the
appendix in [93])

[
(
γ0ω − γ⃗ · q⃗

)
1−M+

(
Σt +Σ(ω, q⃗)

)
L

]

Ψ̃(ω, q⃗) = 0 , (II.11)

this equation of motion is exact, since the self-energy includes all order contributions in standard model couplings.
The bracket in (II.11) is the inverse or the retarded propagator whose poles in the complex plane determine the
dispersion relations and damping rates of the mass eigenstates in the medium.
The tadpole contribution Σt is local therefore it is independent of ω, q⃗, in (II.11) Σ(ω, q⃗), is the space-time Fourier

transform of Σr(x⃗− x⃗′, t− t′) and features a dispersive representation[92–94]

Σ(ω, q⃗) =
1

π

∫ ∞

−∞

dq0
ImΣ(q0, q⃗ )

q0 − ω − i 0+
. (II.12)

tadpole

The presence of Σ generally changes the mixing angle with respect to zero temperature
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Single generation production rates
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By computing the finite-temperature self 
energy one finally obtains the production rates
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For negative helicity we find

dn−
2 (τ, y)

dτ
≃

0.92 × 1016 θ2
(

Ms

MW

)4

y
[
ey + 1

] τ2 I−(τ, y)[(
M2

s

M2
W

+ J−(τ, y)
)2

+
(
I−(τ, y)

)2
] . (VII.8)

As both J−, I− decrease as the temperature decreases (and τ increases) there are two competing effects: the damping
rate ∝ I− decreases but the effective mixing angle increases as a result, for a fixed value of y = q/T the production
rate peaks as a function of τ and falls off sharply. We write (VII.8) as

dn−
2 (τ, y)

dτ
≡ 0.92 × 1016 θ2

( Ms

MW

)4
R−(y, τ) . (VII.9)

As discussed above, for Ms/MW < 10−2 we find numerically that R−(y, τ) is nearly independent of Ms. The form
(VII.9) separates the suppression factor from the effective mixing angle in terms of the prefactor θ2M4

s /M
4
w, whereas

for Ms/MW < 10−2 the function R−(y, τ) is insensitive to the value of Ms and only depends on standard model
couplings and vector boson masses. As τ increases (temperature decreases) the effective mixing angle increases
whereas the damping rate γ− decreases, therefore we expect that R−(y, τ) for fixed values of y to feature a peak as a
function τ . The analysis in the previous sections clarifies that for τ ≫ √

y the damping rate is exponentially suppressed
(see IV.30,IV.29) whereas the real part (index of refraction) falls off as 1/τ5 (see V.7) therefore the production rate
is exponentially suppressed at large τ as the mixing angle grows much slower. This entails the freeze out of the
distribution function.

FIG. 8: Rates R−(y, τ ) (see eqns. (VII.8) and (VII.9)) vs. τ for y = 0.5, 1, 3 respectively for Ms/MW = 10−4.

This expectation is borne out from the numerical study, figs.(8,9) shows R−(y, τ) for various values of y as a function
of τ and as a function of y for τ = 2, 5, 10. Numerically the case with Ms/MW = 10−4 is indistinguishable from
that setting Ms = 0 in the denominator of R− (see eqn. (VII.8)). These figures clearly show the “freeze-out” of the
distribution as a function of τ , as the rate vanishes for large τ , larger values of y freeze-out at larger τ but with much
smaller amplitudes. This feature is expected, the vector bosons are suppressed at smaller temperatures (larger τ)
and large values of y are further suppressed by the detailed balance factor 1/(ey + 1). Fig. (9) shows the “filling” of
the different wave-vectors: as time evolves larger y are populated but eventually larger values of y are suppressed by
the Fermi-Dirac factor neq(y). Assuming that the initial population vanishes at τ ≃ 1), the asymptotic distribution
function is given by

n−
2 (y) =

∫ ∞

1

dn−
2 (τ, y)

dτ
dτ = 0.92 × 1016 θ2

( Ms

MW

)4
F−(y) (VII.10)

where we have defined the frozen distribution

F−(y) =

∫ ∞

1
R−(y, τ) dτ (VII.11)
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of support in q0 given by (A.14-A.16) shows a remarkable phenomenon: the contributions (A.14,A.16) describe the
process of Landau damping[104], namely the process of emission and reabsorption of thermal excitations in the medium
that yields a branch cut below the light cone in the spectral density that vanishes at T = 0. These processes are the
equivalent of those described in ref.[104] for quarks interacting with gluons or electrons with photons. In these cases,
namely the exchange of massless vector bosons, the Landau damping cut ends at q0 = q, however, for massive vector
boson exchange the Landau damping cut below the light cone merges with the branch cut above the light cone given
by (A.15). The mass shell for an ultrarelativistic sterile-like neutrino falls right at the end of the Landau damping
cut and the beginning of the continuation above the light cone. It is precisely this point in the spectral density that
contributes to the damping rate of the ultrarelativistic sterile-like neutrino and vanishes for T = 0. Therefore, the
end point of the Landau damping cut yields the damping rate of the ultrarelativistic sterile-like neutrino which, in
turn, yields their production rate as a consequence of detailed balance as discussed above.
This contribution to (IV.8) yields

Im
[
A(q, q)∓B(q, q)

]
= −πg2

∫
d3k

(2π)3 4kWp
Lµν

[
Q±; k

]
Pµν

[
p
] [

nf(k) +Nb(Wp)
]
δ(Wp − q − k) , (IV.25)

which is precisely the expression for the rate Γ2 in the quantum kinetic equation (III.14) with ultrarelativistic neutrinos
and charged leptons1(up to the prefactor sin2(θ)). The helicity suppression factor arises similarly to the discussion
after (III.16).
For negative helicity the terms F1(q0 = q, q) = 1, F2(q0 = q, q) = 0 and with the definitions (II.52) we find for

negative (−) and positive (+) helicities respectively

ImΣ−(q) =
g2T

16π

M2

q2
ln

[
1 + e−M2/4qT

1− e−M2/4qT e−q/T

]

(IV.26)

ImΣ+(q) =
g2T

16π

{

ln

[
1 + e−M2/4qT

1− e−M2/4qT e−q/T

]

+
2T

q

∞∑

n=1

e−nM2/4qT

n2

(
e−n q/T − (−1)n

)}

. (IV.27)

These expressions clearly show the suppression for q ≪ M for M ≃ T as a consequence of the fact that the decay
products feature energy ≃ M/2. These results pertain generically to a vector boson of mass M, we must add the
contributions from the charged and neutral vector bosons with their respective masses and couplings. Anticipating
the study with cosmological expansion in the next sections we take as a reference mass that of the W vector boson
Mw and introduce the dimensionless variables

τ ≡ MW

T
; y =

q

T
(IV.28)

with the standard model relations (IV.3) and defining

L[τ, y] = ln

[
1 + e−τ2/4y

1− e−τ2/4y e−y

]

; σ[τ, y] =
2

y

∞∑

n=1

e−n τ2/4y

n2

(
e−ny − (−1)n

)
; c ≡ cos(θw) ≃ 0.88 (IV.29)

the sum of the contributions yield for γ∓(q) (II.55,II.56)

γ−(τ ; y) = MW
αw τ

y2

[
1

8
L[τ, y] +

1

16c4
L
[τ
c
, y
]
]

(IV.30)

γ+(τ ; y) = αw MW

( Ms

MW

)2 τ

4y2

{
1

8

(
L[τ, y] + σ(τ, y)

)
+

1

16c2

(
L
[τ
c
, y
]
+ σ[

τ

c
, y
])
}

. (IV.31)

The helicity suppression of the positive helicity rate γ+(q) is manifest in the ratio M2
s /M

2
W , this is expected on the

grounds that the typical momentum of the emitted neutrino is ≃ MW /2. As a function of y = q/T the rates feature
a maximum at ≃ τ2/8, they are displayed in figs. (2,3).

1 The lepton tensor Lµν is in terms of Q± that is divided by the energy of the relativistic neutrino (see the definitions (II.51)).
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MW

)2 τ

4y2
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1

8
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+

1
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(
L
[τ
c
, y
]
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τ

c
, y
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The helicity suppression of the positive helicity rate γ+(q) is manifest in the ratio M2
s /M

2
W , this is expected on the

grounds that the typical momentum of the emitted neutrino is ≃ MW /2. As a function of y = q/T the rates feature
a maximum at ≃ τ2/8, they are displayed in figs. (2,3).

1 The lepton tensor Lµν is in terms of Q± that is divided by the energy of the relativistic neutrino (see the definitions (II.51)).
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for which we need the result
∫ ∞

0
y2F−(y) dy ≡ N− = 2.287× 106 . (VII.13)

This integral is dominated by the region 0 < y ! 10, which freezes-out at τ ≃ 15, with the result that

∫∞

10 y2F−(y) dy
∫∞

0 y2F−(y) dy
= 3.9× 10−3 . (VII.14)

Normalizing the number density to that of one degree of freedom of an active massless neutrino decoupled in
equilibrium at the same temperature, namely

Nν =
T 3(t)

2π2

∫ ∞

0
neq(y) y

2 dy , (VII.15)

where neq(y) = 1/(ey + 1), we find

N−
2

Nν
= 285 θ2

( Ms

MeV

)4
, (VII.16)

this ratio is constant throughout the expansion history. It is clear that this mechanism of production will not yield a
thermalized species for Ms fewMeV and θ ≪ 10−4, under these conditions, we note that the approximation (VII.5)
of neglecting the build-up of the population in the quantum kinetic equation (VII.4) is consistent since the ratio
N−

2 /Nν ≪ 1.

Positive helicity for positive helicity we find

dn+
2 (τ, y)

dτ
≃ 0.92 × 1016 θ2

( Ms

MW

)2 τ2 I+(τ, y)

y
[
ey + 1

] , (VII.17)

where as discussed above we have used the approximate rate (VI.6). As for the negative helicity case it proves
convenient to write (VII.17) as

dn+
2 (τ, y)

dτ
≃ 0.92 × 1016 θ2

( Ms

MW

)2
R+(y, τ) ; R+(y, τ) =

τ2 I+(τ, y)

y
[
ey + 1

] , (VII.18)

where R+(τ, y) is read off (VII.17) and does not depend on Ms. Fig.(11) shows R+(τ, y) vs. y for τ = 1, 3, 5
respectively and fig. (12) shows R+(τ, y) vs. τ for y = 1, 3, 5 respectively. Together these figures show the “filling”
of higher momentum modes as the temperature decreases and the freeze-out of the distribution function for different
wavevectors. The larger values of y take longer to be populated and freeze out later, but their contribution is strongly
suppressed by the detailed balance factor 1/(ey + 1).
Similarly to the previous case, the asymptotic distribution function is

n+
2 (y) = 0.92 × 1016 θ2

( Ms

MW

)2
F+(y) ; F+(y) =

∫ ∞

1
R+(τ, y) dτ (VII.19)

The asymptotic distribution function F+
2 (y) is shown in fig. (13), it is dominated by the region 0 < y ! 8 with

∫∞

8 y2F+(y) dy
∫∞

0 y2F+(y) dy
= 3.3× 10−3 , (VII.20)

and freezes-out at τ ≃ 10 corresponding to a freeze-out temperature T+
f ≃ 8GeV.

We note that the distribution function for the positive helicity component is sharply peaked at small momenta
y ≈ 0.5 as compared to that for the negative helicity component which is much broader and peaks at y ≃ 2.5, namely
the positive helicity component yields a much colder distribution (compare figures (10 and 13)). The reason for this
discrepancy is the fact that the production rate for the negative helicity component features a competition between
a diminishing damping rate, but an increasing effective mixing angle as τ increases (temperature decreases). This
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FIG. 13: Asymptotic distribution function F+(y) eqn. (VII.19) vs. y = q/T .

FIG. 14: Total distribution function f(Ms, y) eqn. (VII.24) multiplied by y2 vs. y = q/T for Ms = 1; 10MeV.

If the sterile-like neutrino is stable, its comoving number density would remain constant and upon becoming non-
relativistic this species would contribute to dark matter a fraction given by[89]

F2 =
Ων2 h

2

ΩDM h2
=

Ms

7.4 eV

(gν2
gd

) ∫ ∞

0
n2(y) y

2 dy (VII.26)

where gν2 is the number of degrees of freedom for neutrinos of negative helicity, we will assume Dirac neutrinos in
which case gν2 = 2 accounting for neutrinos and anti-neutrinos (gν2 = 1 for Majorana neutrinos) and gd ≃ 100 is the
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FIG. 9: Rates R−(y, τ ) vs. y for τ = 2, 5, 10 respectively for Ms/MW = 10−4.

which is shown in fig. (10). Although we have set the lower limit τ = 1 for consistency in (VII.11), we find that
R−(y, τ) vanishes as τ → 0 and the lower limit can be effectively taken to τ = 0. A numerical study informs that
the region 0 < y ≤ 10 which features the largest contribution to the distribution function, freezes out at τf ≃ 15
corresponding to a freeze-out temperature for negative helicity modes T−

f = MW /τf ≃ 5GeV.

FIG. 10: Asymptotic distribution function F−(y) (see eqns. (VII.10),(VII.11)) vs. y.

The vanishing of F−(y) as y → 0 is a consequence of the vanishing of the imaginary part, and a direct consequence
of the decay kinematics in the medium, as explained above the y → 0 is dominated by the decay of vector bosons that
are highly boosted in the rest frame of the plasma, and the population of these states is highly suppressed at T ≃ MW .
The broadening of the distribution as compared to the damping rate (compare figures (4,10) is a consequence a longer
freeze-out time resulting from the competition between a decreasing damping rate I− and an increasing mixing angle,
the modes with higher y continue to populate as the mixing angle increases but eventually as modes with large values
of y are populated, their contribution is suppressed by the detailed balance factor neq(y). After freeze-out, the total
number density of negative helicity neutrinos produced, (equal to the total number of positive helicity antineutrinos
in absence of a lepton asymmetry) is given by

N−
2 =

T 3(t)

2π2

∫ ∞

0
n−
2 (y) y

2 dy , (VII.12)

By integrating these expressions the fraction of DM results
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number of ultrarelativistic degrees of freedom at decoupling (freeze-out) which occurs at Tf ≃ 5− 8GeV, yielding

F2 = 0.97
( θ2

10−8

)( Ms

MeV

)3
[

1 +
( Ms

8.35MeV

)2
]

. (VII.27)

The terms in the bracket are the contribution from the positive helicity and negative helicity respectively, the latter
dominates for Ms ≫ 8.35MeV.
It is clear from this expression that the sterile neutrinos produced by vector boson decay cannot yield a substantial

≃ KeV warm dark matter component, since the X-ray data constrains such component to the mass range ≃ fewKeV
and mixing angle θ2 ! 10−10[33–35, 43] which according to (VII.27) would yield a negligible abundance of such
species. However, accelerator and cosmological bounds[73, 81] allow for heavy sterile states with masses in the MeV
range and mixing angles ! 10−5, in fact these are the bounds used in the recent analysis of MeV sterile neutrinos as
possible solutions to the 7Li problem[74, 79] which we discuss further in section (VIII) below.
The results obtained above for the distribution and abundances constitute a lower bound, this is because we have

neglected any initial population and, as it will be discussed below, we expect other processes to yield sterile-like
neutrinos at various stages of the thermal history.

VIII. DISCUSSION

A. Validity of approximations

We have implemented several approximations to obtain the above results, which merit a discussion of their validity.

• Ultrarelativistic neutrinos: an obvious approximation for the active-like mass eigenstates, for the sterile-like
eigenstate this implies Ms/q ≪ 1. In the expanding cosmology this inequality is in terms of the physical
momentum qphys(t) = q/a(t) with q being the comoving momentum. Since y = qphys(t)/T (t) is a constant and
T (t) = MW /τ hence qphys(t) = yMW /τ . The inequality must be evaluated at freeze-out, therefore the condition
for the validity of the ultrarelativistic limit for sterile-line neutrinos is

yMW

Msτf
≫ 1, , (VIII.1)

in the range of the distribution function with the largest support. With τf ≃ 15 the condition (VIII.1) applies
to y " Ms/6GeV, which is fulfilled for y " 10−3 for Ms ≃ fewMeV. The distribution function is exponentially
suppressed at small y in both cases, therefore Ms ≃ fewMeV fulfills the criterion in almost the whole range but
for extremely small values of y which are suppressed both by the distribution and by phase space.

• θ ≪ 1, this approximation was used in expanding the square roots in (II.28) and extracting the dispersion
relations (II.39,II.42,II.43) and effective mixing angles (II.44). Assuming θ ≪ 1, the actual approximation is
(1 + (∆/ξ))2 + (γ/ξ)2 ≫ θ2 or in fact that θeff ≤ θ which is fulfilled in both cases. As was discussed above
in the negative helicity case the (MSW) resonance when 1 + ∆2/ξ ≃ 0 is actually “screened” by the term
γ2/ξ = (M2

W /M2
s )I

− which is actually ≫ 1 for MW /Ms > 102 suppressing the effective mixing angle θeff ≪ θ.
Therefore this approximation is consistent, namely assuming that the vacuum mixing angle is ≪ 1 implies that
the effective mixing angle is also ≪ 1 and the corrections are such that θ/θeff ≤ 1 .

• Active-like neutrinos in LTE: this approximation was invoked to obtain the neutral current contribution to the
self-energy with thermalized neutrinos in the intermediate state. For θ ≪ 1 → θeff ≪ 1 and cos(θeff ) ≃ 1
implying that the interaction vertices of active-like neutrinos are the usual standard model ones. This, in
turn implies the validity of the usual argument that leads to conclude that active neutrinos are in LTE down
to T ≃ MeV which is much smaller than the freeze-out temperature of sterile-like neutrinos Tf ≃ fewGeV.
Therefore this approximation is valid all throughout the region of production via vector boson decay and even
much lower temperatures down to the usual decoupling temperature ≃ MeV for weak interactions.

• Perturbative expansion: the validity of perturbation theory in describing sterile-like production and freeze-
out relies on two small dimensionless parameters: αw ≃ 1/32 and θ ≪ 1. Inspection of the ratio δωh

2 /ω2(q)
(see eqns. (II.39,II.42) clearly shows that this ratio is ≪ 1 for θeff ≪ 1, αw ≪ 1 and the ultrarelativistic
limit, confirming the validity of the perturbative expansion for the description of production and freeze-out of
sterile-like neutrinos.

These masses/mixings result in a too short-living sterile neutrino
L. Lello, D. Boyanovsky and R. D. Pisarski, arXiv:1609.07647 [hep-ph]
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Not really! This conclusion was derived in a simple toy model

If we want to explain neutrino masses, more ingredients are necessary

• Include multiple right-handed neutrinos: at least 3, two to 
generate neutrino masses and the other as DM candidate 

• Include the Higgs sector!

L = LSM + iNI /∂NI −
(
FαIℓαLφ̃NI +

MIJ

2
N c

INJ + h.c.

)
(1)

L = LSM + i νRi/∂νRi −
1

2

(
νcRiMijνRj + νRiM

†
ijν

c
Rj

)
− FαiℓαLφ̃νRi − F ∗

αiνRiφ̃
†ℓαL (2)

η∆B = (6.13± 0.03)× 10−10 (3)

1

Key differences

• RHN masses and Yukawa couplings relatively unconstrained 
(while gauge couplings and boson masses are fixed);


• RHN have direct couplings with the Higgs (additional 
production channels)


• Neutrinos are Majorana particles
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We consider increasing levels of complexity to single-out the relevant dynamics

sub-eV

keV

EW

Single flavour + DM 
candidate (toy 2 × 2 )

Single flavour + 3 RHN 
(ISS-4×4)

Type-I seesaw

Only production via gauge 
bosons is relevant (Higgs 

coupling proportional to mass)

HNL decay can be 
relevant, mixings 
constrained to a 
vanilla scenario

Fully reproduces 
oscillation data

originally in the proposal of the Dodelson-Widrow mechanism [1]. In this case the only relevant
parameters are the active-DM mixing and the DM mass. For the production through decays,
only weak-gauge bosons could produce a non-negligible amount of DM, given that the Higgs
couples to the rather light masses. Although previously studied in Ref. [21] in the context of
Dirac neutrinos, here we will instead consider them to be Majorana. When referring to this
simple case, we will call it the “toy 2 ⇥ 2” scenario, given that it could describe DM but not
account for neutrino masses and mixings.

• Introducing HNL in an ISS-like construction within the single family approximation. This is
inspired by Ref. [8] where it was found that the ISS(2,3) could simultaneously explain oscillation
data and the DM abundance through a keV-scale candidate. In our simplified one-family ISS,
we will thus have one light neutrino, the DM candidate, and a pair of almost degenerate HNL,
and thus refer to it as “ISS-4⇥4”. We choose the parameters to comply with current constraints
on mixing between the di↵erent species both for the DM and the heavy species, but point out
that this case does not explicitly reproduce oscillation data, although there is in principle enough
freedom when going to the full case to fit data. In any case it proves useful because it already
introduces the non-negligible coupling between the Higgs boson and the heavy neutrinos, as well
as the possible decay of heavy neutrinos into a gauge boson and the DM neutrino.

• Minimal type-I seesaw, fully reproducing oscillation data through the Casas-Ibarra parametrisa-
tion [50] from Eq. (3), with two almost degenerate HNL and the DM candidate. We choose the
type-I as the coupling between DM, HNL and the Higgs is parametrically di↵erent in terms of
Yukawa couplings to the one of the ISS. Additionally, we will first neglect the Higgs contribution
to fully study how the addition of HNL changes the production compared to the “toy 2 ⇥ 2”
scenario, and finally introduce also the Higgs contribution, which is non-negligible, and compare
with the results from the “ISS-4⇥ 4”.

Scenario Decay channels

Toy 2⇥ 2 W (Z) ! `↵(nl) + nDM

ISS 4⇥ 4 W (Z) ! `↵(nl) + nDM , H ! nl + nDM , nh ! H(Z) + nDM

Type-I seesaw w/o Higgs W (Z) ! `↵(nl) + nDM , nh ! Z + nDM

Type-I seesaw W (Z) ! `↵(nl) + nDM , H ! nl + nDM , nh ! H(Z) + nDM

Table 1: Summary of the possible DM production channels through two-body decays available in the
di↵erent cases we consider. Note that we assume here that the HNL (nh) are heavier than the Higgs.
In the opposite case, one could still have the decay H ! nh + nDM . The di↵erence between the
“ISS 4⇥ 4” and the full type-I seesaw is that in the latter the matrix structure of the couplings allows
for regimes in which cancellations between elements can allow for large couplings.

3 Production rates in thermal field theory

3.1 Formalism and strategy

We will make use of the real-time formalism of thermal QFT [51,52] in order to compute decay rates
and dispersion relations for the collective propagating modes in the plasma [49, 53, 54]. Our aim is
to generalise the results of Ref. [21] to any neutrino mass model which includes SM-singlet fermions,
without any assumption on the size of the mixing matrix elements, U↵i, or the neutrino masses. This
will allow to understand whether the presence of heavier neutrinos mixing with the DM can change
the picture described in Ref. [21] where only a light neutrino and the DM were considered.

In the real-time formalism we have a doubling of the degrees of freedom, such as the free propagator
becomes a 2⇥ 2 matrix. For a particle of mass m, taking the symmetric-Keldysh contour and in the
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• Minimal type-I seesaw, fully reproducing oscillation data through the Casas-Ibarra parametrisa-
tion [45] from Eq. (3), with two almost degenerate HNL and the DM candidate. We choose the
type-I as the coupling between DM, HNL and the Higgs is parametrically di↵erent in terms of
Yukawa couplings to the one of the ISS. Additionally, we will first neglect the Higgs contribution
to fully study how the addition of HNL changes the production compared to the “toy 2 ⇥ 2”
scenario, and finally introduce also the Higgs contribution, which is non-negligible, and compare
with the results from the “ISS-4⇥ 4”.

3 Production rates in thermal field theory

3.1 Formalism and strategy

We will make use of the real-time formalism of thermal QFT [46,47] in order to compute decay rates
and dispersion relations for the collective propagating modes in the plasma [44, 48, 49]. Our aim is
to generalise the results of Ref. [21] to any neutrino mass model which includes SM-singlet fermions,
without any assumption on the size of the mixing matrix elements, U↵i, or the neutrino masses. This
will allow to understand whether the presence of heavier neutrinos mixing with the DM can change
the picture described in Ref. [21] where only a light neutrino and the DM were considered.

In the real-time formalism we have a doubling of the degrees of freedom, such as the free propagator
becomes a 2⇥ 2 matrix. For a particle of mass m, taking the symmetric-Keldysh contour and in the
absence of a chemical potential, its components can be written as [48]
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with ⌘ = ±1 for bosons and fermions, respectively, and � is the inverse of the temperature of the
plasma. The factor d↵� encodes all the Lorentz structure of the propagator, and is given by
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Even if one has to deal with a matrix structure for the propagator, there are some relations between
the components of the propagators which can help simplify computations. In particular, the following
relation can be found between the retarded self-energy of a fermion, �R, and the (+�)-component of
the self-energy in the real-time formalism [48]:
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It is indeed the imaginary part of the retarded self-energy that will eventually be related to the
dumping rates of quasi-particle excitations in the plasma [48]. Regarding the real part of �R, it can
be obtained through the following dispersion relation [21]
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without any assumption on the size of the mixing matrix elements, U↵i, or the neutrino masses. This
will allow to understand whether the presence of heavier neutrinos mixing with the DM can change
the picture described in Ref. [21] where only a light neutrino and the DM were considered.

In the real-time formalism we have a doubling of the degrees of freedom, such as the free propagator
becomes a 2⇥ 2 matrix. For a particle of mass m, taking the symmetric-Keldysh contour and in the
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Even if one has to deal with a matrix structure for the propagator, there are some relations between
the components of the propagators which can help simplify computations. In particular, the following
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• Minimal type-I seesaw, fully reproducing oscillation data through the Casas-Ibarra parametrisa-
tion [45] from Eq. (3), with two almost degenerate HNL and the DM candidate. We choose the
type-I as the coupling between DM, HNL and the Higgs is parametrically di↵erent in terms of
Yukawa couplings to the one of the ISS. Additionally, we will first neglect the Higgs contribution
to fully study how the addition of HNL changes the production compared to the “toy 2 ⇥ 2”
scenario, and finally introduce also the Higgs contribution, which is non-negligible, and compare
with the results from the “ISS-4⇥ 4”.
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We will make use of the real-time formalism of thermal QFT [46,47] in order to compute decay rates
and dispersion relations for the collective propagating modes in the plasma [44, 48, 49]. Our aim is
to generalise the results of Ref. [21] to any neutrino mass model which includes SM-singlet fermions,
without any assumption on the size of the mixing matrix elements, U↵i, or the neutrino masses. This
will allow to understand whether the presence of heavier neutrinos mixing with the DM can change
the picture described in Ref. [21] where only a light neutrino and the DM were considered.

In the real-time formalism we have a doubling of the degrees of freedom, such as the free propagator
becomes a 2⇥ 2 matrix. For a particle of mass m, taking the symmetric-Keldysh contour and in the
absence of a chemical potential, its components can be written as [48]
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where f(k0) is the equilibrium distribution function given by
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with ⌘ = ±1 for bosons and fermions, respectively, and � is the inverse of the temperature of the
plasma. The factor d↵� encodes all the Lorentz structure of the propagator, and is given by
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1, for scalars,
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Even if one has to deal with a matrix structure for the propagator, there are some relations between
the components of the propagators which can help simplify computations. In particular, the following
relation can be found between the retarded self-energy of a fermion, �R, and the (+�)-component of
the self-energy in the real-time formalism [48]:
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It is indeed the imaginary part of the retarded self-energy that will eventually be related to the
dumping rates of quasi-particle excitations in the plasma [48]. Regarding the real part of �R, it can
be obtained through the following dispersion relation [21]
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Some relations exist that can simplify computations

• Minimal type-I seesaw, fully reproducing oscillation data through the Casas-Ibarra parametrisa-
tion [45] from Eq. (3), with two almost degenerate HNL and the DM candidate. We choose the
type-I as the coupling between DM, HNL and the Higgs is parametrically di↵erent in terms of
Yukawa couplings to the one of the ISS. Additionally, we will first neglect the Higgs contribution
to fully study how the addition of HNL changes the production compared to the “toy 2 ⇥ 2”
scenario, and finally introduce also the Higgs contribution, which is non-negligible, and compare
with the results from the “ISS-4⇥ 4”.

3 Production rates in thermal field theory

3.1 Formalism and strategy

We will make use of the real-time formalism of thermal QFT [46,47] in order to compute decay rates
and dispersion relations for the collective propagating modes in the plasma [44, 48, 49]. Our aim is
to generalise the results of Ref. [21] to any neutrino mass model which includes SM-singlet fermions,
without any assumption on the size of the mixing matrix elements, U↵i, or the neutrino masses. This
will allow to understand whether the presence of heavier neutrinos mixing with the DM can change
the picture described in Ref. [21] where only a light neutrino and the DM were considered.

In the real-time formalism we have a doubling of the degrees of freedom, such as the free propagator
becomes a 2⇥ 2 matrix. For a particle of mass m, taking the symmetric-Keldysh contour and in the
absence of a chemical potential, its components can be written as [48]
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Even if one has to deal with a matrix structure for the propagator, there are some relations between
the components of the propagators which can help simplify computations. In particular, the following
relation can be found between the retarded self-energy of a fermion, �R, and the (+�)-component of
the self-energy in the real-time formalism [48]:
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It is indeed the imaginary part of the retarded self-energy that will eventually be related to the
dumping rates of quasi-particle excitations in the plasma [48]. Regarding the real part of �R, it can
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• Minimal type-I seesaw, fully reproducing oscillation data through the Casas-Ibarra parametrisa-
tion [45] from Eq. (3), with two almost degenerate HNL and the DM candidate. We choose the
type-I as the coupling between DM, HNL and the Higgs is parametrically di↵erent in terms of
Yukawa couplings to the one of the ISS. Additionally, we will first neglect the Higgs contribution
to fully study how the addition of HNL changes the production compared to the “toy 2 ⇥ 2”
scenario, and finally introduce also the Higgs contribution, which is non-negligible, and compare
with the results from the “ISS-4⇥ 4”.

3 Production rates in thermal field theory

3.1 Formalism and strategy

We will make use of the real-time formalism of thermal QFT [46,47] in order to compute decay rates
and dispersion relations for the collective propagating modes in the plasma [44, 48, 49]. Our aim is
to generalise the results of Ref. [21] to any neutrino mass model which includes SM-singlet fermions,
without any assumption on the size of the mixing matrix elements, U↵i, or the neutrino masses. This
will allow to understand whether the presence of heavier neutrinos mixing with the DM can change
the picture described in Ref. [21] where only a light neutrino and the DM were considered.

In the real-time formalism we have a doubling of the degrees of freedom, such as the free propagator
becomes a 2⇥ 2 matrix. For a particle of mass m, taking the symmetric-Keldysh contour and in the
absence of a chemical potential, its components can be written as [48]
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Even if one has to deal with a matrix structure for the propagator, there are some relations between
the components of the propagators which can help simplify computations. In particular, the following
relation can be found between the retarded self-energy of a fermion, �R, and the (+�)-component of
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dumping rates of quasi-particle excitations in the plasma [48]. Regarding the real part of �R, it can
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From this dispersive form it follows that

Σ(ω, q⃗) = ReΣ(ω, q⃗) + i ImΣ(ω, q⃗) (II.13)

with

ReΣ(ω, q⃗) =
1

π

∫ ∞

−∞

dq0 P
[
ImΣ(q0, q⃗ )

q0 − ω

]

. (II.14)

The real part yields the “index of refraction” in the medium and the imaginary part determines the damping rate
of the single (quasi) particle excitations. The tadpole term must be calculated separately and does not feature a
dispersive representation.
Although in this article we will focus on the one-loop contributions to the self-energy from standard model charged

and neutral current interactions, the form of the equations of motion and the dispersive form of the self-energy (not
the tadpole) is generally valid in principle to all orders in standard model interactions which are of the V −A form.
A subtle but important conceptual issue arises in the neutral current contribution to the self-energy with internal

loop propagators for neutrinos. The propagators correspond to mass eigenstates, therefore in principle the pertur-
bative loop expansion should be carried out in the mass basis rather than in the flavor basis. Furthermore, if the
neutrino propagators describe neutrinos thermalized in the medium in terms of the equilibrium Fermi-Dirac distri-
bution function, not only these propagators correspond to mass (energy) eigenstates but also are assumed to be in
thermal equilibrium. We will assume the following: i) very small mixing angle θ ≪ 1 so that to leading order in this
mixing angle, the active-like mass eigenstate can be taken to be the active flavor eigenstate, ii) in the temperature
regime of interest in this article T ≃ MW,Z active (flavor) neutrinos are in (local) thermal equilibrium. Under these
assumptions (the validity of which will be confirmed later) we consider the internal loop propagators in the neutral
current contribution to be those of active neutrinos in thermal equilibrium to leading order in the mixing angle.
As a consequence of the V − A nature of the standard model couplings of neutrinos, Σ(ω, q⃗) has the general form

of a vector-like theory

Σt + Σ(ω, q⃗) ≡ γ0A(ω, q⃗)− γ⃗ · q̂ B(ω, q⃗) , (II.15)

and

Σt +Σ(ω, q⃗) = γ0
A(ω, q⃗)− γ⃗ · q̂ B(ω, q⃗) (II.16)

where in the flavor basis

A(ω, q⃗) =

(
A(ω, q⃗) 0

0 0

)

; B(ω, q⃗) =

(
B(ω, q⃗) 0

0 0

)

, (II.17)

The equations of motion simplify by projecting with L = (1 − γ5)/2;R = (1 + γ5)/2 and expanding in helicity
eigenstates. Following the steps of ref.[92] we write for the left (L) and right (R) fields

ΨL =
∑

h=±1

vh ⊗Ψh
L ; Ψh

L =

(
νha
νhs

)

L

, (II.18)

and

ΨR =
∑

h=±1

vh ⊗Ψh
R ; Ψh

R =

(
νha
νhs

)

R

, (II.19)

where the left and right handed doublets are written in the flavor basis, and vh are eigenstates of the helicity operator

ĥ(q̂) = γ0γ⃗ · q̂ γ5 = σ⃗ · q̂
(

1 0
0 1

)

(II.20)

namely,

σ⃗ · q̂ vh = h vh ; h = ±1 . (II.21)
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of the single (quasi) particle excitations. The tadpole term must be calculated separately and does not feature a
dispersive representation.
Although in this article we will focus on the one-loop contributions to the self-energy from standard model charged

and neutral current interactions, the form of the equations of motion and the dispersive form of the self-energy (not
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where the left and right handed doublets are written in the flavor basis, and vh are eigenstates of the helicity operator
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(

1 0
0 1

)

(II.20)

namely,
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They feature a dispersive representation
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as

⌃ij /

X

k

AikAkj�
R

k
, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�

R

k
as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃

(0)
� ~� · p̂⌃(1) + ⌃(2)

, (21)

with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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where Cij ⌘
P

↵=e,µ,⌧
U
†
i↵
U↵j and mi(j) are the di↵erent neutrino masses and the second line uses the

fact that neutrinos are Majorana. Using the propagators from Eq. (15), we obtain
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as
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k
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where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�

R

k
as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃

(0)
� ~� · p̂⌃(1) + ⌃(2)
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with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as
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k

AikAkj�
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k
, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�
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as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
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(0)
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with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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where Cij ⌘
P

↵=e,µ,⌧
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U↵j and mi(j) are the di↵erent neutrino masses and the second line uses the

fact that neutrinos are Majorana. Using the propagators from Eq. (15), we obtain
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fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as

⌃ij /
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k

AikAkj�
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k
, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�

R

k
as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃

(0)
� ~� · p̂⌃(1) + ⌃(2)

, (21)

with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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where Cij ⌘
P

↵=e,µ,⌧
U
†
i↵
U↵j and mi(j) are the di↵erent neutrino masses and the second line uses the

fact that neutrinos are Majorana. Using the propagators from Eq. (15), we obtain
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fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as

⌃ij /
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k

AikAkj�
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, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�
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as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃
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with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]

LH�⌫ ��
H

vH

X

i,j

Cijn̄i (miPL +mjPR)nj =

�
H

2vH

X

i,j

n̄i

⇥
Cij (miPL +mjPR) + C

⇤
ij (miPR +mjPL)

⇤
nj ,

(23)

where Cij ⌘
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↵=e,µ,⌧
U
†
i↵
U↵j and mi(j) are the di↵erent neutrino masses and the second line uses the

fact that neutrinos are Majorana. Using the propagators from Eq. (15), we obtain
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as

⌃ij /
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k

AikAkj�
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k
, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�

R
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as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃
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with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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where Cij ⌘
P

↵=e,µ,⌧
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U↵j and mi(j) are the di↵erent neutrino masses and the second line uses the

fact that neutrinos are Majorana. Using the propagators from Eq. (15), we obtain
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as
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k

AikAkj�
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, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�

R

k
as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃

(0)
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with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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where rµ ⌘ (p� q)µ and fB(F ) corresponds to the distribution function for bosons (fermions). To ease
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as
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, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�
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k
as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]
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corrections is that it directly includes all possible interactions with the plasma, as well as the correct
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where the variable !H has limits !
±
H

=
q

(p± q)2 +M
2
H
. Upon this change of variables, the latter

integrals become

I
(0)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

qq0

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(1)

⌘
1

p2

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

(p0q0 � pµ̃) [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(2)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

(32)

where µ̃ =
�
p
2
0 +m

2
k
� p

2
�M

2
H

�
/(2p) is an energy variable introduced in order to better identify the

regions of support of the � functions in Eq. (30), as detailed in Appendix A (and not to be confused
with the LNV scale introduced in Section 2.2).

3.3 Gauge (Z) contribution

The interaction between massive neutrinos and the Z boson is given by

LZ�⌫ �
g

2cW

X

i,j

Cijn̄i�
µ
PLnjZµ =

g

4cW

X

i,j

n̄i

⇥
Cij�

µ
PL � C

⇤
ij�

µ
PR

⇤
njZµ, (33)

with g the SU(2)L coupling constant and cW ⌘ cos ✓W the cosine of the weak mixing angle. Just
like in the Higgs case, the second equality holds when neutrinos are Majorana. Following the same
procedure as in Section 3.2, we arrive at

I (⌃ij) =

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3
1

4!k!Z

[1 + fB(r0)� fF (q0)]

1

4
�
µ
��

Ckj/q � C
⇤
kj
mk

�
Cik�

⌫
PL +

�
C

⇤
kj/q � Ckjmk

�
C

⇤
ik
�
⌫
PR

 ✓
�⌘µ⌫ +

rµr⌫

M
2
Z

◆

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(34)

with !Z ⌘

q
(~p� ~q)2 +M

2
Z
and �

µ the Dirac gamma matrices. Using the relations from Eq. (22) we

find

I

⇣
⌃(I)
ij

⌘ ����
L(R)

=

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3

P(I)
L(R)

4!k!Z

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(35)

where the “prefactors” P(I)
L(R) are given by

P(I)
L

=

8
><

>:

1
4CikCkj [A0(p0)p0 +B(p0)q0] , for I = 0,

�
1
8pCikCkj [A1(p0) + 2p0B(p0)q0] , for I = 1,

3
2CikC

⇤
kj
mk, for I = 2.

, (36)

with the functions A0, A1 and B given below

A0(p0) ⌘
p
2
0 � p

2
�M

2
Z
�m

2
k

M
2
Z

,

B(p0) ⌘ 1�A0(p0),

A1(p0) ⌘ p
2 +M

2
Z � p

2
0 �m

2
k
+A0(p0)

⇥
p
2 +m

2
k
�M

2
Z + p

2
0

⇤
.

(37)
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where rµ ⌘ (p� q)µ and fB(F ) corresponds to the distribution function for bosons (fermions). To ease

the notation, we have defined A
L

ij
⌘

1
2

⇣
Cijmi + C

⇤
ij
mj

⌘
and A

R

ij
=

⇣
A

L

ij

⌘⇤
. From this expression we

readily obtain

I (⌃ij) =
⇡

v
2
H

X

k

Z
d
4
q

(2⇡)3
[1 + fB(r0)� fF (q0)] "(q0)"(r0)

⇥�
A

R

kj/q +A
L

kj
mk

�
A

L

ik
PL +

�
A

L

kj/q +A
R

kj
mk

�
A

R

ik
PR

⇤
�(q2 �m

2
k
)�(r2 �M

2
H),

(25)

which can be furthered simplified by decomposing the Dirac delta functions as

�(q2 �m
2
k
) =

1

2!k

[�(q0 � !k) + �(q0 + !k)] , (26)

with10 !k ⌘

q
~q2 �m

2
k
, leading to

I (⌃ij) =
⇡

v
2
H

"(p0)
X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3
1

4!k!H

[1 + fB(r0)� fF (q0)]

⇥�
A

R

kj/q +A
L

kj
mk

�
A

L

ik
PL +

�
A

L

kj/q +A
R

kj
mk

�
A

R

ik
PR

⇤

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] .

(27)

Notice that the latter expression agrees with Ref. [52] in the limit mi(j) ! 0.
Projecting the self-energy matrix as prescribed in Eq. (22) we obtain

I

⇣
⌃(I)
ij

⌘ ����
L(R)

=
⇡

v
2
H

"(p0)
X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3

⇠
(I)
L(R)

4!k!H

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

(28)

where the sub-index L(R) corresponds to the di↵erent chiralities and the “prefactors” ⇠
(I)
L(R) are

⇠
(I)
L

=

8
><

>:

A
R

kj
A

L

ik
q0, for I = 0,

�A
R

kj
A

L

ik

~p·~q
|~p| , for I = 1,

A
L

kj
A

L

ik
, for I = 2,

(29)

while one can notice that ⇠
(I)
R

=
⇣
⇠
(I)
L

⌘⇤
. Thanks to this decomposition, we can obtain I

⇣
⌃(I)
ij

⌘
in

terms of some constant pre-factors and the following three master integrals11

I
(0)

⌘

Z
d
4
q

(2⇡)3
q0

4!k!H

[1 + fB(r0)� fF (q0)] [�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(1)

⌘
1

p

Z
d
4
q

(2⇡)3
~p · ~q

4!k!H

[1 + fB(r0)� fF (q0)] [�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(2)

⌘

Z
d
4
q

(2⇡)3
1

4!k!H

[1 + fB(r0)� fF (q0)] [�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] .

(30)
It will prove useful to change variables as

Z
d
3
q =

Z
q
2
dqd'd(cos ✓) = �

Z
q

p
!Hdqd'd!H , (31)

10Similarly, for �(r2 �M
2
H) we would have !H =

p
(~p� ~q)2 +M2

H
.

11From now on to ease notation we write p ⌘ |~p|.

11

where the variable !H has limits !
±
H

=
q
(p± q)2 +M

2
H
. Upon this change of variables, the latter

integrals become

I
(0)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

qq0

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(1)

⌘
1

p2

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

(p0q0 � pµ̃) [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(2)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

(32)

where µ̃ =
�
p
2
0 +m

2
k
� p

2
�M

2
H

�
/(2p) is an energy variable introduced in order to better identify the

regions of support of the � functions in Eq. (30), as detailed in Appendix A (and not to be confused
with the LNV scale introduced in Section 2.2).

3.3 Gauge (Z) contribution

The interaction between massive neutrinos and the Z boson is given by

LZ�⌫ �
g

2cW

X

i,j

Cijn̄i�
µ
PLnjZµ =

g

4cW

X

i,j

n̄i

⇥
Cij�

µ
PL � C

⇤
ij�

µ
PR

⇤
njZµ, (33)

with g the SU(2)L coupling constant and cW ⌘ cos ✓W the cosine of the weak mixing angle. Just
like in the Higgs case, the second equality holds when neutrinos are Majorana. Following the same
procedure as in Section 3.2, we arrive at

I (⌃ij) =

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3
1

4!k!Z

[1 + fB(r0)� fF (q0)]

1

4
�
µ
��

Ckj/q � C
⇤
kj
mk

�
Cik�

⌫
PL +

�
C

⇤
kj/q � Ckjmk

�
C

⇤
ik
�
⌫
PR

 ✓
�⌘µ⌫ +

rµr⌫

M
2
Z

◆

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(34)

with !Z ⌘

q
(~p� ~q)2 +M

2
Z
and �

µ the Dirac gamma matrices. Using the relations from Eq. (22) we

find

I

⇣
⌃(I)
ij

⌘ ����
L(R)

=

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3

P(I)
L(R)

4!k!Z

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(35)

where the “prefactors” P(I)
L(R) are given by

P(I)
L

=

8
><

>:

1
4CikCkj [A0(p0)p0 +B(p0)q0] , for I = 0,

�
1
8pCikCkj [A1(p0) + 2p0B(p0)q0] , for I = 1,

3
2CikC

⇤
kj
mk, for I = 2.

, (36)

with the functions A0, A1 and B given below

A0(p0) ⌘
p
2
0 � p

2
�M

2
Z
�m

2
k

M
2
Z

,

B(p0) ⌘ 1�A0(p0),

A1(p0) ⌘ p
2 +M

2
Z � p

2
0 �m

2
k
+A0(p0)

⇥
p
2 +m

2
k
�M

2
Z + p

2
0

⇤
.

(37)
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where the variable !H has limits !
±
H

=
q
(p± q)2 +M

2
H
. Upon this change of variables, the latter

integrals become

I
(0)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

qq0

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(1)

⌘
1

p2

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

(p0q0 � pµ̃) [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(2)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

(32)

where µ̃ =
�
p
2
0 +m

2
k
� p

2
�M

2
H

�
/(2p) is an energy variable introduced in order to better identify the

regions of support of the � functions in Eq. (30), as detailed in Appendix A (and not to be confused
with the LNV scale introduced in Section 2.2).

3.3 Gauge (Z) contribution

The interaction between massive neutrinos and the Z boson is given by

LZ�⌫ �
g

2cW

X

i,j

Cijn̄i�
µ
PLnjZµ =

g

4cW

X

i,j

n̄i

⇥
Cij�

µ
PL � C

⇤
ij�

µ
PR

⇤
njZµ, (33)

with g the SU(2)L coupling constant and cW ⌘ cos ✓W the cosine of the weak mixing angle. Just
like in the Higgs case, the second equality holds when neutrinos are Majorana. Following the same
procedure as in Section 3.2, we arrive at

I (⌃ij) =

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3
1

4!k!Z

[1 + fB(r0)� fF (q0)]

1

4
�
µ
��

Ckj/q � C
⇤
kj
mk

�
Cik�

⌫
PL +

�
C

⇤
kj/q � Ckjmk

�
C

⇤
ik
�
⌫
PR

 ✓
�⌘µ⌫ +

rµr⌫

M
2
Z

◆

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(34)

with !Z ⌘

q
(~p� ~q)2 +M

2
Z
and �

µ the Dirac gamma matrices. Using the relations from Eq. (22) we

find

I

⇣
⌃(I)
ij

⌘ ����
L(R)

=

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3

P(I)
L(R)

4!k!Z

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(35)

where the “prefactors” P(I)
L(R) are given by

P(I)
L

=

8
><

>:

1
4CikCkj [A0(p0)p0 +B(p0)q0] , for I = 0,

�
1
8pCikCkj [A1(p0) + 2p0B(p0)q0] , for I = 1,

3
2CikC

⇤
kj
mk, for I = 2.

, (36)

with the functions A0, A1 and B given below

A0(p0) ⌘
p
2
0 � p

2
�M

2
Z
�m

2
k

M
2
Z

,

B(p0) ⌘ 1�A0(p0),

A1(p0) ⌘ p
2 +M

2
Z � p

2
0 �m

2
k
+A0(p0)

⇥
p
2 +m

2
k
�M

2
Z + p

2
0

⇤
.

(37)
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as

⌃ij /

X

k

AikAkj�
R

k
, (20)

where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
index k runs over mass eigenstates. Thus, we can still make use of the dispersion relation for �k

in order to find the real and imaginary parts of ⌃. Given that the couplings Aij do not depend on
momenta, in the following we can use the relation from Eq. (18) including them in Eq. (20). When
Aij 2 R, this quantity will be directly Im⌃ij , but this will not necessarily be the case. Thus, in the
following we will dub the product AikAkjIm�

R

k
as I (⌃ij) and AikAkjRe�R

k
will be R (⌃ij). It is easy

to note that R (⌃ij) + iI (⌃ij) = Re⌃ij + iIm⌃ij , which is the final quantity we are interested in.
On general grounds, in the following, we will decompose the self-energy as (suppressing generation

indices to ease the notation)
⌃ = �0⌃

(0)
� ~� · p̂⌃(1) + ⌃(2)

, (21)

with p̂ an unit vector in the direction of the momentum ~p. Thanks to this decomposition, we will be
able to project ⌃ and work with the scalar functions ⌃(I) instead, obtained as

⌃(0) =
1

4
Tr

⇥
�
0⌃

⇤
, ⌃(1) =

1

4
Tr [p̂ · ~�⌃] , and⌃(2) =

1

4
Tr [⌃] . (22)

When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
once the one-loop self-energy corrections are computed, the rate at which a species in the plasma
reaches equilibrium will be given by the imaginary part of the self-energy. This is precisely the
quantity we are interested in within the freeze-in framework. The advantage of using the one-loop
corrections is that it directly includes all possible interactions with the plasma, as well as the correct
dependence with temperature and momenta for the production rates.

3.2 Higgs contribution

We study here the thermal self-energy contribution from the Higgs boson coupling, which after SSB
can be written as [51]

LH�⌫ ��
H

vH

X

i,j

Cijn̄i (miPL +mjPR)nj =

�
H

2vH

X

i,j

n̄i

⇥
Cij (miPL +mjPR) + C

⇤
ij (miPR +mjPL)

⇤
nj ,

(23)

where Cij ⌘
P

↵=e,µ,⌧
U
†
i↵
U↵j and mi(j) are the di↵erent neutrino masses and the second line uses the

fact that neutrinos are Majorana. Using the propagators from Eq. (15), we obtain

i⌃(+�)
ij

=�
2⇡

v
2
H

e
�p0
2 fF (p0)

X

k

Z
d
4
q

(2⇡)3
[1 + fB(r0)� fF (q0)] "(q0)"(r0)

⇥�
A

R

kj/q +A
L

kj
mk

�
A

L

ik
PL +

�
A

L

kj/q +A
R

kj
mk

�
A

R

ik
PR

⇤
�(q2 �m

2
k
)�(r2 �M

2
H),

(24)
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where the variable !H has limits !
±
H

=
q
(p± q)2 +M

2
H
. Upon this change of variables, the latter

integrals become

I
(0)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

qq0

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(1)

⌘
1

p2

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

(p0q0 � pµ̃) [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

I
(2)

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
H

!
�
H

d!H

q

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,

(32)

where µ̃ =
�
p
2
0 +m

2
k
� p

2
�M

2
H

�
/(2p) is an energy variable introduced in order to better identify the

regions of support of the � functions in Eq. (30), as detailed in Appendix A (and not to be confused
with the LNV scale introduced in Section 2.2).

3.3 Gauge (Z) contribution

The interaction between massive neutrinos and the Z boson is given by

LZ�⌫ �
g

2cW

X

i,j

Cijn̄i�
µ
PLnjZµ =

g

4cW

X

i,j

n̄i

⇥
Cij�

µ
PL � C

⇤
ij�

µ
PR

⇤
njZµ, (33)

with g the SU(2)L coupling constant and cW ⌘ cos ✓W the cosine of the weak mixing angle. Just
like in the Higgs case, the second equality holds when neutrinos are Majorana. Following the same
procedure as in Section 3.2, we arrive at

I (⌃ij) =

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3
1

4!k!Z

[1 + fB(r0)� fF (q0)]

1

4
�
µ
��

Ckj/q � C
⇤
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mk

�
Cik�

⌫
PL +

�
C

⇤
kj/q � Ckjmk

�
C

⇤
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�
⌫
PR
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�⌘µ⌫ +

rµr⌫

M
2
Z

◆

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(34)

with !Z ⌘

q
(~p� ~q)2 +M

2
Z
and �

µ the Dirac gamma matrices. Using the relations from Eq. (22) we

find

I

⇣
⌃(I)
ij

⌘ ����
L(R)

=

✓
g

2cW

◆2

⇡

X

k

Z 1

�1
dq0

Z
d
3
q

(2⇡)3

P(I)
L(R)

4!k!Z

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(35)

where the “prefactors” P(I)
L(R) are given by

P(I)
L

=

8
><

>:

1
4CikCkj [A0(p0)p0 +B(p0)q0] , for I = 0,

�
1
8pCikCkj [A1(p0) + 2p0B(p0)q0] , for I = 1,

3
2CikC

⇤
kj
mk, for I = 2.

, (36)

with the functions A0, A1 and B given below

A0(p0) ⌘
p
2
0 � p

2
�M

2
Z
�m

2
k

M
2
Z

,

B(p0) ⌘ 1�A0(p0),

A1(p0) ⌘ p
2 +M

2
Z � p

2
0 �m

2
k
+A0(p0)

⇥
p
2 +m

2
k
�M

2
Z + p

2
0

⇤
.

(37)
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The prefactors P(I)
R

can be obtained by changing Cij ! C
⇤
ij
in the expressions of P(I)

L
. Thus, we can

define the following master integrals for the Z gauge boson case12

I
(0)
Z

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
Z

!
�
Z

d!Z

q

(2⇡)24!k

[A0(p0)p0 +B(p0)q0] [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

I
(1)
Z

⌘
1

p2

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
Z

!
�
Z

d!Z

q

2(2⇡)24!k

[A1(p0) + 2p0B(p0)q0] [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

I
(2)
Z

= I
(2) (!H ! !Z) .

(38)

3.4 W -boson contribution

The interaction for the W -boson when including HNL is given by

LW�⌫ �
g
p
2

X

i,↵

U↵i
¯̀
↵�

µ
PLniW

�
µ + h.c., (39)

Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
making the changes g/(2cW ) ! g/

p
2, MZ ! MW , mk ! m` ⇠ 013 and

P
k
CikCkj ! 2

P
↵
U
†
i↵
U↵j =

2Cij , and noticing that in the W case we get P(I)
R

= 0 and P(2)
L

= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.

3.5 Propagating states in the medium

Given the self-energy corrections to the propagator, written on full generality as14

/⌃(p0) =
⇣
�0⌃

(0)
L

� ~� · p̂⌃(1)
L

+ ⌃(2)
L

⌘
PL +

⇣
�0⌃

(0)
R

� ~� · p̂⌃(1)
R

+ ⌃(2)
R

⌘
PR, (40)

we are interested in finding the propagating states in the medium, which follow Dirac’s equation
�
/p�M+ /⌃(p0)

�
 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]

 ̃ =
X

h=±1

v
h
⌦

✓
'
h

⇣
h

◆
, ~� · p̂v

h = hv
h
, (42)

where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations

h
p0 + ⌃

(0)
R

� hp� h⌃(1)
R

i
⇣
h
�

⇣
M+ ⌃(2)

L

⌘
'
h = 0,

h
p0 + ⌃

(0)
L

+ hp+ h⌃(1)
L

i
'
h
�

⇣
M+ ⌃(2)

R

⌘
⇣
h = 0.

(43)

From the first line in Eq. (43) we can solve for ⇣h as

⇣
h =

h
p0 + ⌃

(0)
R

� hp� h⌃(1)
R

i�1 ⇣
M+ ⌃(2)

L

⌘
'
h
, (44)

12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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where the variable !H has limits !
±
H

=
q

(p± q)2 +M
2
H
. Upon this change of variables, the latter

integrals become

I
(0)

⌘
1

p
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dq0
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0
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Z
!
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�
H
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qq0

(2⇡)24!k
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q
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(32)

where µ̃ =
�
p
2
0 +m

2
k
� p

2
�M

2
H

�
/(2p) is an energy variable introduced in order to better identify the

regions of support of the � functions in Eq. (30), as detailed in Appendix A (and not to be confused
with the LNV scale introduced in Section 2.2).

3.3 Gauge (Z) contribution

The interaction between massive neutrinos and the Z boson is given by

LZ�⌫ �
g

2cW

X

i,j

Cijn̄i�
µ
PLnjZµ =

g

4cW

X

i,j

n̄i

⇥
Cij�

µ
PL � C

⇤
ij�

µ
PR

⇤
njZµ, (33)

with g the SU(2)L coupling constant and cW ⌘ cos ✓W the cosine of the weak mixing angle. Just
like in the Higgs case, the second equality holds when neutrinos are Majorana. Following the same
procedure as in Section 3.2, we arrive at

I (⌃ij) =
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⇡
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k
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�1
dq0

Z
d
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q
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⇤
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�⌘µ⌫ +

rµr⌫
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2
Z

◆

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(34)

with !Z ⌘

q
(~p� ~q)2 +M

2
Z
and �

µ the Dirac gamma matrices. Using the relations from Eq. (22) we

find
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L(R)

=
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[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(35)

where the “prefactors” P(I)
L(R) are given by

P(I)
L

=

8
><

>:

1
4CikCkj [A0(p0)p0 +B(p0)q0] , for I = 0,

�
1
8pCikCkj [A1(p0) + 2p0B(p0)q0] , for I = 1,

3
2CikC

⇤
kj
mk, for I = 2.

, (36)

with the functions A0, A1 and B given below

A0(p0) ⌘
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2
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2
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2
Z
�m

2
k

M
2
Z

,

B(p0) ⌘ 1�A0(p0),

A1(p0) ⌘ p
2 +M

2
Z � p

2
0 �m

2
k
+A0(p0)

⇥
p
2 +m

2
k
�M

2
Z + p

2
0

⇤
.

(37)
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with prefactors

where the variable !H has limits !
±
H

=
q

(p± q)2 +M
2
H
. Upon this change of variables, the latter

integrals become
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!
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qq0

(2⇡)24!k

[1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !H)� �(r0 + !H)] ,
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[1 + fB(r0)� fF (q0)]
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(32)

where µ̃ =
�
p
2
0 +m

2
k
� p

2
�M

2
H

�
/(2p) is an energy variable introduced in order to better identify the

regions of support of the � functions in Eq. (30), as detailed in Appendix A (and not to be confused
with the LNV scale introduced in Section 2.2).

3.3 Gauge (Z) contribution

The interaction between massive neutrinos and the Z boson is given by

LZ�⌫ �
g

2cW

X

i,j

Cijn̄i�
µ
PLnjZµ =

g

4cW

X
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⇥
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⇤
ij�

µ
PR

⇤
njZµ, (33)

with g the SU(2)L coupling constant and cW ⌘ cos ✓W the cosine of the weak mixing angle. Just
like in the Higgs case, the second equality holds when neutrinos are Majorana. Following the same
procedure as in Section 3.2, we arrive at
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[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

(34)

with !Z ⌘

q
(~p� ~q)2 +M

2
Z
and �

µ the Dirac gamma matrices. Using the relations from Eq. (22) we

find
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(35)

where the “prefactors” P(I)
L(R) are given by
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=
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4CikCkj [A0(p0)p0 +B(p0)q0] , for I = 0,

�
1
8pCikCkj [A1(p0) + 2p0B(p0)q0] , for I = 1,

3
2CikC

⇤
kj
mk, for I = 2.

, (36)

with the functions A0, A1 and B given below
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ForThe prefactors P(I)
R

can be obtained by changing Cij ! C
⇤
ij
in the expressions of P(I)

L
. Thus, we can

define the following master integrals for the Z gauge boson case12

I
(0)
Z

⌘
1

p

Z 1

�1
dq0

Z 1

0
dq

Z
!
+
Z

!
�
Z

d!Z

q

(2⇡)24!k

[A0(p0)p0 +B(p0)q0] [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

I
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⌘
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dq0
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dq

Z
!
+
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q

2(2⇡)24!k

[A1(p0) + 2p0B(p0)q0] [1 + fB(r0)� fF (q0)]

[�(q0 � !k)� �(q0 + !k)] [�(r0 � !Z)� �(r0 + !Z)] ,

I
(2)
Z

= I
(2) (!H ! !Z) .

(38)

3.4 W -boson contribution

The interaction for the W -boson when including HNL is given by

LW�⌫ �
g
p
2

X

i,↵

U↵i
¯̀
↵�

µ
PLniW

�
µ + h.c., (39)

Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
making the changes g/(2cW ) ! g/

p
2, MZ ! MW , mk ! m` ⇠ 013 and

P
k
CikCkj ! 2

P
↵
U
†
i↵
U↵j =

2Cij , and noticing that in the W case we get P(I)
R

= 0 and P(2)
L

= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.

3.5 Propagating states in the medium

Given the self-energy corrections to the propagator, written on full generality as14

/⌃(p0) =
⇣
�0⌃

(0)
L

� ~� · p̂⌃(1)
L

+ ⌃(2)
L

⌘
PL +

⇣
�0⌃

(0)
R

� ~� · p̂⌃(1)
R

+ ⌃(2)
R

⌘
PR, (40)

we are interested in finding the propagating states in the medium, which follow Dirac’s equation
�
/p�M+ /⌃(p0)

�
 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]

 ̃ =
X

h=±1

v
h
⌦

✓
'
h

⇣
h

◆
, ~� · p̂v

h = hv
h
, (42)

where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations

h
p0 + ⌃

(0)
R

� hp� h⌃(1)
R

i
⇣
h
�

⇣
M+ ⌃(2)

L

⌘
'
h = 0,

h
p0 + ⌃

(0)
L

+ hp+ h⌃(1)
L

i
'
h
�

⇣
M+ ⌃(2)

R

⌘
⇣
h = 0.

(43)

From the first line in Eq. (43) we can solve for ⇣h as

⇣
h =

h
p0 + ⌃

(0)
R

� hp� h⌃(1)
R

i�1 ⇣
M+ ⌃(2)

L

⌘
'
h
, (44)

12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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The prefactors P(I)
R

can be obtained by changing Cij ! C
⇤
ij
in the expressions of P(I)

L
. Thus, we can

define the following master integrals for the Z gauge boson case12
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3.4 W -boson contribution

The interaction for the W -boson when including HNL is given by
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X
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µ
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µ + h.c., (39)

Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
making the changes g/(2cW ) ! g/

p
2, MZ ! MW , mk ! m` ⇠ 013 and

P
k
CikCkj ! 2

P
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U
†
i↵
U↵j =

2Cij , and noticing that in the W case we get P(I)
R

= 0 and P(2)
L

= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.

3.5 Propagating states in the medium

Given the self-energy corrections to the propagator, written on full generality as14
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
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/p�M+ /⌃(p0)
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 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]
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h
, (42)

where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations
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From the first line in Eq. (43) we can solve for ⇣h as
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12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Can be derived from Z contribution

The prefactors P(I)
R

can be obtained by changing Cij ! C
⇤
ij
in the expressions of P(I)

L
. Thus, we can

define the following master integrals for the Z gauge boson case12
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3.4 W -boson contribution

The interaction for the W -boson when including HNL is given by

LW�⌫ �
g
p
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¯̀
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µ
PLniW
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µ + h.c., (39)

Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
making the changes g/(2cW ) ! g/

p
2, MZ ! MW , mk ! m` ⇠ 013 and

P
k
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2Cij , and noticing that in the W case we get P(I)
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= 0 and P(2)
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= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.

3.5 Propagating states in the medium

Given the self-energy corrections to the propagator, written on full generality as14

/⌃(p0) =
⇣
�0⌃

(0)
L

� ~� · p̂⌃(1)
L

+ ⌃(2)
L

⌘
PL +

⇣
�0⌃

(0)
R

� ~� · p̂⌃(1)
R

+ ⌃(2)
R

⌘
PR, (40)

we are interested in finding the propagating states in the medium, which follow Dirac’s equation
�
/p�M+ /⌃(p0)

�
 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations
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From the first line in Eq. (43) we can solve for ⇣h as
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12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Figure 1: Feynman diagrams contributing to the neutrino self-energy. In the SM extension with singlet
fermions, there is the Higgs contribution (left) an the gauge (W and Z bosons) contribution from the
W and Z bosons (right). The imaginary part of the self-energy will be related to the rate at which
each species would reach equilibrium.

As will be apparent in the next section, in general we will be able to write the self-energy contributions
for massive neutrinos as
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where Aij are some combination of coupling constants appearing at the Lagrangian level, and the
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When necessary, we will also take into account the chirality projectors PL(R). As shown in Ref. [50],
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3.4 W -boson contribution
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Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
making the changes g/(2cW ) ! g/
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2, MZ ! MW , mk ! m` ⇠ 013 and
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2Cij , and noticing that in the W case we get P(I)
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= 0 and P(2)
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= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.

3.5 Propagating states in the medium

Given the self-energy corrections to the propagator, written on full generality as14
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
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/p�M+ /⌃(p0)
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 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]

 ̃ =
X

h=±1

v
h
⌦

✓
'
h

⇣
h

◆
, ~� · p̂v

h = hv
h
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations
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From the first line in Eq. (43) we can solve for ⇣h as
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12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
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2Cij , and noticing that in the W case we get P(I)
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= 0 and P(2)
L

= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
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It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
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From the first line in Eq. (43) we can solve for ⇣h as
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12Performing a similar change of variables as for the Higgs case we find !
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.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
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12Performing a similar change of variables as for the Higgs case we find !
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Z

=
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(p± q)2 +M2
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.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
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�
/p�M+ /⌃(p0)
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
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12Performing a similar change of variables as for the Higgs case we find !
±
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=
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(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
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12Performing a similar change of variables as for the Higgs case we find !
±
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.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
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/p�M+ /⌃(p0)
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 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations
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12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
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(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Once the self-energy correction to the propagator is known
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
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It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
equations
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12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
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.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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Even if the W -boson also contributes to the neutrino self-energy corrections, the structure of the La-
grangian is such that these terms can be readily taken into account from the Z-boson ones. Indeed, by
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neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
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.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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= 0 identically, one can obtain the
neutrino self-energy corrections from W -boson exchange using the same master integrals as for the Z

case.

3.5 Propagating states in the medium

Given the self-energy corrections to the propagator, written on full generality as14
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we are interested in finding the propagating states in the medium, which follow Dirac’s equation
�
/p�M+ /⌃(p0)
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 ̃ = 0. (41)

It proves useful to decompose the wave function  ̃ in terms of helicity and chirality components,
as [21]
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where the second term in Eq. (42) is the helicity operator, with the possible eigenvalues h = ±1.
By using this decomposition of  ̃, together with Eq. (40), we arrive at the following set of coupled
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From the first line in Eq. (43) we can solve for ⇣h as
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12Performing a similar change of variables as for the Higgs case we find !
±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
others to ease the notation.
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±
Z

=
p

(p± q)2 +M2
Z
.

13Given that we are interested in temperatures at the EW scale, we neglect in the following charged lepton masses,
m`.

14In general ⌃ is a function of T, p0, and p, but we are interested here in its dependence with p0 and thus omit the
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and substitute in the second line in order to find the equation of motion for 'h as

p
2
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⇣
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L

⌘�
'
h = 0.

(45)

We can identify the terms in brackets in Eq. (45) as the perturbed inverse propagator for left-handed
fields in the medium, S

�1. Indeed, in the absence of self-energy corrections we recover the usual
dispersion relation in vacuum:

�
p
2
0 � p

2
�M

2
�
'
h = 0 ! p

2
0 = p

2 +M
2
. (46)

In the following, what we will need to do is to precisely find the dispersion relations for the neutrinos
in the hot plasma, given by the complex zeroes of the inverse propagator from Eq. (45).

3.6 Simplified 2 neutrino case

It is instructive to consider an example where we only have the active neutrinos and the sterile one
which will become the DM candidate. This allows to simplify expressions and obtain an analytical
understanding of the di↵erent terms contributing to the production rates. In this “toy 2⇥2” scenario,
the neutrino mass matrix, in the interaction basis, can be written as

M =

✓
0 mD

mD mDM

◆
, (47)

with tan 2✓ ⌘ 2mD/mDM ⌧ 1, where ✓ is the active-heavy mixing angle.
The fact that we are interested in the production at temperatures around the EW scale allows

to neglect the comparably lighter neutrino masses in the self-energy corrections, greatly simplifying
Eq. (45). Additionally, we can work in the original flavour basis, in which the self-energy contributions
become15
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�
(I)
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0 0

!
, (48)

where �
(I)
L(R) is an appropriate combination of the W and Z boson contributions to the retarded

self-energies16. Thus, neglecting the contributions from ⌃(2), the inverse propagator, S�1, becomes
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where we have defined the following combinations of self-energy corrections, that depend on the helicity
eiganvalue (h = ±1):

⌦h
⌘ (p0 � hp)

⇣
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(0)
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+ h�
(1)
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⌘
,

↵
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⌘
.

(50)

In order to find the dispersion relations in the medium for the propagating states, we need to find the
complex zeroes of S�1. These are given, to leading order in the mixing angle ✓ and neglecting light
neutrino masses, by:
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= 0, for light neutrinos,
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= 0, for keV DM.

(51)

15Compared with the typical temperature for production and the masses of the intermediate bosons in the self-energies,
both the light and the DM neutrino state masses can be neglected when evaluating the self-energies.

16In particular, the W boson does not contribute to the RH part of the self-energies as is clear from the Lagrangian
interaction.
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We can identify the terms in brackets in Eq. (45) as the perturbed inverse propagator for left-handed
fields in the medium, S
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�
p
2
0 � p

2
�M

2
�
'
h = 0 ! p

2
0 = p

2 +M
2
. (46)

In the following, what we will need to do is to precisely find the dispersion relations for the neutrinos
in the hot plasma, given by the complex zeroes of the inverse propagator from Eq. (45).

3.6 Simplified 2 neutrino case

It is instructive to consider an example where we only have the active neutrinos and the sterile one
which will become the DM candidate. This allows to simplify expressions and obtain an analytical
understanding of the di↵erent terms contributing to the production rates. In this “toy 2⇥2” scenario,
the neutrino mass matrix, in the interaction basis, can be written as

M =

✓
0 mD

mD mDM

◆
, (47)

with tan 2✓ ⌘ 2mD/mDM ⌧ 1, where ✓ is the active-heavy mixing angle.
The fact that we are interested in the production at temperatures around the EW scale allows

to neglect the comparably lighter neutrino masses in the self-energy corrections, greatly simplifying
Eq. (45). Additionally, we can work in the original flavour basis, in which the self-energy contributions
become15
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where we have defined the following combinations of self-energy corrections, that depend on the helicity
eiganvalue (h = ±1):
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In order to find the dispersion relations in the medium for the propagating states, we need to find the
complex zeroes of S�1. These are given, to leading order in the mixing angle ✓ and neglecting light
neutrino masses, by:
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15Compared with the typical temperature for production and the masses of the intermediate bosons in the self-energies,
both the light and the DM neutrino state masses can be neglected when evaluating the self-energies.

16In particular, the W boson does not contribute to the RH part of the self-energies as is clear from the Lagrangian
interaction.
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The dispersion relations are given by the zeroes of the inverse propagator
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Figure 2: DM production rates for RH helicity (left panel) and LH helicity (right panel) neutrinos in
the “toy 2⇥2” scenario. Solid lines are for Majorana neutrinos while dashed ones for Dirac neutrinos.
The momenta has been fixed such that y ⌘ p/T = 1/10. The solid black line represents the Hubble
expansion rate as a function of ⌧ ⌘ MW /T , while the gray shaded area represents temperatures
above the EW crossover for which the results do not apply. For the neutrino parameters we fix
mDM = 10 keV and |U↵4| ⇠ 10�6.

From the imaginary part of p0 we can directly obtain the relaxation rate of the DM, which is given by
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#
, (52)

where ⇠ ⌘ m
2
DM

/(2p) and the rate depends on the helicity of the states, h, through the dependence of
↵
h and ⌦h

⌘ 2p
�
�h + i�

h
�
on it (see Eq. (50)). Although we are not interested in contributions to the

DM production rate beyond those involving a SM boson, for completeness we show in Appendix C the
resulting production rate within this formalism when including a direct coupling between the singlet
neutrinos and a new scalar, which has been extensively studied in the literature [20, 43, 53, 54]. The
expression from Eq. (52) agrees with that of Ref. [21] for Dirac neutrinos, which would translate into
↵
h
! 1, and in which the so-called “e↵ective mixing angle”, ✓h

eff
, is introduced as

✓
h

eff
=

✓q
(1 +�h/⇠)2 + (�h/⇠)2

. (53)

We show in Fig. 2 the DM production rates through weak boson decays for positive helicity (left
panel) and negative helicity (right panel) for Dirac neutrinos (dashed lines) and Majorana neutrinos
(solid lines). The active-DM mixing is set to |U↵4| ⇠ 10�6 and mDM = 10 keV. For RH helicity
neutrinos, the term proportional to ↵

h does not contribute considerably to the production rate as it is
suppressed through the momenta of the neutrino, which is of the order of the temperature. Only very
low momenta DM would have a non-negligible contribution, but the probability of producing such a
neutrino is suppressed by the distribution function. Thus, most of the production of RH helicity DM
goes through the second term in Eq. (52), which depends on ⌦h. This second term is the only one
present for Dirac neutrinos, and thus both rates are qualitatively similar in the left panel. On the
other hand, LH helicity neutrinos present a completely di↵erent production rate depending on whether
they are of Majorana or Dirac Nature. The outstanding di↵erence arises because, when neutrinos are
Dirac particles, only the second term in Eq. (52) is present. In the SM, weak interactions only couple
to LH neutrinos, which receive large self-energy corrections, as can also be noted from the first line
of Eq. (51), where ⌦h appears at leading order playing the role of a “thermal mass”. This in turn
translates into a suppression of the e↵ective mixing angle defined in Eq. (53) which itself suppresses
the production rate (dashed orange line in the right panel of Fig. 2)17. On the contrary, if neutrinos

17We have checked that this suppression can be as large as ten orders of magnitude when comparing the mixing angles

15

Single flavour without HNL

y =
p
T τ =

MW

T

100 101 102

ø ¥ MW/T

10°36

10°33

10°30

10°27

10°24

10°21

10°18

10°15

10°12

°
+

1
s

[G
eV

]

H(ø)

ø
S

S
B

y = 1/10

RH helicity

w/o HNL, Majorana

w/o HNL, Dirac

100 101 102

ø ¥ MW/T

10°36

10°33

10°30

10°27

10°24

10°21

10°18

10°15

10°12

°
°

1
s

[G
eV

]

H(ø)

ø
S

S
B

y = 1/10

LH helicity

w/o HNL, Majorana

w/o HNL, Dirac

Figure 2: DM production rates for RH helicity (left panel) and LH helicity (right panel) neutrinos in
the “toy 2⇥2” scenario. Solid lines are for Majorana neutrinos while dashed ones for Dirac neutrinos.
The momenta has been fixed such that y ⌘ p/T = 1/10. The solid black line represents the Hubble
expansion rate as a function of ⌧ ⌘ MW /T , while the gray shaded area represents temperatures
above the EW crossover for which the results do not apply. For the neutrino parameters we fix
mDM = 10 keV and |U↵4| ⇠ 10�6.
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We show in Fig. 2 the DM production rates through weak boson decays for positive helicity (left
panel) and negative helicity (right panel) for Dirac neutrinos (dashed lines) and Majorana neutrinos
(solid lines). The active-DM mixing is set to |U↵4| ⇠ 10�6 and mDM = 10 keV. For RH helicity
neutrinos, the term proportional to ↵

h does not contribute considerably to the production rate as it is
suppressed through the momenta of the neutrino, which is of the order of the temperature. Only very
low momenta DM would have a non-negligible contribution, but the probability of producing such a
neutrino is suppressed by the distribution function. Thus, most of the production of RH helicity DM
goes through the second term in Eq. (52), which depends on ⌦h. This second term is the only one
present for Dirac neutrinos, and thus both rates are qualitatively similar in the left panel. On the
other hand, LH helicity neutrinos present a completely di↵erent production rate depending on whether
they are of Majorana or Dirac Nature. The outstanding di↵erence arises because, when neutrinos are
Dirac particles, only the second term in Eq. (52) is present. In the SM, weak interactions only couple
to LH neutrinos, which receive large self-energy corrections, as can also be noted from the first line
of Eq. (51), where ⌦h appears at leading order playing the role of a “thermal mass”. This in turn
translates into a suppression of the e↵ective mixing angle defined in Eq. (53) which itself suppresses
the production rate (dashed orange line in the right panel of Fig. 2)17. On the contrary, if neutrinos

17We have checked that this suppression can be as large as ten orders of magnitude when comparing the mixing angles
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GeV is needed to generate the correct DM abundance Γ ∼ 𝒪(10−16)
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invariance of this approach is a primary advantage and the
main idea is neatly presented in [50].

It should be noted that no such re-summation technique
has been applied to the self-energy calculations in Sects. 7–10
and hence to the subsequent provided decay rates. This urges
an investigation into the importance of thermal re-summation
so as to provide understanding of the convergence rate of
perturbatively evaluated decay rates.

6 Thermal decay rates

In this section, the self-energies of the previous section will be
related to the thermal decay rates. Initially, a relation between
the thermal quantity that corresponds to the zero-temperature
decay rate and the self-energy of the imaginary-time formal-
ism due to Weldon [14] will be presented. This relation will
then be restated in terms of the self-energy components of
the real-time formalism by making use of the self-energy
relations in Sect. 5.3.

6.1 Thermal rates in Matsubara formalism

The decay rate γD for a given process in the zero-temperature
theory may be related to the discontinuity of the self-energy
(i.e. its imaginary part) by means of the optical theorem as

γD = −
(

Im Π0(E0)

E0

)
, (6.15)

where E0 is the energy of the decaying particle. Weldon [14]
defined a similar quantity Γ (p0) through

Γ (p0) = −
(

Im Π̄F(p0)

p0

)
, (6.16)

where Π̄F is the self-energy of the imaginary-time formalism.
It is important to reflect upon the physics that this quantity

describes. One may assume that the distribution of a particle
Φ at some time tin is described by a nonequilibrium function
which Weldon labelled as f (p0, tin) [14]. This function will
approach the thermal distribution of the equilibrium (Bose-
Einstein or Fermi-Dirac) in a simple manner if a deviation
from equilibrium is small (∂ f/∂t ≪ 1). The rate of this
approach is parametrised by Γ (p0) to the first order. The
evolution of this distribution may be formulated according to

∂ f
∂t

= − f ΓD + (1 + η f )ΓI . (6.17)

in terms of the quantities ΓD , ΓI . Here, the first term
expresses the loss of Φ-particles through decay modes while
ΓI takes into account particle production by the medium.
The thermal medium is filled with particles that couple to Φ

and, hence, the second parameter ΓI , the inverse decay rate
(production rate), adds the contribution from processes in the
medium that produce Φ particles. As an example, production
may occur through reactions φφ → Φ. Weldon comprehen-
sively presents an analysis of possible production and decay
channels for Φ through interactions with particles in the ther-
mal medium.

The solution to Eq. (6.17) is

f (p0, t) = n(ω+)+ c(p0)e−Γ (p0)t , (6.18)

for some function c(p0) which is constant in time. This solu-
tion requires that the temperature T is constant over time
which is true for equilibrated media. Since T characterises
the background medium, the deviations of the Φ distribu-
tion from its equilibrium limit are required to be small and
one may assume that the distribution of the medium particles
corresponds to the thermal equilibrium distribution. The net
decay rate Γ of the distribution of Φ in the medium is the
rate at which the distribution of Φ approaches the equilibrium
regime and amounts to

Γ (p0) = ΓD − ηΓI . (6.19)

The evaluation of the amplitude for the thermal forward
decay ΓD is of interest in this work. Weldon provides a ther-
mal relation between the forward and inverse decay rates due
to unitarity so that one therefore may write the decay rate of
Φ as

ΓD = − 1
1 − ηe−β(p0−µ)

Im Π̄F(p0)

p0
. (6.20)

The expression provided by Weldon has hereby been extended
in order to explicitly take into account the role of the chemical
potential µ.

6.2 Thermal rates in the real-time formalism

The relations of Sect. 5.3 connect the self-energy of the Mat-
subara formalism to the components of the real-time self-
energy. Hence, Eq. (6.20) may be rewritten as

ΓD = −sign(p0)
1 + ηn(ω+)

1 + 2ηn(ω+)
Im Π̃ (++)(p0)

p0
. (6.21)

In the following Sects. 7–10, the (++)-component of the
real-time self-energy for several types of interactions has
been evaluated. The results are used to extract the decay rates
for fields in an equilibrated thermal medium.

Note that, if Π̃ (++) comes with internal or Lorentz indices,
one may follow the procedure advised by Weldon [14] and

123
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Results: 4x4 ISS and Type-I Seesaw
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Figure 3: Production rates in the “toy 2 ⇥ 2” scenario without HNL (dashed lines), the “ISS-like”
scenario (dotted lines) and the type-I seesaw (solid lines) for RH helicity neutrinos (left panel with
cold hues) and LH helicity neutrinos (right panel with warm hues). Additionally, dash-dotted lines
represent the results from the type-I seesaw without the contribution from the Higgs. The vertical
black dotted line represents the temperature at which SSB takes place and above which the results
do not apply. The solid black line represents the Hubble expansion rate. The momenta is fixed such
that y ⌘ p/T = 1/10, and the mass of the HNLs, when present, is approximately given by mN . The
active neutrino-DM mixing is set to |U↵4| ⇠ 10�6 and the DM mass to mDM ⇠ 10 keV.

are Majorana particles, then the term ↵
h is present thanks to the Z boson couplings to RH neutrinos,

and the production rate for LH helicity DM is greatly enhanced, and qualitatively similar to the one
for RH helicity DM (although not equal because of the di↵erent W -boson contribution).

4 Results and discussion

4.1 Decay rates for di↵erent contributions

We start our discussion by studying the DM production rate, �h
s , as a function of the temperature

through ⌧ ⌘ MW /T , and subsequently as a function of momenta through y ⌘ p/T , variables which
will prove useful later on to estimate the total DM abundance that can be generated through this
mechanism. Throughout all our discussion, we set the mass of the DM candidate to mDM = 10 keV,
its mixing with active neutrinos to |U↵4| ⇠ 10�6, and the mass of the heavy neutrinos, when present,
to mN ⇠ 150 GeV, unless otherwise specified. Additionally, whenever heavy neutrinos are present, we
set their mixings with active neutrinos such as, at most, they saturate current bounds on them [55].

In Fig. 3 we show the production rates for both RH helicity (h = +1, left panel using cold hues)
and LH helicity (h = �1, right panel on warm hues) DM as a function of the temperature, for the
di↵erent cases we have motivated in Section 2.4. These were:

• “Toy 2 ⇥ 2” scenario where only weak gauge boson decays to DM are relevant (dashed lines
labelled “w/o HNL”), given that the Higgs boson couples through neutrino masses, which are
negligible in comparison with the other scales of the problem lying around the EW scale.

• Type-I seesaw, but only taking into account weak gauge boson contributions (dash-dotted lines
identified as “Type-I w/o H”), to assess the impact of the possible heavy neutrino decays into a
gauge boson and DM.

• “ISS-like” scenario where heavy neutrinos are present (dotted lines called “ISS-4⇥ 4”) and thus
the Higgs contribution needs to be taken into account for consistency. We work in the single
family approximation, which as discussed in Section 2.2, translates into a suppression of the
couplings.

in vacuum and at T ⇠ MW .

16

• The 4x4 ISS is not qualitatively different from the 2x2 toy-model; 

• Type-I seesaw rates are many orders of magnitude larger; 

• If we neglect Higgs contributions in Type-I we recover the same rates as toy models
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Temperature and momenta dependence
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Figure 4: Production rates in the type-I seesaw for di↵erent values of y ⌘ p/T as a function of the
temperature. The active neutrino-DM mixing is set to |U↵4| ⇠ 10�6 and the DM mass to mDM ⇠

10 keV, while the HNL mass is given by mN . Left panel with cold hues shows the production for
positive helicity DM while the right panel with warm hues for negative helicity. In both, the solid
black line represents the Hubble expansion rate.
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Figure 5: Production rates for positive (left panel in cold hues) and negative helicity (right panel with
warm hues) neutrinos, for the case without HNL (dashed lines), the “ISS-like” scenario (dotted lines)
and the type-I seesaw (solid lines) as a function of y for fixed ⌧ ⌘ MW /T = 1. The active neutrino-DM
mixing is set to |U↵4| ⇠ 10�6 and the DM mass to mDM ⇠ 10 keV, while the HNL mass is given by
mN . The black solid line corresponds to the Hubble expansion rate at the given temperature.
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Figure 5: Production rates for positive (left panel in cold hues) and negative helicity (right panel with
warm hues) neutrinos, for the case without HNL (dashed lines), the “ISS-like” scenario (dotted lines)
and the type-I seesaw (solid lines) as a function of y for fixed ⌧ ⌘ MW /T = 1. The active neutrino-DM
mixing is set to |U↵4| ⇠ 10�6 and the DM mass to mDM ⇠ 10 keV, while the HNL mass is given by
mN . The black solid line corresponds to the Hubble expansion rate at the given temperature.
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Type-I realisations
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Figure 7: Production rates for positive (left panel in cold hues) and negative helicity (right panel
with warm hues) DM, for the type-I seesaw, as a function of ⌧ for di↵erent points in parameter space.
The HNL mass is always set around mN ⇠ 150 GeV, while the CI parameters change as showin in
Table 1, translating into slightly di↵erent rates. The DM mass is set to 5 keV for the solid lines while
mDM = 10 keV for the rest. The solid black line represents the Hubble expansion rate.

leaving a full scan of parameter space and complete treatment of the Boltzmann equations for future
work. Upon integrating Eq. (55) we find in general at most a 2-order of magnitude reduction of the
final abundance. For instance, for the CI parameters corresponding to the dotted lines in Fig. 7 giving
a DM fraction of around 14% when neglecting thermal e↵ects, we find that fDM & 0.4%21, while
the dash-dotted line produces, when including the thermal e↵ects here studied, fDM & 1%. Given
that there are regions of parameter space ranging from freeze-in to rates as large as to thermalise, we
conclude that it is interesting to thoroughly study these cases, but leave the full and precise solution
of the Boltzmann equations, as well as the scan of the parameter space for future work.

5 Conclusions

Despite all experimental and observational e↵orts to find and understand the nature of dark matter in
the last decades, we still lack a compelling signal in any one of the current searches other than gravi-
tational evidence. It is therefore interesting to consider DM candidates beyond the WIMP paradigm,
which might not interact with our direct detection experiments.

In this context, it proves extremely appealing to consider a joint origin for the DM as well as
for light neutrino masses. Indeed, under the general assumption that neutrino masses are generated
through the introduction of singlet RH neutrinos, whose Majorana mass could lie at any scale as it
is not set by EW symmetry, a mostly singlet neutrino, at or around the keV-scale, would represent a
good DM candidate. Given its small couplings due to mixing suppression, the production of such a
DM candidate would in general be non-thermal, helping also to produce a colder spectrum to comply
with structure formation bounds.

The most minimal scenario, accounting just for the DM and its mixing with active neutrinos, pro-
duces DM through neutrino oscillations and collisions which build up a large enough DM population,
while keeping it always out of equilibrium in the early Universe. This is the well-known Doddelson-
Widrow mechanism, which however cannot account for all the DM given the bounds from X-rays. It
is therefore necessary to account for DM through another production mechanism, for example that of
freeze-in through particle decays.

While freeze-in production has been extensively studied before through the introduction, for ex-
ample, of scalars directly coupled to the DM, here we have instead studied DM freeze-in through

21The integration is numerically very expensive and thus we have performed it over a very coarse grid over ⌧ and
y, such that we quote a lower bound on the minimum DM fraction that can be generated when including the thermal
e↵ects.

21

f
T=0
DM

⇠ 0.14 f
T=0
DM

⇠ 7.8 Thermal

mDM (keV) 10 10 5
!12 10�7 10�7 (0.089 + 2i)⇥ 10�8

!13 0 0 (71 + 3.7i)⇥ 10�9

!23 9i 10i 5.5⇥ 10�10 + 10.5i

Table 1: DM mass and CI parameters from Eq. (4) for the four benchmark points studied in Fig. 7,
identified by their DM production neglecting thermal e↵ects. In all cases the HNL masses are mN ⇠

150 GeV up to small corrections, while in the last column we additionally have non-zero Majorana
phases in the PMNS mixing matrix, ↵1 ⇠ 1.06⇡ and ↵2 ⇠ 0.38⇡.

where we have conveniently defined �h

prod ⌘ �h
sfDM,eq, while the Hubble parameter can be written as:

H = 1.66g1/2e↵

M
2
W

Mpl⌧(t)2
(56)

in a radiation dominated Universe. The DM number density can be computed by integrating over
both ⌧ and y:

NDM =
X

h=±

T
3(t)

2⇡2

Z +1

0
n
h

DM(y)y2dy, withnh

DM(y) =

Z
⌧f

⌧i

df
h

DM

d⌧
d⌧. (57)

The DM relic density can thus be written as [56]:

⌦DMh
2 =

mDM

7.4 eV

✓
⌦exp
DMh

2

0.1199

◆
gDM

gd

X

h

Z +1

0
n
h

DM(y)y2dy, (58)

where gDM and gd ⇠ 100 are the number of degrees of freedom for DM and the number of relativistic
degrees of freedom at decoupling, respectively.

As a first estimate for the amount of DM that can be produced through freeze-in decays of heavier
particles, we compute the relic density in the “toy 2⇥ 2” scenario, as it allows to e�ciently integrate
over both p and T . On general grounds, even if the Majorana nature of the neutrinos translate into
qualitatively di↵erent results to those found in Ref. [21], we find good agreement with the estimates
done there, finding that the produced DM abundance from weak gauge boson decays is orders of magni-
tude below the observed one, given the observational constraints on the neutrino mixing. Particularly,
the fraction of DM that can be accounted for through freeze-in is fDM ⌘ ⌦DM/⌦exp

DM
⇠ 10�10.

On the other hand, as extensively discussed in Section 4.1, full neutrino mass models contribute to
the production through decays of the HNL to DM and the Higgs. This can be further observed in Fig. 7
where we show the rates for di↵erent points in parameter space for the type-I seesaw with a HNL scale
O(150) GeV. The solid lines correspond to mDM = 5 keV, while the rest have masses mDM = 10 keV,
with di↵erent complex angles in the CI parametrisation, specified in Table 1. From here we note that,
while complying with all bounds20 we can find rates ranging from a fully thermalised species (solid
lines) which would freeze-out (�h

s > H) to production fully in the freeze-in regime satisfying �h
s ⌧ H.

The red band roughly represents the interphase in which freeze-in stops being a complete description
of the problem and neglecting the build-up of the DM abundance is no longer justified. This is
given by the conservative assumption that, for rates satisfying �h

s  H/10, freeze-in is a complete
description. Note that these rates change with the momenta p, so that, depending on this, one might
be in the freeze-in or freeze-out regime for di↵erent regions of the distribution function at di↵erent
temperatures. Nonetheless taking all this into account is beyond the scope of this work, and thus we
estimate the final DM abundance within freeze-in for points of parameter spaces that satisfy �h

s < H,

20The parameter points reported in Fig. 7 comply with theoretical constraints and available experimental data, in-
cluding: neutrino oscillation data [57], direct searches of HNL [58–62], non-unitarity bounds [55,63], neutrinoless-double
beta decay searches [64], X-ray bounds on decaying DM for the considered mass values [6, 65–80] and Lyman-↵ bounds
for the fraction of DM produced via the DW mechanism [81,82].

20

Type-I seesaw rates can go from fully freeze-in regime to thermalised scenarios

Numerical integration over T and p is currently challenging, 
due to the computation of the real part being very demanding
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Sterile neutrinos are viable DM candidates, and are motivated by massive neutrinos 

Many phenomenological constraints: the only known 
solution in the minimal framework of SM + HNL is the νMSM

Can sterile neutrinos be produced by the decay of heavier particles? 
Diagrammatically yes

However thermal effects make gauge boson production negligible

Interestingly, production from HNL decay does not appear to be suppressed!

Need of a realistic full model to accomodate sizeable Yukawas, 
otherwise neutrinos + DM constraints suppress the production rate

Solutions exist in the zero temperature approximation. Currently working on an 
effective numerical integration of Boltzmann equations
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Neutrinos as Dark Matter?
Dark energy

Dark matter
Ordinary matter

Sterile neutrinos can be viable DM candidates: they are produced by oscillations 
of active ones as long as an active-sterile mixing is present

S. Dodelson and L. M. Widrow, hep-ph/9303287
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ΩBh
2 = 0.02237± 0.00015 (1)

ΩDMh2 = 0.1200± 0.0012 (2)
ΩΛ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)

1

ΩBh
2 = 0.02237± 0.00015 (1)

ΩDMh2 = 0.1200± 0.0012 (2)
ΩΛ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)

1

N. Aghanim et al. [Planck Collaboration], arXiv:1807.06209 [astro-ph.CO]
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Figure 14: Constraints on sterile neutrino DM. The solid lines represent the most important constraints
that are largely model independent, i.e., they can be derived for a generic SM-singlet fermion N of mass
M and a mixing angle ✓ with SM neutrinos, without specification of the model that this DM candidate is
embedded in. The model independent phase space bound (solid purple line) is based on Pauli’s exclusion
principle (c.f. Section 3.1). The bounds based on the non-observation of X-rays from the decay N ! ⌫�
(violet area, see Section 3.2 for details) assume that the decay occurs solely through mixing with the active
neutrinos with the decay rate given by eq. (29). In the presence of additional interactions, these constraints
could be stronger, see e.g. [520]. All X-ray bounds have been smoothed and divided by a factor 2 to account
for the uncertainty in the DM density in the observed objects. They are compared to two estimates of the
ATHENA sensitivity made in ref. [234]. The blue square marks the interpretation of the 3.5 keV excess as
decaying sterile neutrino DM [184, 188]. All other constraints depend on the sterile neutrino production
mechanism. As an example, we here show di↵erent bounds that apply to thermally produced sterile
neutrino DM, cf. section 4.2. The correct DM density is produced for any point along black solid line
via the non-resonant mechanism due to ✓-suppressed weak interactions (24) alone (Section 4.2.1). Above
this line the abundance of sterile neutrinos would exceed the observed DM density. We have indicated
this overclosure bound by a solid line because it applies to any sterile neutrino, i.e., singlet fermion that
mixes with the SM neutrinos. It can only be avoided if one either assumes significant deviations from the
standard thermal history of the universe or considers a mechanism that suppresses the neutrino production
at temperatures of a few hundred MeV, well within the energy range that is testable in experiments, cf. e.g.
[521]. For parameter values between the solid black line and the dotted green line, the observed DM density
can be generated by resonantly enhanced thermal production (Section 4.2.2). Below the dotted green line
the lepton asymmetries required for this mechanism to work are ruled out because they would alternate the
abundances of light elements produced during BBN [584]. The dotted purple line represents the lower bound
from phase space arguments that takes into account primordial distribution of sterile neutrinos, depending on
the production mechanism [22]. As a structure formation bound we choose to display the conservative lower
bound on the mass of resonantly produced sterile neutrinos, based on the BOSS Lyman-↵ forest data [268]
(see Section 3.3 for discussion). The structure formation constraints depend very strongly on the production
mechanism (Section 4). The dashed red line shows the sensitivity estimate for the TRISTAN upgrade of the
KATRIN experiment (90% C.L., ignoring systematics, c.f. Section 5.2).
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Constraints: abundance
DW: as long as an active-sterile mixing is present, a population of sterile ν is 

produced by oscillations in the primordial plasmaneutrinos according [8]:

⌦sh
2 = 1.1 · 107

X

↵

C↵(ms) |U↵s|
2

⇣ ms

keV

⌘2

, ↵ = e, µ, ⌧ (6)

where C↵ are active-flavor dependend coefficients which can be numerically computed
by solving the Boltzmann equation for the DM relic density, while |U↵s| is an effective
active-sterile mixing matrix which reduces to |U↵s| ' ✓↵s.

We have then computed the DM relic density using eq. (6), adopting the results
of [8] for the coefficients C↵

2, for a set of ISS(2,3) satisfying oscillation and laboratory
constrains from active neutrino physics and imposed fWDM = ⌦s/⌦Planck

DM
< 1 thus

obtaining constraints for the pair (ms, ✓s).
The configurations with DM relic density not exceeding the experimental de-

termination have been confronted with the limits coming from structure formation.
There are, in reality, several strategy to determing the impact of WDM on structure
formation, leading to differnt constraints.

The most solid bounds comes from the analysis of the phase-space distribution
of astrophyiscal objects. Indeed the free-streaming scale of WDM is of the order of
the typical size of galaxies; as a consequece the formation of DM halos, as well as the
one of the galaxies associated to them is deeply influenced by the DM distribution
function. According this idea it is possible to obtain rather robust limits on the DM
mass by requiring the maximun of the dark matter distribution function inferred by
the observations, the so called coarse grained phase space density, does not exceed
the one of the so called fine-grained phase density, theoretically determined and
depending on the specific DM candidate. Using this method an absolute lower limit
on the DM mass of around 0.3 KeV, dubbed Tremaine-Gunn (TG) bound [9], by
comparing the DM distribution from the observation of Dwarf Spheroidal Galaxies
(Dphs), with the fine-grained distribution of a Fermi-gas. A most focused study on
sterile neutrinos produced by DW mechanism has been presented in [10] obtaining
a lower mass bound of the order of 2 KeV. This limit can be evaded assuming that
the WDM candidate is a subdominat component while the DM halos are mostly
determined by an unknown cold dark matter component. The reformulation of the
limits in this kind of scenarios requires a dedicated study (an example can be found
in [11]). In this work we will conservatively regard as viable, the points with mass

2
For DM masses of the order of 1-10 keV DM production is peaked at temperatures of the order

of 150 MeV, which correspond to the tempertature at which QCD phase transition occurs in the

primordial plasma. As a consequence the numerical computation of the C↵ coefficients is affected

by uncertainties related to the determination of the rates of hadronic scatterings and to the QCD

equation of state.
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Figure 14: Constraints on sterile neutrino DM. The solid lines represent the most important constraints
that are largely model independent, i.e., they can be derived for a generic SM-singlet fermion N of mass
M and a mixing angle ✓ with SM neutrinos, without specification of the model that this DM candidate is
embedded in. The model independent phase space bound (solid purple line) is based on Pauli’s exclusion
principle (c.f. Section 3.1). The bounds based on the non-observation of X-rays from the decay N ! ⌫�
(violet area, see Section 3.2 for details) assume that the decay occurs solely through mixing with the active
neutrinos with the decay rate given by eq. (29). In the presence of additional interactions, these constraints
could be stronger, see e.g. [520]. All X-ray bounds have been smoothed and divided by a factor 2 to account
for the uncertainty in the DM density in the observed objects. They are compared to two estimates of the
ATHENA sensitivity made in ref. [234]. The blue square marks the interpretation of the 3.5 keV excess as
decaying sterile neutrino DM [184, 188]. All other constraints depend on the sterile neutrino production
mechanism. As an example, we here show di↵erent bounds that apply to thermally produced sterile
neutrino DM, cf. section 4.2. The correct DM density is produced for any point along black solid line
via the non-resonant mechanism due to ✓-suppressed weak interactions (24) alone (Section 4.2.1). Above
this line the abundance of sterile neutrinos would exceed the observed DM density. We have indicated
this overclosure bound by a solid line because it applies to any sterile neutrino, i.e., singlet fermion that
mixes with the SM neutrinos. It can only be avoided if one either assumes significant deviations from the
standard thermal history of the universe or considers a mechanism that suppresses the neutrino production
at temperatures of a few hundred MeV, well within the energy range that is testable in experiments, cf. e.g.
[521]. For parameter values between the solid black line and the dotted green line, the observed DM density
can be generated by resonantly enhanced thermal production (Section 4.2.2). Below the dotted green line
the lepton asymmetries required for this mechanism to work are ruled out because they would alternate the
abundances of light elements produced during BBN [584]. The dotted purple line represents the lower bound
from phase space arguments that takes into account primordial distribution of sterile neutrinos, depending on
the production mechanism [22]. As a structure formation bound we choose to display the conservative lower
bound on the mass of resonantly produced sterile neutrinos, based on the BOSS Lyman-↵ forest data [268]
(see Section 3.3 for discussion). The structure formation constraints depend very strongly on the production
mechanism (Section 4). The dashed red line shows the sensitivity estimate for the TRISTAN upgrade of the
KATRIN experiment (90% C.L., ignoring systematics, c.f. Section 5.2).
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Constraints: phase-space density
For fermionic DM, Pauli exclusion principle impose a maximum on its distribution 

function (degenerate Fermi gas). Imposing that inferred phase-space density does not 
excess this bound, it is possible to extract a lower bound on the DM mass

S. Tremaine and J. E. Gunn, Phys. Rev. Lett. 42 (1979) 407

from dSphs
observations

10

V. RESULTS

Our main results are compiled into the Table II (columns 6–9). The column 6 of Table II contains the bound
on mdeg (given by Eq. (1)) based on the Pauli exclusion principle. It is independent of the details of the evolution
of the system, is not affected by the presence of baryons (see below) and holds for any fermionic DM. The column
7 contains the mass bounds for the relativistically decoupled DM particles (primordial distribution (4)), obtained
by combining Eqs.(17)–(19). Combining Eqs. (17), (18) and (23) one obtains the result for the case of DM with
primordial velocity distribution (20), quoted in the column 8. Both bounds in columns 7 and 8 conservatively
assume maximally coarse-grained distribution function (see Section III). In instead of the maximal coarse-graining,
one assumes the isothermal distribution in the final state (c.f. Fig. 1), one arrives to the original Tremaine-Gunn
bound, shown in the 9th column. It is obtained by comparing the expressions (21) with (24).9 We denote the
corresponding mass bound by mnrp,tg.

We quote all the mass bounds with the corresponding uncertainties, coming from those of in determination of σ and
rh (see Section IV). However, for any given object there can be unique reasons, violating the standard assumptions
and therefore increasing the uncertainties. Therefore, although the strongest bounds in Table II come from the Canes
Venatici II (CVnII) dSph, we decided to take a value which independently follows from several objects as a single
number, characterizing our results (for a given type of DM). To this end we choose the value, obtained for Leo IV.10

Thus, the mass bounds, quoted below are excluded from three dSphs: Leo IV, CVnII and Coma Berenices (Com)11

To summarize, we obtain the following lower bounds

mdeg > 0.41 keV , (32)

mfd > 0.48 keV , (33)

mnrp > 1.77 keV , (34)

and

mnrp,tg > 2.79 keV . (35)

We can compare lower bounds (34)–(35) with the upper ones, coming from astrophysical (X-ray) constraints on the
possible flux from sterile neutrino DM decay [126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136]. Taking central
value (34) and comparing it with the X-ray constraints, one sees that there exists a narrow window of parameters
for which 100% of DM can be made from the NRP sterile neutrino (c.f. Fig.2). Less conservative bound (35), based
on [22] (marked by the dark orange double-dotted vertical line on the Fig. 2) almost completely closes this window.
Notice, that these bounds are comparable with the lower mass limit mnrp > 5.6 keV, coming from the Ly-α forest
analysis of [74].

We also performed the analysis for sterile neutrinos, produced in the presence of lepton asymmetry (resonant
production mechanism, RP) [66, 67, 68]. This mechanism is more efficient than the NRP scenario and allows us to
achieve the required DM abundance for weaker mixings (c.f. Fig. 4 in [68]). This lifts the upper bound on the DM
particle mass in RP scenario to ∼ 50 keV. To estimate the lower mass bound at this scenario, we have analyzed a
number of available spectra (mass range 1 − 20 keV, asymmetries (2 − 700) × 10−6 (see [67, 68] for the definition of
asymmetry). The result are collected on the Fig. 3. One can see that based on F̄ , the Mrp = 1 keV is ruled out for
lepton asymmetries L >∼ 102 and higher masses Mrp ≥ 2 keV are allowed for all available asymmetries. Based on the
original Tremaine-Gunn bound, Mrp = 2 keV is also ruled out for sufficiently high (L >∼ 102) lepton asymmetries.
Thus, resonantly produced sterile neutrinos remain a viable DM candidate (see Fig. 4).

Finally, we would like to notice that our bounds (33)–(35) are valid under the assumption that the influence of the
baryons does not result in the increase of the PSD in the course of structure formation. If this assumption does not
hold, only the bound (32) remains intact.

9 The value of rc is not currently known for several new, faint dSphs, from which we obtain the best limits on DM mass. Therefore, to
calculate the Tremaine-Gunn limit in Table II, we use the conservative estimate rc ≈ rh (see comment after Eq.(25)).

10 Notice, that the numbers for Leo IV essentially coincide with the mass limits from CVnII and Com if all uncertainties in these dSphs
are pushed to minimize the mass bound.

11 It is possible that Coma Berenices is undergoing tidal disruption (like another ultra-faint dSph, Ursa Major II (UMaII), closely resembling
Com) [79]. However, unlike UMaII (or the best known example of tidally disrupted dSph, Sagittarius), there are no known tidal streams
near the position of Coma Berenices and the evidence in favor of tidal disruption are quite moderate [c.f. discussion in 79, §3.6].

Too dense
phase-space

A. Boyarsky, O. Ruchayskiy and D. Iakubovskyi, 0808.3902 [hep-ph]
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Figure 14: Constraints on sterile neutrino DM. The solid lines represent the most important constraints
that are largely model independent, i.e., they can be derived for a generic SM-singlet fermion N of mass
M and a mixing angle ✓ with SM neutrinos, without specification of the model that this DM candidate is
embedded in. The model independent phase space bound (solid purple line) is based on Pauli’s exclusion
principle (c.f. Section 3.1). The bounds based on the non-observation of X-rays from the decay N ! ⌫�
(violet area, see Section 3.2 for details) assume that the decay occurs solely through mixing with the active
neutrinos with the decay rate given by eq. (29). In the presence of additional interactions, these constraints
could be stronger, see e.g. [520]. All X-ray bounds have been smoothed and divided by a factor 2 to account
for the uncertainty in the DM density in the observed objects. They are compared to two estimates of the
ATHENA sensitivity made in ref. [234]. The blue square marks the interpretation of the 3.5 keV excess as
decaying sterile neutrino DM [184, 188]. All other constraints depend on the sterile neutrino production
mechanism. As an example, we here show di↵erent bounds that apply to thermally produced sterile
neutrino DM, cf. section 4.2. The correct DM density is produced for any point along black solid line
via the non-resonant mechanism due to ✓-suppressed weak interactions (24) alone (Section 4.2.1). Above
this line the abundance of sterile neutrinos would exceed the observed DM density. We have indicated
this overclosure bound by a solid line because it applies to any sterile neutrino, i.e., singlet fermion that
mixes with the SM neutrinos. It can only be avoided if one either assumes significant deviations from the
standard thermal history of the universe or considers a mechanism that suppresses the neutrino production
at temperatures of a few hundred MeV, well within the energy range that is testable in experiments, cf. e.g.
[521]. For parameter values between the solid black line and the dotted green line, the observed DM density
can be generated by resonantly enhanced thermal production (Section 4.2.2). Below the dotted green line
the lepton asymmetries required for this mechanism to work are ruled out because they would alternate the
abundances of light elements produced during BBN [584]. The dotted purple line represents the lower bound
from phase space arguments that takes into account primordial distribution of sterile neutrinos, depending on
the production mechanism [22]. As a structure formation bound we choose to display the conservative lower
bound on the mass of resonantly produced sterile neutrinos, based on the BOSS Lyman-↵ forest data [268]
(see Section 3.3 for discussion). The structure formation constraints depend very strongly on the production
mechanism (Section 4). The dashed red line shows the sensitivity estimate for the TRISTAN upgrade of the
KATRIN experiment (90% C.L., ignoring systematics, c.f. Section 5.2).
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Constraints: stability and indirect detection (ID)
Massive ν can decay 
radiatively producing 

monochromatic 𝛾
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Radiative decays of massive neutrinos
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General formulas are given for the decay rate v2~v~+y in the SU(2))&U(1) model for
neutrinos with a small mass. The emphasis is on distinguishing between the cases of
Dirac and Majorana neutrinos. Possible enhancements of the rate due to methods of elud-
ing the Glashow-Iliopoulos-Maiani suppression and due to charged Higgs bosons are con-
sidered.

If neutrinos are massive and if the mass eigen-
states are not degenerate, then it is possible to have
a radiative decay of the form v2~v&+y. The pos-
sibility that massive relic neutrinos from the big
bang might be detected as a result of this radiation
has been discussed recently. ' In addition, such
decays have been discussed in a variety of astro-
physical contexts. Formulas for the rate of these
decays have been given explicitly by Petcov and
by Goldman and Stephenson and can be derived
from the general results of Marciano and Sanda
and of Lee and Shrock. All these results are
given for the case of Dirac neutrinos whereas most
present theoretical ideas about neutrino mass yield
Majorana neutrinos. In this paper we discuss the
general case involving either Majorana or Dirac
neutrinos. Since the predicted rates within the
standard model are small, we consider some possi-
bilities of enhancing the rate.
In order to understand the differences between

the Majorana and Dirac cases, it is necessary first
to review the calculation for the Dirac case, which
we carry out in the Feynman —'t Hooft gauge. We
assume the standard SU(2) )& U(1) model with the
leptons in left-handed doublets and right-handed
singlets plus a single Higgs doublet. The relevant
diagrams are shown in Fig. 1. Because of the
Glashow-Iliopoulos-Maiani (GIM) cancellation the
transition moment vanishes in the limit that all
charged lepton masses are taken equal to zero. As
a result, the diagrams involving the unphysical P+
cannot be ignored even though the coupling of P+
is proportional to a lepton mass. This coupling
may be written

2(GF/V 2)'/ g v,—U, (ml, R m, L)l, p++H. c. ,—
a,a (1)

vaL g UaavaL (2)

For simplicity, we assume CI' invariance and
choose U« to be real. The helicity projection

V2 a V2 W

V2 Vl V2

y+

VI

/
/
/

V2 Vl

FIG. 1. Diagrams in the 't Hooft —Feynman gauge
contributing to the process v2~vi+y for Dirac neutri-
nos v2 and v~.

where mI, (=m„m„, etc.) is the charged-lepton
mass, m is the neutrino mass, GF is the Fermi
constant, and U« is the unitary matrix relating the
neutrino mass eigenstates v L (a= 1,2 . ) to the
weak eigenstates v,L, (a =e,p . )
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of the lightest sterile neutrino below 2 KeV, featuring fWDM < 1%, corresponding
approximatively to the current experimental uncertainty in the determination of the
DM relic density.

For masses above 2 KeV a further bound is obtained by the analysis of the Lyman-
↵ forest data. From these it is possible to indirectly infer the spectrum of matter
density fluctuations which are in turn determined by the DM properties. The Lyman-
↵ method is strongly model dependent and the bounds are crucially related to the
WDM production mechanism and to which amount contributes to the total DM
abundance.

For our analysis we have adopted the results presented in [12] where the Lyman-↵
have been considered in the case that sterile neutrino WDM account for the total DM
component as well as the contribute only to a fraction of it while the remaining con-
tribution is originated by a cold DM component. More precisely we have considered
the most stringent 95 percent exclusion limit 3, expressed in terms of (ms, FWDM),
and translated it into an exclusion limit on the parameters of our model, namely
the mass ms of the sterile neutrino and its effective mixing angle ✓s with active
neutrinos 4.

There other possible strategies for constraining WDM. For example a strong lower
limit of the order of 10 KeV on the DM mass can be obtained from the number of
observed satellites of the Milky way [14]. This kind of limit however strictly assume
that the whole dark matter abundance is originated by the WDM candidate and
then cannot straightforwardly embedded in our analysis.

The ISS realizations passing the Lyman-↵ constraint have been finally confronted
with the limits from the X-ray searches, as reported e.g. in [15]. The constraints are
given again in the plane (ms, ✓s) are can be schematically expressed by 5:

fWDM sin2 2✓ . 1.5⇥ 10�4

⇣ ms

1keV

⌘�5

(7)

3
The limit considered actually rely on not up-to-date data sets. A more recent analysis [13] has

obtained a stronger limit in the case of a pure WDM scenario, thus the limits are an underestimate.

As will be clear in the following the final picture won’t be affected by this.
4
Notice that the Lyman-↵ method is reliable for DM masses above 5 KeV. For lower values

there are very strong uncertainties and it is not possible to obtain solid bounds. In [12] it is argued

nonetheless that the limit on FWDM should not sensitively change, at lower masses, with respect to

the one obtained for neutrinos of 5 keV mass.
5
Notice that the exclusion limit from X-rays is actually the combination of the outcome of

different experiments and the dependence on the dark matter mass deviates from the one provided

above in some regions. We have taken this effect into account in our analysis

6

Due to the lack of signature (e.g. CHANDRA, XMN)

ID excluded
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Figure 14: Constraints on sterile neutrino DM. The solid lines represent the most important constraints
that are largely model independent, i.e., they can be derived for a generic SM-singlet fermion N of mass
M and a mixing angle ✓ with SM neutrinos, without specification of the model that this DM candidate is
embedded in. The model independent phase space bound (solid purple line) is based on Pauli’s exclusion
principle (c.f. Section 3.1). The bounds based on the non-observation of X-rays from the decay N ! ⌫�
(violet area, see Section 3.2 for details) assume that the decay occurs solely through mixing with the active
neutrinos with the decay rate given by eq. (29). In the presence of additional interactions, these constraints
could be stronger, see e.g. [520]. All X-ray bounds have been smoothed and divided by a factor 2 to account
for the uncertainty in the DM density in the observed objects. They are compared to two estimates of the
ATHENA sensitivity made in ref. [234]. The blue square marks the interpretation of the 3.5 keV excess as
decaying sterile neutrino DM [184, 188]. All other constraints depend on the sterile neutrino production
mechanism. As an example, we here show di↵erent bounds that apply to thermally produced sterile
neutrino DM, cf. section 4.2. The correct DM density is produced for any point along black solid line
via the non-resonant mechanism due to ✓-suppressed weak interactions (24) alone (Section 4.2.1). Above
this line the abundance of sterile neutrinos would exceed the observed DM density. We have indicated
this overclosure bound by a solid line because it applies to any sterile neutrino, i.e., singlet fermion that
mixes with the SM neutrinos. It can only be avoided if one either assumes significant deviations from the
standard thermal history of the universe or considers a mechanism that suppresses the neutrino production
at temperatures of a few hundred MeV, well within the energy range that is testable in experiments, cf. e.g.
[521]. For parameter values between the solid black line and the dotted green line, the observed DM density
can be generated by resonantly enhanced thermal production (Section 4.2.2). Below the dotted green line
the lepton asymmetries required for this mechanism to work are ruled out because they would alternate the
abundances of light elements produced during BBN [584]. The dotted purple line represents the lower bound
from phase space arguments that takes into account primordial distribution of sterile neutrinos, depending on
the production mechanism [22]. As a structure formation bound we choose to display the conservative lower
bound on the mass of resonantly produced sterile neutrinos, based on the BOSS Lyman-↵ forest data [268]
(see Section 3.3 for discussion). The structure formation constraints depend very strongly on the production
mechanism (Section 4). The dashed red line shows the sensitivity estimate for the TRISTAN upgrade of the
KATRIN experiment (90% C.L., ignoring systematics, c.f. Section 5.2).
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Constraints: Lyman-α
The absorption in the spectra of QSOs by the H (Ly-α: 1s → 2p) in IGM can trace 

matter distribution at scales:1-80 h-1 Mpc
Narayanan, Vijay K.; Spergel, David N.; Davé, Romeel; Ma, Chung-Pei, Astrophys. J. 543, 103 (2000)

Ly-α constraints highly 
model dependent

Ly-α
disfavoured

J. Baur, N. Palanque-Delabrouille, C. Yeche, A. Boyarsky, O. Ruchayskiy, E. Armengaud and J. Lesgourgues, arXiv:1706.03118 [astro-ph.CO]

limits for DW
produced sterile 𝞶
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Helicity decomposition

34

Expand the chiral fields in terms of helicity eigenstates

6

From this dispersive form it follows that

Σ(ω, q⃗) = ReΣ(ω, q⃗) + i ImΣ(ω, q⃗) (II.13)

with

ReΣ(ω, q⃗) =
1

π

∫ ∞

−∞

dq0 P
[
ImΣ(q0, q⃗ )

q0 − ω

]

. (II.14)

The real part yields the “index of refraction” in the medium and the imaginary part determines the damping rate
of the single (quasi) particle excitations. The tadpole term must be calculated separately and does not feature a
dispersive representation.
Although in this article we will focus on the one-loop contributions to the self-energy from standard model charged

and neutral current interactions, the form of the equations of motion and the dispersive form of the self-energy (not
the tadpole) is generally valid in principle to all orders in standard model interactions which are of the V −A form.
A subtle but important conceptual issue arises in the neutral current contribution to the self-energy with internal

loop propagators for neutrinos. The propagators correspond to mass eigenstates, therefore in principle the pertur-
bative loop expansion should be carried out in the mass basis rather than in the flavor basis. Furthermore, if the
neutrino propagators describe neutrinos thermalized in the medium in terms of the equilibrium Fermi-Dirac distri-
bution function, not only these propagators correspond to mass (energy) eigenstates but also are assumed to be in
thermal equilibrium. We will assume the following: i) very small mixing angle θ ≪ 1 so that to leading order in this
mixing angle, the active-like mass eigenstate can be taken to be the active flavor eigenstate, ii) in the temperature
regime of interest in this article T ≃ MW,Z active (flavor) neutrinos are in (local) thermal equilibrium. Under these
assumptions (the validity of which will be confirmed later) we consider the internal loop propagators in the neutral
current contribution to be those of active neutrinos in thermal equilibrium to leading order in the mixing angle.
As a consequence of the V − A nature of the standard model couplings of neutrinos, Σ(ω, q⃗) has the general form

of a vector-like theory

Σt + Σ(ω, q⃗) ≡ γ0A(ω, q⃗)− γ⃗ · q̂ B(ω, q⃗) , (II.15)

and

Σt +Σ(ω, q⃗) = γ0
A(ω, q⃗)− γ⃗ · q̂ B(ω, q⃗) (II.16)

where in the flavor basis

A(ω, q⃗) =

(
A(ω, q⃗) 0

0 0

)

; B(ω, q⃗) =

(
B(ω, q⃗) 0

0 0

)

, (II.17)

The equations of motion simplify by projecting with L = (1 − γ5)/2;R = (1 + γ5)/2 and expanding in helicity
eigenstates. Following the steps of ref.[92] we write for the left (L) and right (R) fields

ΨL =
∑

h=±1

vh ⊗Ψh
L ; Ψh

L =

(
νha
νhs

)

L

, (II.18)

and

ΨR =
∑

h=±1

vh ⊗Ψh
R ; Ψh

R =

(
νha
νhs

)

R

, (II.19)

where the left and right handed doublets are written in the flavor basis, and vh are eigenstates of the helicity operator
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The equation of motion are then

7

We find in the flavor basis the equation of motion for the left and right-handed component doublets

[
(ω2 − q2)1+

(
ω − hq

)(
A+ hB

)
−M

2
]
Ψh

L = 0 (II.22)

and
[
ω − h q

]
Ψh

R = M γ0Ψh
L , (II.23)

where M is given by (II.3) and

M
2 = M

2
1+

δM2

2

(
− cos(2θ) sin(2θ)
sin(2θ) cos(2θ)

)

. (II.24)

with

M
2 ≡ 1

2

(
M2

1 +M2
2

)
; δM2 ≡ M2

2 −M2
1 , (II.25)

and M1,2 are given by eqn. (II.6). The results (II.22,II.23) are general for standard model couplings of the active
(flavor) neutrinos and sterile neutrinos that only interact with active ones via a see-saw type mass matrix. Before
discussing in detail the one-loop contribution from charged and neutral currents, we want to establish general results
for the effective mixing angle in the medium and damping rates. The operator on the left hand side of (II.22)

[
S
h
L(ω, q)

]−1
=
[
(ω2 − q2)1+

(
ω − hq

)(
A+ hB

)
−M

2
]
, (II.26)

defines the inverse propagator in the flavor basis for the left handed component projected on helicity eigenstates. The
correct “mass eigenstates” correspond to the (complex) poles of S, the real part describes the correct propagating
frequencies and the imaginary parts describe the damping rate of single (quasi) particle excitations. We will extract
these “mass eigenstates” from the (complex) zeroes of [ShL]

−1 by invoking the following approximations whose validity
will be assessed below:

• Ultrarelativistic approximation: q ≫ Ms, this entails that the produced sterile like neutrinos freeze out while
relativistic.

• θ ≪ 1, in particular we will assume that the self-energy correction is larger in magnitude than the vacuum
mixing angle. The precise condition will be discussed below.

• Validity of the perturbative expansion, in particular that the self-energy corrections are smaller than the un-
perturbed dispersion relations. This assumption will be clarified and discussed in detail in the analysis that
follows.

Introducing

Ωh ≡ (ω − h q)
(
A(ω, q) + hB(ω, q)

)
, (II.27)

and using (II.24) we obtain

[
S
h
L(ω, q)

]−1
=

(

ω2 − q2 −M
2
+

Ωh

2

)

1− 1

2

√(
δM2 cos(2θ) + Ωh

)2
+
(
δM2 sin(2θ)

)2
(

−Ch
m(ω, q) Shm(ω, q)

Shm(ω, q) Ch
m(ω, q)

)

(II.28)
where

C
h
m(ω, q) =

δM2 cos(2θ) + Ωh(ω, q)√(
Ωh(ω, q) + δM2 cos(2θ)

)2
+
(
δM2 sin(2θ)

)2 (II.29)

S
h
m(ω, q) =

δM2 sin(2θ)√(
Ωh(ω, q) + δM2 cos(2θ)

)2
+
(
δM2 sin(2θ)

)2 , (II.30)
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L =
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L

, (II.18)

and
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νha
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R
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where the left and right handed doublets are written in the flavor basis, and vh are eigenstates of the helicity operator

ĥ(q̂) = γ0γ⃗ · q̂ γ5 = σ⃗ · q̂
(

1 0
0 1

)

(II.20)

namely,

σ⃗ · q̂ vh = h vh ; h = ±1 . (II.21)
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From this dispersive form it follows that

Σ(ω, q⃗) = ReΣ(ω, q⃗) + i ImΣ(ω, q⃗) (II.13)

with

ReΣ(ω, q⃗) =
1

π

∫ ∞

−∞

dq0 P
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]

. (II.14)

The real part yields the “index of refraction” in the medium and the imaginary part determines the damping rate
of the single (quasi) particle excitations. The tadpole term must be calculated separately and does not feature a
dispersive representation.
Although in this article we will focus on the one-loop contributions to the self-energy from standard model charged

and neutral current interactions, the form of the equations of motion and the dispersive form of the self-energy (not
the tadpole) is generally valid in principle to all orders in standard model interactions which are of the V −A form.
A subtle but important conceptual issue arises in the neutral current contribution to the self-energy with internal

loop propagators for neutrinos. The propagators correspond to mass eigenstates, therefore in principle the pertur-
bative loop expansion should be carried out in the mass basis rather than in the flavor basis. Furthermore, if the
neutrino propagators describe neutrinos thermalized in the medium in terms of the equilibrium Fermi-Dirac distri-
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assumptions (the validity of which will be confirmed later) we consider the internal loop propagators in the neutral
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The dispersion relations for the (quasi) particle states in the medium are given by the 
complex poles of the propagator (or by the zeroes of the inverse propagator)

7

We find in the flavor basis the equation of motion for the left and right-handed component doublets

[
(ω2 − q2)1+

(
ω − hq

)(
A+ hB

)
−M

2
]
Ψh

L = 0 (II.22)

and
[
ω − h q

]
Ψh

R = M γ0Ψh
L , (II.23)

where M is given by (II.3) and

M
2 = M

2
1+

δM2

2

(
− cos(2θ) sin(2θ)
sin(2θ) cos(2θ)

)

. (II.24)

with

M
2 ≡ 1

2

(
M2

1 +M2
2

)
; δM2 ≡ M2

2 −M2
1 , (II.25)

and M1,2 are given by eqn. (II.6). The results (II.22,II.23) are general for standard model couplings of the active
(flavor) neutrinos and sterile neutrinos that only interact with active ones via a see-saw type mass matrix. Before
discussing in detail the one-loop contribution from charged and neutral currents, we want to establish general results
for the effective mixing angle in the medium and damping rates. The operator on the left hand side of (II.22)

[
S
h
L(ω, q)

]−1
=
[
(ω2 − q2)1+

(
ω − hq

)(
A+ hB

)
−M

2
]
, (II.26)

defines the inverse propagator in the flavor basis for the left handed component projected on helicity eigenstates. The
correct “mass eigenstates” correspond to the (complex) poles of S, the real part describes the correct propagating
frequencies and the imaginary parts describe the damping rate of single (quasi) particle excitations. We will extract
these “mass eigenstates” from the (complex) zeroes of [ShL]

−1 by invoking the following approximations whose validity
will be assessed below:

• Ultrarelativistic approximation: q ≫ Ms, this entails that the produced sterile like neutrinos freeze out while
relativistic.

• θ ≪ 1, in particular we will assume that the self-energy correction is larger in magnitude than the vacuum
mixing angle. The precise condition will be discussed below.

• Validity of the perturbative expansion, in particular that the self-energy corrections are smaller than the un-
perturbed dispersion relations. This assumption will be clarified and discussed in detail in the analysis that
follows.

Introducing

Ωh ≡ (ω − h q)
(
A(ω, q) + hB(ω, q)

)
, (II.27)

and using (II.24) we obtain

[
S
h
L(ω, q)

]−1
=

(

ω2 − q2 −M
2
+

Ωh

2

)

1− 1

2

√(
δM2 cos(2θ) + Ωh

)2
+
(
δM2 sin(2θ)

)2
(

−Ch
m(ω, q) Shm(ω, q)

Shm(ω, q) Ch
m(ω, q)

)

(II.28)
where

C
h
m(ω, q) =

δM2 cos(2θ) + Ωh(ω, q)√(
Ωh(ω, q) + δM2 cos(2θ)

)2
+
(
δM2 sin(2θ)

)2 (II.29)

S
h
m(ω, q) =

δM2 sin(2θ)√(
Ωh(ω, q) + δM2 cos(2θ)

)2
+
(
δM2 sin(2θ)

)2 , (II.30)

To leading order in θ and assuming M1 ≪ M2 the corrections are given by
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with

(Ch
m(ω, q))2 + (Shm(ω, q))2 = 1 . (II.31)

If the imaginary part of the self energy vanishes (or can be neglected) then

C
h
m(ω, q) = cos(2θm) ; S

h
m(ω, q) = sin(2θm) , (II.32)

and θm would be the mixing angle in the medium. However, the absorptive (imaginary) part of the self-energy (related
to the damping rate of quasi particle excitations) prevent such identification.
The matrix

(
−Ch

m(ω, q) Shm(ω, q)
Shm(ω, q) Ch

m(ω, q)

)

has null trace and determinant (−1) as a consequence of (II.31), therefore real eigenvalues λ = ±1 with the following
eigenvectors:

(
ch(ω, q)
−sh(ω, q)

)

; λ = −1 (II.33)

(
sh(ω, q)
ch(ω, q)

)

; λ = 1 (II.34)

where

ch(ω, q) =

[
1 + Ch

m(ω, q)

2

]1/2
(II.35)

sh(ω, q) =

[
1− Ch

m(ω, q)

2

]1/2
. (II.36)

For vanishing absorptive part sh ≡ sin(θm), ch ≡ cos(θm) with θm the (real) mixing angle in the medium.

To leading order for θ ≪ 1 and M1 ≪ M2 ≃ Ms we obtain the following eigenvalues of
[
S

]−1

S−1 ≃ ω2 − q2 −M2
2 − θ2 (M2

2 )
2

(
M2

2 + Ωh(ω, q)
) + θ2M2

2 ; for λ = +1 ; eigenvector

(
sh(ω, q)
ch(ω, q)

)

(II.37)

S−1 ≃ ω2 − q2 −M2
1 + Ωh(ω, q) +

θ2 (M2
2 )

2

(
M2

2 + Ωh(ω, q)
) − θ2M2

2 ; for λ = −1 ; eigenvector

(
ch(ω, q)
−sh(ω, q)

)

. (II.38)

It is clear that the eigenvector corresponding to eigenvalue +1 corresponds to a sterile-like neutrino in the medium:
the radiative correction (self-energy) enters solely with the mixing angle and vanishes for vanishing mixing angle,
whereas the eigenvector corresponding to eigenvalue −1 is active-like, with radiative correction (Ωh) even for θ = 0.

The inverse of
[
ShL(ω, q)

]−1
is the inverse of the propagator, therefore its complex zeroes describe the complex poles.

Under the validity of perturbation theory (discussed below in detail) we write

ω = ωj(q) + δωh
j ; ωj(q) =

√
q2 +M2

j ≃ q +
M2

j

2q
; j = 1, 2 (II.39)

in the relativistic approximation and introducing (in the relativistic limit)

∆h
j (q) + iγh

j (q) =
Ωh(ωj , q)

2q
≃ (ωj − h q)

2q

[

A(ω = q, q) + hB(ω = q, q)

]

, (II.40)
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with j = 2 for sterile-like (eigenvalue λ = 1) and j = 1 for active-like (eigenvalue λ = −1) where both ∆ and γ are
real, and introducing

ξ =
M2

s

2q
(II.41)

we find the position of the poles in the propagator (“mass eigenstates”) at

δωh
2 =

θ2
(
ξ +∆h

2 (q)− iγh
2 (q)

)

[(
1 + ∆h

2 (q)
ξ

)2
+
(

γh
2 (q)
ξ

)2
] − θ2ξ ; for λ = +1 ; eigenvector

(
sh(ω = q, q)
ch(ω = q, q)

)

(II.42)

for the “sterile-like” neutrino and

δωh
1 = −

(
∆h

1 (q)+iγh
1 (q)

)
−

θ2
(
ξ +∆h

1 (q)− iγh
1 (q)

)

[(
1 + ∆h

1 (q)
ξ

)2
+
(

γh
1 (q)
ξ

)2
]+θ2ξ ; for λ = −1 ; eigenvector

(
ch(ω = q, q)
−sh(ω = q, q)

)

(II.43)

for the “active-like” neutrino.
We now introduce the effective mixing angle in the medium

θheff (q) =
θ

[(
1 +

∆h
j (q)

ξ

)2
+
(

γh
j (q)

ξ

)2
]1/2 , (II.44)

for each mass eigenstate j = 1, 2, in terms of which the position of the (quasi) particle poles (II.42,II.43) are written
as

δωh
2 = ∆h

2 (q)
(
θheff (q)

)2
+ ξ
[(

θheff (q)
)2

− θ2
]
− i γh

2 (q)
(
θheff (q)

)2
; j = 2 (sterile− like) , (II.45)

δωh
1 = −∆h

1 (q)
[
1 +

(
θheff (q)

)2]
− ξ
[(

θheff (q)
)2

− θ2
]
− i γh

1 (q)
[
1−

(
θheff (q)

)2]
; j = 1 (active− like) . (II.46)

Writing

δωh
j = ∆Eh

j − i
Γh
j

2
, (II.47)

for the corresponding helicity component, the imaginary part Γ yields the damping rate for the single (quasi) particle
excitations in the medium, namely the “mass eigenstates” in the medium evolve in time as

νhj (q) ≃ e−iωjt e−i∆Eh
j t e−Γh

j t/2 ⇒ |νhj (q)|2 ≃ e−Γh
j t ; j = 1, 2 , (II.48)

where the damping rates Γh
j are given by

Γh
2 = 2γh(q)

(
θheff (q)

)2
≃ 2γh(q) sin2(θheff ) sterile− like (II.49)

Γh
1 = 2γh(q)

[
1−

(
θheff (q)

)2]
≃ 2γh(q) cos2(θheff ) active− like . (II.50)

Even when a particle cannot decay in the vacuum, the spectral density may feature a width in the medium as a
consequence of dissipative processes arising from the coupling to excitations in the medium. In this case the width
describes the relaxation of the quasi-particle in linear response[95–98].
The coefficient ω − hq in (II.27) is noteworthy: for positive ω the positive helicity component h = 1 is helicity

suppressed, on the mass shell of the (vacuum) mass eigenstates in the relativistic limit ω − q ≃ M2
1,2/2q. This is
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for the corresponding helicity component, the imaginary part Γ yields the damping rate for the single (quasi) particle
excitations in the medium, namely the “mass eigenstates” in the medium evolve in time as

νhj (q) ≃ e−iωjt e−i∆Eh
j t e−Γh

j t/2 ⇒ |νhj (q)|2 ≃ e−Γh
j t ; j = 1, 2 , (II.48)

where the damping rates Γh
j are given by

Γh
2 = 2γh(q)

(
θheff (q)

)2
≃ 2γh(q) sin2(θheff ) sterile− like (II.49)

Γh
1 = 2γh(q)

[
1−

(
θheff (q)

)2]
≃ 2γh(q) cos2(θheff ) active− like . (II.50)

Even when a particle cannot decay in the vacuum, the spectral density may feature a width in the medium as a
consequence of dissipative processes arising from the coupling to excitations in the medium. In this case the width
describes the relaxation of the quasi-particle in linear response[95–98].
The coefficient ω − hq in (II.27) is noteworthy: for positive ω the positive helicity component h = 1 is helicity

suppressed, on the mass shell of the (vacuum) mass eigenstates in the relativistic limit ω − q ≃ M2
1,2/2q. This is

9

with j = 2 for sterile-like (eigenvalue λ = 1) and j = 1 for active-like (eigenvalue λ = −1) where both ∆ and γ are
real, and introducing

ξ =
M2

s

2q
(II.41)

we find the position of the poles in the propagator (“mass eigenstates”) at
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2 =
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(
ξ +∆h

2 (q)− iγh
2 (q)

)

[(
1 + ∆h

2 (q)
ξ

)2
+
(

γh
2 (q)
ξ

)2
] − θ2ξ ; for λ = +1 ; eigenvector

(
sh(ω = q, q)
ch(ω = q, q)

)

(II.42)

for the “sterile-like” neutrino and

δωh
1 = −
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∆h

1 (q)+iγh
1 (q)

)
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(
ξ +∆h
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1 (q)

)
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1 (q)
ξ

)2
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(
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1 (q)
ξ

)2
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(
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−sh(ω = q, q)

)

(II.43)

for the “active-like” neutrino.
We now introduce the effective mixing angle in the medium
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θ
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∆h
j (q)

ξ
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γh
j (q)

ξ

)2
]1/2 , (II.44)

for each mass eigenstate j = 1, 2, in terms of which the position of the (quasi) particle poles (II.42,II.43) are written
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2
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We find in the flavor basis the equation of motion for the left and right-handed component doublets

[
(ω2 − q2)1+

(
ω − hq

)(
A+ hB

)
−M

2
]
Ψh

L = 0 (II.22)

and
[
ω − h q

]
Ψh

R = M γ0Ψh
L , (II.23)

where M is given by (II.3) and

M
2 = M

2
1+

δM2

2

(
− cos(2θ) sin(2θ)
sin(2θ) cos(2θ)

)

. (II.24)

with

M
2 ≡ 1

2

(
M2

1 +M2
2

)
; δM2 ≡ M2

2 −M2
1 , (II.25)

and M1,2 are given by eqn. (II.6). The results (II.22,II.23) are general for standard model couplings of the active
(flavor) neutrinos and sterile neutrinos that only interact with active ones via a see-saw type mass matrix. Before
discussing in detail the one-loop contribution from charged and neutral currents, we want to establish general results
for the effective mixing angle in the medium and damping rates. The operator on the left hand side of (II.22)

[
S
h
L(ω, q)

]−1
=
[
(ω2 − q2)1+

(
ω − hq

)(
A+ hB

)
−M

2
]
, (II.26)

defines the inverse propagator in the flavor basis for the left handed component projected on helicity eigenstates. The
correct “mass eigenstates” correspond to the (complex) poles of S, the real part describes the correct propagating
frequencies and the imaginary parts describe the damping rate of single (quasi) particle excitations. We will extract
these “mass eigenstates” from the (complex) zeroes of [ShL]

−1 by invoking the following approximations whose validity
will be assessed below:

• Ultrarelativistic approximation: q ≫ Ms, this entails that the produced sterile like neutrinos freeze out while
relativistic.

• θ ≪ 1, in particular we will assume that the self-energy correction is larger in magnitude than the vacuum
mixing angle. The precise condition will be discussed below.

• Validity of the perturbative expansion, in particular that the self-energy corrections are smaller than the un-
perturbed dispersion relations. This assumption will be clarified and discussed in detail in the analysis that
follows.

Introducing

Ωh ≡ (ω − h q)
(
A(ω, q) + hB(ω, q)

)
, (II.27)

and using (II.24) we obtain

[
S
h
L(ω, q)

]−1
=

(

ω2 − q2 −M
2
+

Ωh

2

)

1− 1

2

√(
δM2 cos(2θ) + Ωh

)2
+
(
δM2 sin(2θ)

)2
(

−Ch
m(ω, q) Shm(ω, q)

Shm(ω, q) Ch
m(ω, q)

)

(II.28)
where

C
h
m(ω, q) =

δM2 cos(2θ) + Ωh(ω, q)√(
Ωh(ω, q) + δM2 cos(2θ)

)2
+
(
δM2 sin(2θ)

)2 (II.29)

S
h
m(ω, q) =

δM2 sin(2θ)√(
Ωh(ω, q) + δM2 cos(2θ)

)2
+
(
δM2 sin(2θ)

)2 , (II.30)

active-like

sterile-like
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From the dispersion relations is it possible to define an “effective” mixing angle in 
medium

9
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ξ
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(
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ξ

)2
]+θ2ξ ; for λ = −1 ; eigenvector

(
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)
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for the “active-like” neutrino.
We now introduce the effective mixing angle in the medium

θheff (q) =
θ

[(
1 +

∆h
j (q)

ξ

)2
+
(

γh
j (q)

ξ

)2
]1/2 , (II.44)

for each mass eigenstate j = 1, 2, in terms of which the position of the (quasi) particle poles (II.42,II.43) are written
as

δωh
2 = ∆h

2 (q)
(
θheff (q)

)2
+ ξ
[(

θheff (q)
)2

− θ2
]
− i γh

2 (q)
(
θheff (q)

)2
; j = 2 (sterile− like) , (II.45)

δωh
1 = −∆h

1 (q)
[
1 +

(
θheff (q)

)2]
− ξ
[(

θheff (q)
)2

− θ2
]
− i γh

1 (q)
[
1−

(
θheff (q)

)2]
; j = 1 (active− like) . (II.46)

Writing

δωh
j = ∆Eh

j − i
Γh
j

2
, (II.47)

for the corresponding helicity component, the imaginary part Γ yields the damping rate for the single (quasi) particle
excitations in the medium, namely the “mass eigenstates” in the medium evolve in time as

νhj (q) ≃ e−iωjt e−i∆Eh
j t e−Γh

j t/2 ⇒ |νhj (q)|2 ≃ e−Γh
j t ; j = 1, 2 , (II.48)

where the damping rates Γh
j are given by

Γh
2 = 2γh(q)

(
θheff (q)

)2
≃ 2γh(q) sin2(θheff ) sterile− like (II.49)

Γh
1 = 2γh(q)

[
1−

(
θheff (q)

)2]
≃ 2γh(q) cos2(θheff ) active− like . (II.50)

Even when a particle cannot decay in the vacuum, the spectral density may feature a width in the medium as a
consequence of dissipative processes arising from the coupling to excitations in the medium. In this case the width
describes the relaxation of the quasi-particle in linear response[95–98].
The coefficient ω − hq in (II.27) is noteworthy: for positive ω the positive helicity component h = 1 is helicity

suppressed, on the mass shell of the (vacuum) mass eigenstates in the relativistic limit ω − q ≃ M2
1,2/2q. This is

This quantity enters kinetic equation for sterile-like production

13

The relaxation rate Γ2(q) is precisely the damping rate of single (quasi) particle excitations (II.48) as discussed in
refs.[95–98]. Neutral current interactions are treated similarly by passing to the mass basis and keeping only the linear
term in sin(θ) ≃ θ for θ ≪ 1. It is clear from (III.14) that

Γ2(q) = sin2(θ)Γsm(q) (III.16)

where Γsm(q) is the rate calculated in the standard model for the production of a massive neutrino, furthermore, it
is given by the imaginary part of the standard model flavor neutrino self energy evaluated on the massive neutrino
mass shell. In the limit of a relativistic sterile-like mass eigenstate, Γsm(q) is identical to the imaginary part of the
self-energy for an active massless neutrino in the standard model. In fact in this limit the quantum kinetic equation
for the active-like mass eigenstate in the relativistic limit is the same as (III.12) but with sin2(θ) in (III.16) replaced
by cos2(θ).
Fundamentally the heart of the argument is simply detailed balance, a consequence of the main assumption that

the plasma degrees of freedom are in thermodynamic equilibrium: the damping rate of single quasiparticle excitations
Γ2(q) determines the approach to equilibrium in linear response[95–98] and for θ ≪ 1 the quantum kinetic equation
is linear in the population n2 to leading order in θ, therefore the gain term in the quantum kinetic equation is simply
related to the relaxation rate by detailed balance. This argument is general for θ ≪ 1. Therefore, comparing with the
damping rate for the sterile-like mass eigenstate (II.49), this analysis makes clear that for θ ≪ 1 the medium effects
on the mixing angle in the quantum kinetic equation are incorporated by the simple replacement sin(θ) → θeff (q) in
(III.14,III.16), in other words the full quantum kinetic equation for sterile-like production is

dnh
2 (q; t)

dt
= Γh

2(q)
[
neq(q)− nh

2 (q; t)
]
, (III.17)

where Γ∓
2 (q) are given by (II.59) with (II.55,II.55). Hence, the production rate of sterile-like neutrinos is

Γh
prod(q) = Γh

2 (q)neq(q) . (III.18)

In summary, the production rates for sterile-like neutrinos of negative (−) and positive (+ )helicities are given by

Γ−
prod(q) = 2

(
θ−eff (q)

)2
ImΣ−(q)neq(q) (III.19)

Γ+
prod(q) = 2

(
θ+eff (q)

)2
[
Ms

2q

]2
ImΣ+(q)neq(q) (III.20)

where the mixing angles θ∓eff (q) is given by (II.44) with the definitions (II.55-II.58). In the production rates
(III.19,III.20) Σ(q) is the standard model self-energy for flavor neutrinos evaluated on the relativistic mass shell,
and nh

2 refer to the population of the sterile-like mass eigenstate of helicity h. Because θeff depends on helicity the
matrix elements Mfi should not be averaged over helicity (spin) states.
From the expression (III.14) we can also glean how the helicity suppression is manifest in the case of massive

neutrinos. For this it is convenient to look at the positive frequency solutions of the massive Dirac equation in the
chiral representation (γ5 = diag(1,−1)) and in the helicity basis:

U+(q⃗) = N

(
v+(q⃗)

−ε(q) v+(q⃗)

)

; U−(q⃗) = N

(
−ε(q) v−(q⃗)

v−(q⃗)

)

(III.21)

where v±(q⃗) are helicity eigenvectors (Weyl spinors) for h = ±1, and

N =
√
Es(q) + q ; ε(q) =

Ms

E(q) + q
, (III.22)

then

L U+(q⃗) = ε(q) N

(
0

v+(q⃗)

)

(III.23)

in the relativistic limit q ≫ Ms , ε ≃ Ms/2q, this projected wave function enters in the matrix element Mfi for a
massive positive helicity neutrino in the final state, therefore

|Mfi|2 ∝
(Ms

2q

)2
(III.24)
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weight factor

hAi� =
1

Z

X

n

hn|A|nie��H =
1

Z
Tr

�
e��H

A
�

(2.7)

or with the use of the density matrix, we write

hAi� =
TrA⇢

Tr⇢
(2.8)

We can also think of a system characterized by a Hamiltonian H and a set of

conserved charges Q with particles of non-zero chemical potential. In this case we

shall switch to use the grand canonical ensemble and redefine the density operator

⇢ = exp [��(H � µN)] (2.9)

The definitions of the other quantities follow similarly as the zero chemical potential

case, where we use the canonical ensemble. The use of grand canonical ensemble

enables us to extend our studies on cases with non-trivial chemical potentials. The

canonical ensemble can be thought of as a special case of the canonical ensemble with

vanishing chemical potentials, but there are subtitles to care about.

We are now ready to derive a fundamental relation in finite temperature theory.

Consider the two-point correlation function

h�(x, t)�(y, 0)i� =
1

Z
Tr

⇥
e��H

�(x, t)�(y, 0)
⇤

=
1

Z
Tr

⇥
�(x, t)e��He�H�(y, 0)e��H

⇤

=
1

Z
Tr

⇥
�(x, t)e��Hei(�i�H)

�(y, 0)e�i(�i�H)
⇤

=
1

Z
Tr

⇥
�(x, t)e��H

�(y,�i�)
⇤

=
1

Z
Tr

⇥
e��H

�(y,�i�)�(x, t)
⇤

= h�(y,�i�)�(x, t)i� (2.10)

where we used the cyclic permutation property of a trace of operator products. We

surprisingly see that imaginary temperature plays the role as a time variable. If we

define the imaginary time variable

⌧ = it t = �i⌧ (2.11)

then the relation above can be rewritten as

h�(x, ⌧)�(y, 0)i� = h�(y, �)�(x, ⌧)i� (2.12)
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or with the use of the density matrix, we write
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TrA⇢

Tr⇢
(2.8)

We can also think of a system characterized by a Hamiltonian H and a set of

conserved charges Q with particles of non-zero chemical potential. In this case we

shall switch to use the grand canonical ensemble and redefine the density operator

⇢ = exp [��(H � µN)] (2.9)

The definitions of the other quantities follow similarly as the zero chemical potential

case, where we use the canonical ensemble. The use of grand canonical ensemble

enables us to extend our studies on cases with non-trivial chemical potentials. The

canonical ensemble can be thought of as a special case of the canonical ensemble with

vanishing chemical potentials, but there are subtitles to care about.
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3

The fields at finite temperature are periodic in the imaginary time component

R. Kubo, J. Phys. Soc. Jap. 12 (1957), 570-586; P. C. Martin and J. S. Schwinger, Phys. Rev. 115 (1959), 1342-1373

ϕ(x,0) = ± ϕ(x, iβ)Kubo-Martin-Schwinger (KMS) condition

This is called the Kubo-Martin-Schwinger relation, or the KMS relation in short. It

follows immediately from this relation that

�(x, 0) = ±�(x, �) (2.13)

where ± sign corresponds to whether the fields commute or anti-commute with each

other, or in other words, whether the fields are bosonic or fermionic. The KMS

relation shows that the fields are periodic or anti-periodic in imaginary time with �.

It is convenient to cope with the fields in the frequency-momentum space. Owing

to the periodicity constraint on the fields, the Fourier expansion

�(x, ⌧) =
X

n

�(x,!n)e
i!n⌧ (2.14)

is no longer a continuous Fourier integral but a Fourier series instead. In order to

satisfy the KMS relation (2.13), we can only take the discrete frequencies

!n =
2⇡n

�
for bosonic fields (2.15)

!n =
2⇡(n+ 1)

�
for fermionic fields (2.16)

n are integers �1, · · · ,�2,�1, 0, 1, 2, · · · ,1. These frequencies are called the Mat-

subara frequencies, named after the Matsubara who first formally constructed a ther-

mal field theory in the imaginary time formalism [5].

We also develop a path integral form for the partition function. The advantage of

a path integral representation lies in the convenience within this framework to deal

with gauge theories than using operator formalism, especially for non-Abelian gauge

theories such as QCD. By noting that

e��H = e�i
R�i�
0 Hdt = e�

R �
0 Hd⌧ (2.17)

We may think of exp(��H) as an evolution operator in imaginary time with ⌧ = it.

Recall the standard formalism of path integrals which can be found in many quantum

field theory textbooks [6], we have

U(q0, t0; q, t) = hq0|e�iH(t0�t)|qi =
Z

Dq(t00) exp

"
i

Z
t
0

t

dt
00L(t)

#
(2.18)

We write down the expression for partition function

Z =

Z
D�h�|e��H |�i =

Z
D� exp


�
Z

�

0

d⌧L(⌧)
�

(2.19)

All paths �(x, ⌧) satisfying the boundary condition (2.13) shall be evaluated in the

path integral.

4

The partition function at finite temperature ( β = 1/T ) can be formally expressed as a 
path integral with imaginary time evolution

A finite-temperature path-integral formalism can be derived in analogy to the 
standard QFT treatment: thermal Wick theorem, thermal diagrammatic expansion, 

thermal propagators, etc…

See e.g. T. Lundberg and R. Pasechnik,arXiv:2007.01224 [hep-th] for a modern review and collection of references
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We make use of the real-time formalism of thermal QFT

It is necessary to specify a contour of time integration in the complex plane71 Page 4 of 57 Eur. Phys. J. A (2021) 57 :71

Fig. 1 The generalised thermal
integration contour of
Matsubara. For the choice of the
thermal density operator in the
exponential form, the end-point
is tin − iβ with λ = β

Cν

tin

tin−iλ

presented by Danielewicz [19]. The emerging contour of inte-
gration is the vertical line in Fig. 1. The formalism outlined
above is valid for any system that is defined by a distribution
in the exponential (thermal) form Eq. (2.5) at some initial
point. Quite generally, the formalism has been shown [18] to
hold for a wide family of systems since the multi-particle ini-
tial distribution may always, at least formally, be expressed
in terms of quantities that obey the Wick’s theorem.

2.1.3 Real-time evolution operator

The generalised time evolution operator, formally defined by
Eq. (2.11), transforms an operator into its average along the
contour of Fig. 1. In this section, the definition of this oper-
ator will be extended in order to incorporate evolution along
the real-time axis thereby allowing for physical time depen-
dence. This development is necessary in order to work out the
so-called real-time formalism in which real-time quantities
may be extracted directly.

Wagner [18] and Danielewicz [19] made an observation
that the time evolution operator must be expressed as a non-
interacting operator in order for the Wick’s theorem to hold.
However, the general time-dependent Hamiltonian contains
multi-particle interactions. This issue was resolved in the
previous section in Eq. (2.13) for the vertical contour in Fig. 1
since this expression provides an expansion in which the
Wick’s theorem holds for each term in ŜCν . In general, in
order to compute observables one is interested in the resulting
n-point correlation functions. The latter can be generalised
in the TFT as follows

⟨Ô(t1, t2, . . . , tn)⟩ = ⟨Ô1(t1)Ô2(t2) · · · Ôn(tn)⟩ , (2.14)

and then extended further to directly incorporate the real-
time arguments as opposed to the purely imaginary temporal
dependence along the Cν contour discussed in the previous
section. Keldysh [9] developed an expansion of the time evo-
lution operator that is valid on the real axis. As shown in
Fig. 2, a contour segment C1 that goes up to some largest
time tfi on the real axis is added. A second segment C2 goes
back to tin, again along the real axis, before the piece C3
goes down to tin − iλ. The segments on top of the real axis
go through all temporal arguments of the n-point function of
interest. Note that the apparent offset from the real axis in

the figure is purely for display purposes: both contour pieces
C1 and C2 lie exactly on top of the axis.

The contour ordering TC may be defined along the
extended Keldysh contour. In complete analogy to the pre-
vious section, the notion of B̂ may be extended by the intro-
duction of

K̂(t) =
{
Ĥ(t) t ∈ R on C1 ∪ C2,

B̂(t) t = τ on Cν .
(2.15)

The new operator K̂(t) is defined as the real-time Hamilto-
nian of a given theory for real-time arguments and the gen-
eralised Hamiltonian discussed in the previous section on
the vertical contour piece. The procedure may be followed
through introducing the one-particle K̂0 and residual K̂ ′ oper-
ators that are defined over the entire contour, similarly to K̂
(see the analogous definition of B̂ ′, B̂0 following Eq. (2.6)).

The two-point function may be written as

⟨Ô(t, t ′)⟩ = Z0

Z 0⟨TC ŜC ÔK0(t, t
′)⟩0 . (2.16)

The subscripts of the brackets here indicate that the trace has
to be taken with respect to the one-particle density operator
ρ̂0 defined in terms of K̂0. Besides, TC orders the operators
along the entire contour C and the time evolution operator

ŜC = TC exp
[
−i

∫

C
dτ K̂ ′

K0
(τ )

]
(2.17)

is expressed in the generalised interaction picture with
respect to K0 analogously to Sect. 2.1.2. Hence, a formulation
of an arbitrary system, valid also out of equilibrium, exists in
terms of the series expansion of ŜC . For such series, the ther-
modynamic version of Wick’s theorem holds [19]. Extracting
the physical quantities from such an expansion is unfortu-
nately anything but a straightforward procedure since it is
clear that the series contains terms other than real-time cor-
relation functions as well. Several authors have analysed the
full expansion out of equilibrium, see for example [9,18,20–
23]. In particular, Wagner [18] provides a systematic series
expansion of the contour-ordered two-point correlation func-
tion for fermion fields and sets up the framework in which one
could attempt to find a solution to the generalised Dyson’s
equation.

From this point on, this work will focus on approaches
to thermal equilibrium theories, mainly developing their
imaginary- and real-time formulations, with the main goal
of presenting the decay rates for processes involving neutral
scalars and Dirac fermions as practically relevant example
calculations in the TFT.
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ℑ t

ℜ t

tin C1 = C+ tfi

C4

tfi − iσC2 = C−
C3

tin − iβ

Fig. 5 A generalised Keldysh contour C = C1 ∪ C2 ∪ C3 ∪ C4. The
contour is extended along the real axis in order to pick out all the real
time-arguments of the n-point function of interest. It then goes down
by iσ before going back in parallel to the real axis. Finally, the contour

goes down to the final time tin−iβ. The points tin and tfi are arbitrary and
may be suitably chosen for any given thermal system. In the equilibrium
limit, these end-points are taken to ±∞

of contour C . It is clear from these equations that the con-
tour dependence of the propagator enters only through the
contour step-function ΘC (t − t ′). In the case of the real-time
contour shown in Fig. 5, the time coordinates of x , x ′ may be
distributed arbitrarily over C and several unique two-point
functions (propagators) arise. Let us label them as tr , t ′s so that
tr ∈ Cr , t ′s ∈ Cs for r, s = {1, 2, 3, 4}. Then, the different
propagators may be expressed as

Drs(t − t ′) = DC (tr − t ′s). (4.1)

Note e.g. that t2, t3 always are later times than t1, t4.
The appearance of several distinct propagators is a very

general consequence of the statistical formulation of the two-
point function in Eq. (2.16). The real-time contour of Fig. 2
is treated in great detail by Wagner [18]. In an approach valid
both in as well as out of equilibrium, Wagner organised the
two-point functions (Green’s functions) in a matrix. In the
special case of σ = 0, this matrix takes the following form

D(t, t ′) =

⎛

⎝
D11(t, t ′) D12(t, t ′) D13(t, t ′)
D21(t, t ′) D22(t, t ′) D23(t, t ′)
D31(t, t ′) D32(t, t ′) D33(t, t ′)

⎞

⎠. (4.2)

Adding the piece C4 (σ ̸= 0) is a trivial extension. For any
system in equilibrium, Landsman and van Weert [13], Wag-
ner [18] and Das [27] argued that the contour pieces C3, C4
decouple entirely from the parallel pieces due to

Drs(t − t ′) = 0 (4.3)

if
(
r = 1, 2 ∧ s = 3, 4

)
∨

(
r = 3, 4 ∧ s = 1, 2

)

in the limit tin → −∞ and tfi → +∞. This may be proven
by the application of the Riemann-Lebesgue lemma [42] if
the source field is constrained to

lim
t→±∞

j (x) = 0. (4.4)

This condition is compatible with the KMS condition [13].
Due to the decoupling of the vertical contour segments, the
generating functional factorises as

Z [ j] = Z [0]Z34[ j]Z12[ j] (4.5)

with

Zrs[ j] = exp
[
i

∫

Crs

d4x LI

[
δ

iδ j (x)

]]
(4.6)

× exp
[
− i

2

∫

Crs

d4x
∫

Crs

d4x ′ j (x)DC (x − x ′) j (x ′)
]
.

Here, Crs = Cr ∪Cs . Therefore, the main focus, when con-
sidering the real-time Green’s functions, is the upper-left 2×2-
corner of the matrix in Eq. (4.2) while the contribution from
the vertical pieces is treated as a multiplicative factor. This
factor only enters the connected Green’s functions as an addi-
tive term in the cumulant expansion of Eq. (2.76).

4.2 Real-time propagator

An explicit form of the real-time thermal propagator, in the
case of a neutral scalar particle, can be found by examining
Eq. (4.6) in the light of Eq. (4.5). Having factorised out the
vacuum bubbles Z [0] and the vertical contour pieces Z34[ j],
only the real-time part Z12[ j] will be considered from here

123

Imaginary time Real time

Same diagrammatic structure 
as zero temperature QFT

This is called the Kubo-Martin-Schwinger relation, or the KMS relation in short. It

follows immediately from this relation that

�(x, 0) = ±�(x, �) (2.13)

where ± sign corresponds to whether the fields commute or anti-commute with each

other, or in other words, whether the fields are bosonic or fermionic. The KMS

relation shows that the fields are periodic or anti-periodic in imaginary time with �.

It is convenient to cope with the fields in the frequency-momentum space. Owing

to the periodicity constraint on the fields, the Fourier expansion

�(x, ⌧) =
X

n

�(x,!n)e
i!n⌧ (2.14)

is no longer a continuous Fourier integral but a Fourier series instead. In order to

satisfy the KMS relation (2.13), we can only take the discrete frequencies

!n =
2⇡n

�
for bosonic fields (2.15)

!n =
2⇡(n+ 1)

�
for fermionic fields (2.16)

n are integers �1, · · · ,�2,�1, 0, 1, 2, · · · ,1. These frequencies are called the Mat-

subara frequencies, named after the Matsubara who first formally constructed a ther-

mal field theory in the imaginary time formalism [5].

We also develop a path integral form for the partition function. The advantage of

a path integral representation lies in the convenience within this framework to deal

with gauge theories than using operator formalism, especially for non-Abelian gauge

theories such as QCD. By noting that

e��H = e�i
R�i�
0 Hdt = e�

R �
0 Hd⌧ (2.17)

We may think of exp(��H) as an evolution operator in imaginary time with ⌧ = it.

Recall the standard formalism of path integrals which can be found in many quantum

field theory textbooks [6], we have

U(q0, t0; q, t) = hq0|e�iH(t0�t)|qi =
Z

Dq(t00) exp

"
i

Z
t
0

t

dt
00L(t)

#
(2.18)

We write down the expression for partition function

Z =

Z
D�h�|e��H |�i =

Z
D� exp


�
Z

�

0

d⌧L(⌧)
�

(2.19)

All paths �(x, ⌧) satisfying the boundary condition (2.13) shall be evaluated in the

path integral.

4

bosons

fermions

Need to perform non-trivial sum 
on Matsubara frequencies ωn

Contribution from vertical paths 
factorises, no discrete sums are needed

Propagators are 
matrices

+

-

+

-
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Solutions in the zero T approximation

ΩBh
2 = 0.02237± 0.00015 (1)

ΩDMh2 = 0.1200± 0.0012 (2)
ΩΛ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)

θ2 =
!

α

|Uαs|2 (5)

fWDM θ2 ≲ 10−4
" ms

keV

#−5
(6)

h

Ni

Nj

1

⌦Bh
2 = 0.02237± 0.00015 (1)

⌦DMh2 = 0.1200± 0.0012 (2)
⌦⇤ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)
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X

↵

|U↵s|2 (5)
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⌘�5
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/
✓

i

2v

◆⇥
Cji (MjPL +MiPR) + C⇤

ji (MjPR +MiPL)
⇤

(7)

Cij =
X

↵

U⇤
↵iU↵j (8)

1

⌦Bh
2 = 0.02237± 0.00015 (1)

⌦DMh2 = 0.1200± 0.0012 (2)
⌦⇤ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)

✓2 =
X
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|U↵s|2 (5)

fWDM ✓2 . 10�4
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keV
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(6)

h
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/
✓

i

2v
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Cji (MjPL +MiPR) + C⇤

ji (MjPR +MiPL)
⇤

(7)

Cij =
X

↵

U⇤
↵iU↵j (8)

1

This operator is only present after electroweak symmetry breaking (v≠0)

If Mi > Mh and Mj  keV, this decay can produce keV sterile neutrinos (DM) 
while Ni are in thermal equilibrium

≈

A. Abada, G. Arcadi and M.L., arXiv:1406.6556 [hep-ph]

For general freeze-in studies, see e.g. L. J. Hall, K. Jedamzik, J. March-Russell and S. M. West, 
arXiv:0911.1120 [hep-ph]; X. Chu, T. Hambye and M. H. G. Tytgat, arXiv:1112.0493 [hep-ph]; X. Chu, Y. 

Mambrini, J. Quevillon and B. Zaldivar, arXiv:1306.4677 [hep-ph]; M. Klasen and C. E. Yaguna, 
arXiv:1309.2777 [hep-ph]; M. Blennow, E. Fernandez-Martinez and B. Zaldivar, arXiv:1309.7348 [hep-ph]

such that it results lower than the Hubble expansion rate. In our setup, this condition can be
expressed as: Yeff sin ✓ < 10�7.

The dark matter relic density depends on the decay rate of the pseudo-Dirac neutrinos into
DM as follows:

⌦DMh
2
'

1.07⇥ 1027

g
3/2

⇤

X

I

gI
ms� (NI ! DM + anything)

m
2

I

, (3.15)

where the sum runs over the pseudo-Dirac states and gI represents the number of internal degrees
of freedom of each state. For pseudo-Dirac neutrinos lighter than the Higgs boson, DM production
occurs through three-body processes whose rate is too suppressed to generate a sizeable amount
of DM. On the other hand, the above analytical expression is not strictly applicable for heavier
pseudo-Dirac neutrinos since the mixing angle ✓ depends on the vacuum expectation value (vev)
of the Higgs boson and is thus zero above the EW phase transition temperature. To a good
approximation, the correct DM relic density is determined by multiplying Eq. (3.15) by the function
"(mI) given by:

"(mI) =
2

3⇡

Z 1

0

f(xI)x
3

IK1(xI)dxI , xI =
mI

T
, (3.16)

with f(xI) describing the evolution of the Higgs vev v(T ) with the temperature and which can be
in turn approximated, according the results presented in [54], by:

v(T )

v(T = 0)
=

8
<

:

1 T < TEW

8� mI
20xI

TEW  T  160 GeV
0 T > 160 GeV

, (3.17)

where TEW ⇡ 140 GeV is the temperature associated to the EW phase transition. As shown in
Figure 6, the function "(mI) sharply decreases with the mass of the pseudo-Dirac neutrino since
most of the FIMP (Feebly Interacting Massive Particle) production occurs around the mass of the
decaying particle. As a consequence, we can have sizeable production of DM only for masses of
the decaying particles not too much above the scale of the electroweak phase transition while DM
production is negligible for masses of the pseudo-Dirac neutrinos above the TeV scale. Using the
expression of the rate associated to the process NI ! h + DM:

� (NI ! h + DM) =
mI

16⇡
Y

2

e↵,I
sin2 ✓

✓
1�

m
2

h

m
2

I

◆
, (3.18)

the DM relic density is given by:
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mI

1TeV

⌘�1
✓
1�

m
2

h

m
2

I

◆
" (mI) . (3.19)

It is then clear that the correct DM relic density can be achieved with a suitable choice of the
parameters. It is worth noticing that this production mechanism is complementary to the DW
one, which is always active provided that there is a nonzero active-sterile mixing.

We have reported in Figure 7 the (observed) value ⌦DMh
2 = 0.12 of the DM abundance,

assuming for simplicity the same mass m5 and effective Yukawa couplings Yeff for the 4 heavy

– 19 –
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most of the FIMP (Feebly Interacting Massive Particle) production occurs around the mass of the
decaying particle. As a consequence, we can have sizeable production of DM only for masses of
the decaying particles not too much above the scale of the electroweak phase transition while DM
production is negligible for masses of the pseudo-Dirac neutrinos above the TeV scale. Using the
expression of the rate associated to the process NI ! h + DM:
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It is then clear that the correct DM relic density can be achieved with a suitable choice of the
parameters. It is worth noticing that this production mechanism is complementary to the DW
one, which is always active provided that there is a nonzero active-sterile mixing.

We have reported in Figure 7 the (observed) value ⌦DMh
2 = 0.12 of the DM abundance,

assuming for simplicity the same mass m5 and effective Yukawa couplings Yeff for the 4 heavy
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The ε suppression function
The function ε takes into account the fraction of decays taking place after 

electroweak symmetry breaking

⌦Bh
2 = 0.02237± 0.00015 (1)

⌦DMh2 = 0.1200± 0.0012 (2)
⌦⇤ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)
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with f(xI) tracking the evolution of Higgs vev with temperature

such that it results lower than the Hubble expansion rate. In our setup, this condition can be
expressed as: Yeff sin ✓ < 10�7.
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where the sum runs over the pseudo-Dirac states and gI represents the number of internal degrees
of freedom of each state. For pseudo-Dirac neutrinos lighter than the Higgs boson, DM production
occurs through three-body processes whose rate is too suppressed to generate a sizeable amount
of DM. On the other hand, the above analytical expression is not strictly applicable for heavier
pseudo-Dirac neutrinos since the mixing angle ✓ depends on the vacuum expectation value (vev)
of the Higgs boson and is thus zero above the EW phase transition temperature. To a good
approximation, the correct DM relic density is determined by multiplying Eq. (3.15) by the function
"(mI) given by:
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with f(xI) describing the evolution of the Higgs vev v(T ) with the temperature and which can be
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It is then clear that the correct DM relic density can be achieved with a suitable choice of the
parameters. It is worth noticing that this production mechanism is complementary to the DW
one, which is always active provided that there is a nonzero active-sterile mixing.

We have reported in Figure 7 the (observed) value ⌦DMh
2 = 0.12 of the DM abundance,

assuming for simplicity the same mass m5 and effective Yukawa couplings Yeff for the 4 heavy
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most of the FIMP (Feebly Interacting Massive Particle) production occurs around the mass of the
decaying particle. As a consequence, we can have sizeable production of DM only for masses of
the decaying particles not too much above the scale of the electroweak phase transition while DM
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It is then clear that the correct DM relic density can be achieved with a suitable choice of the
parameters. It is worth noticing that this production mechanism is complementary to the DW
one, which is always active provided that there is a nonzero active-sterile mixing.

We have reported in Figure 7 the (observed) value ⌦DMh
2 = 0.12 of the DM abundance,

assuming for simplicity the same mass m5 and effective Yukawa couplings Yeff for the 4 heavy
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Figure 6: Suppression factor in Eq. (3.19) due to the electroweak symmetry restoration at high
temperatures, as a function of the mass of the decaying particle.

pseudo-Dirac states, for different values of the DM mass and considering the maximal value of
sin ✓ allowed by cosmological constraints - including thus the corresponding contribution from DW
production mechanism-. The displayed red points correspond to configurations of the "(2,3) ISS"
model in agreement with all laboratory constraints. Those configurations corresponding to pseudo-
Dirac states far from thermal equilibrium, and thus not accounting for a freeze-in production
mechanism, are delimited by a blue region. The shape of the lines can be understood as follows:
for pseudo-Dirac masses comparable with the Higgs one, the kinematical suppression in Eq. (3.19)
is significant, requiring sizeable Yukawas; for mI & 200 GeV the dependence on mI is weaker,
and the curve reaches a plateau, while for mI & 500 GeV the suppression due to the function
" (mI) becomes significant requiring larger Yukawas, eventually violating the freeze-in condition
Yeff sin ✓ < 10�7 for mI & 1.2 TeV.

The requirement of light sub-eV active neutrino masses together with µ ⇡ keV and MR ⇡ v,
implies values for the Yukawa couplings in the appropriate range to accounting for the observed
DM abundance (m⌫ ⇡ µY

2
v
2
/M

2

R
, see Eq. (2.7)). We emphasize here that this is not the case for

a type-I seesaw realisation since in this case the relation m⌫ ⇡ Y
2
v
2
/MR < 1 eV implies Y . 10�6

if MR ⇡ v, and thus the contribution from the freeze-in process is not sufficient to account for the
total DM abundance.

Among the lines displayed in Figure 7, we have highlighted in yellow the one corresponding
to the following DM mass and mixing angle,

ms ' 7.1 keV, sin2 2✓ ⇡ 7 · 10�11
, (3.20)

which can account for the monochromatic 3.5 keV line observed in the combined spectrum of
several astrophysical objects [11, 12].

The results presented in Figure 7 do not take into account the possible constraints from
structure formation. As will be made clear in the next section, the limits discussed above should
be sensitively relaxed since the DM produced through the freeze-in mechanism has a “colder”
distribution with respect to the DW mechanism. A reformulation of the corresponding limits is
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Reproducing neutrino data
To conveniently reproduce neutrino oscillation data we employ the Casas-

Ibarra parametrisation

⌦Bh
2 = 0.02237± 0.00015 (1)

⌦DMh2 = 0.1200± 0.0012 (2)
⌦⇤ = 0.6847± 0.0073 (3)

h = 0.6736± 0.0054 (4)
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masses
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THE MODEL

We extend the SM field content with the addition of 3 RHN fields NI , I = 1, 2, 3, leading

to the most general renormalizable Lagrangian:

L = LSM + iNI /@NI �
✓
1

2
N

c
IMIJNJ + F↵I`

↵
L�̃NI + h.c.

◆
, (1)

where `↵L is the left-handed SU(2)L lepton doublet of flavour ↵ = e, µ, ⌧ , MIJ is a symmetric

matrix of Majorana mass terms, F↵I are dimensionless Yukawa couplings andN
c = i�

2
�
0
N

T
,

�̃ = i�
2
�
⇤. After EWSB, the Yukawa couplings generate a Dirac mass termmD = vF , where

v = 174 GeV is the Higgs vacuum expectation value, and Eq. (1) results in a non-vanishing

Majorana mass matrixm⌫ for the light active neutrinos; in the Seesaw limit, |MIJ | � v|F↵I |,

it reads m⌫ ' �v
2
F

T
M

�1
F , while at leading order in the expansion parameter ⇥ = vF/M

the heavier mass eigenstates have masses coinciding with the eigenvalues of the matrix M .

Without loss of generality, it is always possible to chose a basis in which the matrix M is

real and diagonal, in which case the mixing elements coupling the active lepton flavour ↵ to

the heavy mass eigenstate I are given by U
⇤
↵I = m

↵I
D /MI . In order to ensure the agreement

of the model with experimental neutrino mixing parameters, it is convenient to parametrise

the Yukawa couplings using the Casas-Ibarra (CI) parametrisation [48]:

mD = �i U
⇤
PMNS

p
m̂ R

p
M, (2)

where m̂ is a diagonal matrix containing the mass eigenvalues of the light (mostly active)

neutrinos, UPMNS is the unitary PMNS mixing matrix [49] and R is an orthogonal matrix

parametrised by 3 complex angles !ij,

R = V23V13V12, with V12 =

0

BBB@

cos!12 sin!12 0

� sin!12 cos!12 0

0 0 1

1

CCCA
, (3)

and analogous definitions for V23, V13.

Model parameters

Low energy neutrino oscillation data only fix the value of UPMNS and (squared) mass

di↵erences for m̂ in Eq. (2). In order to be a viable DM candidate, a sterile neutrino

3

where R is an orthonormal matrix parametrised by 3 complex angles ωij

J. A. Casas and A. Ibarra, arXiv:hep-ph/0103065 [hep-ph]
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Two dark matter populations

must have a mass at the keV scale [8]: we will thus explore realisations with M1 in the

range [1, 100] keV. The heavier mass eigenstates must lie above the Higgs mass value for

the freeze-in production mechanism proposed in [46] to take place, but not too far from

the electroweak scale; for definiteness, we will chose them to be almost degenerate and

fix the values M2,3 = 300 GeV. The large hierarchy of values between M1 and M2,3 may

seem a fine-tuned scenario, however we will show that this can be the natural result of an

approximate lepton number symmetry. Most importantly, this symmetry-motivated scenario

gets automatically realised once we impose astrophysical and cosmological constraints to the

model.

Phenomenological constraints

Cosmology and astrophysics

There are three broad categories of constraints that apply to the model under discussion.

The first requirement is to not overclose the Universe, by producing a larger DM abundance

than the observed one, ⌦obs
DMh

2 = 0.12 [9] (where h is the dimensionless Hubble parameter,

H0 = 100 h km s�1 Mpc�1). In the absence of a sizeable lepton asymmetry, there are

two production mechanisms to consider: the first one is the well known DW, e↵ective at

temperatures T ⇡ 150 MeV and resulting in a relic density

⌦DW
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2 = 0.11 · 105 M1
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X
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�����
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, (4)

where C↵ are dimensionless parameters of order unity, whose exact value depends on the

lightest sterile neutrino mass M1 [50]. It is evident from Eq. (4) that the requirement

⌦DW
DM h

2  0.12 imposes a strong upper bound on the elements of the first column of R, and/or

an upper bound on the light active neutrino masses (see [51] for an extended discussion on

this second point). The second production mechanism, i.e. freeze-in production from the

decay of heavy neutrinos in thermal equilibrium, has never been included (to the best of

our knowledge) in previous studies concerning the minimal Type-I Seesaw mechanism. It is

mainly e↵ective at temperatures T ⇡ M2,3 and results in a relic abundance

⌦FI
DMh

2 = 2.16 · 1022
X

J=2,3

����

✓
R

† m̂

v
R

◆

1J

����
2

gJ

✓
1� m

2
h

M
2
J

◆2

" (MJ) , (5)

4

Dodelson-Widrow production
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2  0.12 imposes a strong upper bound on the elements of the first column of R, and/or

an upper bound on the light active neutrino masses (see [51] for an extended discussion on
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decay of heavy neutrinos in thermal equilibrium, has never been included (to the best of
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4

Freeze-in production

ΩDM < 0.12 sets strong upper bounds on Ri1

For sub-eV neutrinos

where gJ are the internal degrees of freedom of the heavy neutrinos, mh is the Higgs boson

mass and "(MJ) is a function that takes into account the suppression of the decay rate in

DM due to the electroweak symmetry restoration at temperatures much larger than the

electroweak scale [46]. For sub-eV active neutrinos, we have (m̂/v)2 <⇠ 10�23, giving the DM

abundance in the correct ballpark, provided R is of order unity.

The second constraint comes from requiring the DM stability over cosmological timescales:

keV sterile neutrinos can indeed radiatively decay into a photon and a light active neu-

trino [10], with a lifetime proportional to the active-sterile mixing angle, that one can write

as

✓
2
1 =

X

↵

���
⇣
U

⇤
PMNS

p
m̂ R

⌘

↵1

���
2

M
�1
1 . (6)

Even if the sterile neutrino lifetime exceeds the age of the Universe, a fraction of DM can

decay at present time, resulting in a monochromatic gamma-ray line with energy M1/2 (i.e.

X-rays). The non-observation of this signal results in an upper bound on ✓
2
1 as a function

of the DM mass M1 [19–40].

Finally, the DM momentum distribution a↵ects the structure formation of the Universe:

sterile neutrinos produced via the DW mechanism are classified as WDM, meaning they

have a sizeable free streaming length that erases substructures at galactic scales. A WDM

dominated Universe is at odd with observation, while mixed scenarios where WDM consti-

tutes a fraction fWDM of the current DM relic density are potentially allowed, depending on

the value of fWDM and on the free-streaming length of the WDM component. In this study

we adapt the 95% C.L. results from [18], whose bounds can be translated for the case of

sterile neutrinos produced via DW. Sterile neutrinos produced via freeze-in have a colder

spectrum, compatible with the structure formation constraints for masses approximately

above few keV [8, 46, 52] (see also [53–55]). In the present Letter we consider DM masses

as light as 1 keV, keeping in mind that the validation of solutions with masses smaller than

approximately 10 keV requires a dedicated study, that goes beyond the scope of the present

work. Finally, a lower bound on fermionic DM mass resulting from the phase space density

of DM in dwarf spheroidal galaxies [11] excludes (disfavours) values below 400 eV (2 keV)

(see [8] and references therein).

5

giving the correct abundance for R  1≈

Freeze-in produced DM has a colder spectrum than DW
A. Boyarsky, M. Drewes, T. Lasserre, S. Mertens and O. Ruchayskiy, arXiv:1807.07938 [hep-ph]; A. Abada, G. Arcadi and M. 

Lucente, arXiv:1406.6556 [hep-ph]; F. Bezrukov and D. Gorbunov, arXiv:1403.4638 [hep-ph]; M. Shaposhnikov and I. Tkachev, 
arXiv:hep-ph/0604236 [hep-ph]; A. Merle and M. Totzauer, arXiv:1502.01011 [hep-ph]; J. Heeck and D. Teresi,

arXiv:1706.09909 [hep-ph]



Michele Lucente - Università di Bologna DPF - PHENO 202443

Example of solutions

FIG. 1. Parameter space of solutions for the model with the choice of parameters as described

in the main text, for di↵erent DM masses. The black line (grey region) reproduces (exceeds) the

observed relic density. Cyan and yellow regions are excluded by Lyman-↵ and X-ray observations,

respectively, while in the blue region the model fails in reproducing neutrino oscillation data or is

excluded by HNL searches. The black-dashed line shows the expected solution by considering the

DW production mechanism only.

RESULTS

We report in Fig. 1 the parameter space of solutions for a Normal Ordering (NO) of

light active neutrino masses, and three choices of DM mass: one where Lyman-↵ bounds

are dominant, M1 = 2 keV, one that reproduces the (not yet confirmed) monochromatic

gamma-ray line at 3.55 keV [69, 70] (M1 = 7.1 keV), and finally one where X-ray bounds

are dominant, M1 = 30 keV. In the plots, the black lines represent the choices of parameters

that reproduce the observed DM relic abundance, ⌦DMh
2 = 0.12, while the grey region

above is excluded by the overproduction of DM. The cyan and yellow regions are excluded

by Lyman-↵ and X-ray observations, respectively, while in the blue region (on the top)

the model does not reproduce neutrino oscillation data or is excluded by the HNL searches

previously described: we find that the most constraining bounds in the present scenario are

the ones imposed by the HNL contributions to charged lepton flavour violating processes,

parametrised as deviations from unitarity of the leptonic mixing matrix (cf. e.g. [60, 71] and

references therein). The black-dashed line represents the expected solution if the freeze-in

production is neglected, i.e. if all the relic abundance is due to the DW production: as

7

We fix for definitiveness the neutrino oscillation 
parameters to their best-fit values in the NO case

and m1 = 0, M2=M3=300 GeV, ω13=0, Imω12=0, Reω23=0

No solution for M1 > 60 keV (M1 > 49 keV for IO)
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General structure of solutions

Neutrino or HNL
excluded
Overabundance
X-ray excluded
Ly-α excluded
Allowed
DM solutions

FIG. 2. Allowed and excluded regions for the complex angles !ij in the CI parametrisation, with

the other parameters chosen as described in the main text: green points are allowed by experimental

constraints and theoretical considerations, while other colours denote exclusion by at least one of

the criteria reported in the Figure. Finally, black points reproduce the observed DM relic density

at the 3� precision.

than unity. In addition, the requirement of reproducing the observed DM relic abundance via

freeze-in decay requires HNLs heavier than the Higgs boson, thus introducing a hierarchy of

masses, as well as Im!23 ⇡ 10, recovering the approximate symmetric limit. Concerning the

mass degeneracy between M2,3, this has no phenomenological motivation; however, relaxing

this condition would relax the symmetry, thus resulting in a less justified framework from the

model building point of view. The approximate lepton number symmetry is known to play

a role in justifying the structure of the ⌫MSM [73], as well as in other low-scale leptogenesis

models [78–80].

CONCLUSION

We have shown that, in the minimal SM extended with 3 RHN, the freeze-in production

of a sterile neutrino DM can account for the observed relic abundance, while complying

with existing constraints. This production channel has been, to the best of our knowledge,

neglected in previous studies, and e↵ectively opens a new parameter space of solutions for

the sterile neutrino DM hypothesis. This space of solutions is characterised by a hierarchy

between di↵erent parameters of the model (sterile neutrino masses as well as complex angles

in the CI parametrisation) that points towards an approximate lepton number symmetry,

which could be embedded in a larger B�L framework. When presenting solutions, we have

worked under a simplifying assumption in order to reduce the number of free parameters and

9

M1  keV 
M23 > 125 GeV

≈ Hierarchy of masses 

|ω1j| ≪ 1 
Imω23  10≃ Hierarchy in the CI complex angles

Fine-tuned solutions?
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Lepton number symmetry

In the limit

⌦Bh
2 = 0.02237± 0.00015 (1)

⌦DMh2 = 0.1200± 0.0012 (2)
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the Lagrangian acquires a global lepton number symmetry. The mass 
spectrum becomes 

• 3 massless active neutrinos

• 1 massless decoupled state N1
• 1 Dirac heavy neutrino (linear combination of N2 and N3)
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Approximate lepton number symmetry
Because neutrinos have (tiny) masses, the symmetry must be broken at 

some level. In the scenario:
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the mass spectrum features

• 3 light (massive) active neutrinos

• 1 light sterile neutrino with mass M1 (e.g. keV)

• 2 heavy Majorana neutrinos with almost degenerate masses 

forming a pseudo-Dirac pair (e.g. EW scale)

Moreover, the approximate symmetry protects light neutrino masses 
from large loop corrections even if sizeable Yukawas are present


