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Aim:

Study of the correlation between the curvature perturbation
ζ(x) and the squared amplitude of the tensor modes
hij(x)hij(x), within the framework of axion inflation.

• Gravitational Waves

• Inflation

• Axion Inflation

• Final Results
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(NASA) (D Weir/U Helsinki)

Gravitational Waves

CosmologicalAstrophysical

⇓ ⇓
STOCHASTIC GRAVITATIONAL WAVE BACKGROUND

How can we distinguish between astrophysical and cosmological
gravitational wave backgrounds?

⇓
Anisotropies

⇓
Cross correlation with CMB anisotropies

Chζ(k, τ) =
1

Ph

√
Pζ

k3

2π2

∫
dy

(2π)3/2
e−iky⟨hij(x+y, τ)hij(x+y, τ) ζ(x, τ)⟩
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Inflation

(Siegel)

Initial period of
accelerated expansion

governed by a scalar field.

S =
M2

P

2

∫
d4x

√
−gR−

∫
d4x

√
−g

(
1

2
gµν∇µϕ∇νϕ+ V (ϕ)

)
• Horizon problem

• Flatness problem

• CMB anisotropies

• Large-scale structure

• Primordial GW

−→ Theory of Cosmological Perturbations
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Scalar Fluctuations

ϕ(τ,x) = ϕ0(τ) + δϕ(τ,x)

→ ζ = −H

ϕ̇0

δϕ

Fourier decomposition:

δϕ(τ,x) =

∫
dk

(2π)3/2
δϕk(τ)e

−ikx

δϕ′′
k + 2Hδϕ′

k + k2δϕk = 0

Wavelengths are stretched → Macroscopic modes with
constant amplitudes

Scalar Power Spectrum: Pζ =
k3

2π2

H2

ϕ̇2
0

|δϕk|2
kτ→0−−−→

(
H2

2πϕ̇0

)2
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Tensor Fluctuations

Gravitational Waves

ds2 = a2(τ)
[
−dτ2 + (δij + hij(x, τ)) dx

i dxj
]
, hii = ∂ihij = 0

Einstein - Hilbert action 2nd order around FRW

S =
M2

P

2

∫
d4x

√
−gR →

M2
P

8

∫
d4x a2(h′ijh

′
ij − ∂khij∂khij)

h′′k + 2H h′k + k2 hk = 0

Tensor Power Spectrum: Ph = 2

(
2

MP

)2 k3

2π2
|hk|2

kτ→0−−−→ 2H2

π2M2
P
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Axion Inflation

Action:

S =

∫
d4x

√
−g

[
M2

P

2
R− 1

2
∂µϕ∂µϕ− V (ϕ)− 1

4
Fµν F

µν − ϕ

8 f

ϵµνρλ√
−g

Fµν Fρλ

]
Fµν = ∂µAν − ∂νAµ

Perturbations:

Inflaton: ϕ(x, τ) = ϕ0(τ) + δϕ(x, τ)

Metric: ds2 = a2(τ)
[
−dτ2 + (δij + hij(x, τ)) dx

i dxj
]

a(τ) = − 1
H τ hii = ∂ihij = 0

Canonically Normalized Perturbations:

Φ(x, τ) = a(τ) δϕ(x, τ) Hij(x, τ) ≡
MP

2
a(τ)hij(x, τ)
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Axion Inflation

Equations:

A′′
i −∇2Ai −

ϕ′
0

f
ϵijk ∂jAk = 0

Φ′′ − a′′

a
Φ−∇2Φ+

1

f a
ϵijk A′

i ∂jAk = 0

H ′′
ij−

a′′

a
Hij−∇2Hij+

1

aMP

[
A′

i A
′
j − (∂iAk − ∂kAi) (∂jAk − ∂kAj)

]
= 0

Scalar: Tensor:

Φ = ΦV︸︷︷︸
Homogeneous

+ ΦS︸︷︷︸
Particular

Hij = Hij,V︸ ︷︷ ︸
Homogeneous

+ Hij,S︸ ︷︷ ︸
Particular
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Axion Inflation

Ai(x, τ) =

∫
dk

(2π)3/2

∑
λ=±

eλi (k̂) e
ikx

[
Aλ(k, τ) âλ(k) +A∗

λ(k, τ) â
†
λ(−k)

]

d2 A±

dτ2
+

(
k2 ± 2 k

ξ

τ

)
A± = 0 ξ =

ϕ̇0

2 f H

↓

A+(k, τ) ≃
1√
2 k

(
−k τ

2 ξ

)1/4

e−2
√
−2 ξ k τ+π ξ EXPONENTIALLY

AMPLIFIED

[M. M. Anber and L. Sorbo, 2006]
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Axion Inflation

ΦS(q, τ) = i

∫
dτ ′ Gq(τ, τ

′)
Hτ ′

f
ϵijk

∫
dp

(2π)3/2
A′

i(p, τ
′) (q−p)jAk(q−p, τ ′)

Hij, S(q, τ) =

∫
dτ ′ Gq(τ, τ

′)
H τ ′

MP

∫
dp

(2π)3/2
A′

i(p, τ
′)A′

j(q− p, τ ′)

Gk(τ, τ
′) =

(1 + k2 τ τ ′) sin(k (τ − τ ′)) + k (τ ′ − τ) cos(k (τ − τ ′))

k3 τ τ ′
Θ(τ−τ ′)

Pζ = Pζ,V + Pζ, S ≃ H4

4π2ϕ̇2
0

+ 4.8× 10−8 H8

ϕ̇4
0

e4πξ

ξ6

[N. Barnaby and M. Peloso, 2011]

Ph = Ph,V + Ph, S ≃ 2H2

π2 M2
P

+ 8.7× 10−8 H
4

M4
P

e4πξ

ξ6

[L. Sorbo, 2011]
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Chζ correlation

Chζ(k, τ) =
1

Ph

√
Pζ

k3

2π2

∫
dy

(2π)3/2
e−iky⟨hij(x+y, τ)hij(x+y, τ) ζ(x, τ)⟩

ζ = ζV + ζS
TWO CONTRIBUTIONS

(Chζ)V

Correlation of gravitational
waves with the amplified
vacuum scalar fluctuations

⟨hij,S(x+y, τ)hij,S(x+y, τ) ζV(x, τ)⟩

(Chζ)S

Correlation of gravitational
waves with the sourced

scalar fluctuations

⟨hij,S(x+y, τ)hij,S(x+y, τ) ζS(x, τ)⟩
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Final Results: (Chζ)V

〈
[hijhij ]S (x+ y)ζV(x)

〉
≃

〈
[hijhij(ϕ(x+ y))]S ζV(x)

〉
≃

〈
[hijhij(ϕ0)]S ζV(x)

〉
+

〈
d [hijhij(ϕ0)]S

dϕ0
δϕV(x+ y)ζV(x)

〉

d [hijhij(ϕ0)]S
dϕ0

≃ 4π [hijhij(ϕ0)]S

(
ϵ− η

2

) 1

f

(Chζ)V ≃ 1

Ph

√
Pζ

k3

2π2

∫
dy

(2π)3/2
e−iky 4π

f

(
ϵ− η

2

)
⟨hijhij⟩S ⟨δϕV(x+ y) ζV(x)⟩

(Chζ)V = 8π ξ

√
Pζ,V

(2π)3/2

(η
2
− ϵ

)
−→

∣∣(Chζ)V∣∣ ≲ O(10−3)

ξ ≃ 10, Pζ,V ≃ 2× 10−9
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Final Results: (Chζ)S

(Chζ)S =
1

Ph

√
Pζ

k3

2π2

∫
dy

(2π)3/2
e−iky⟨hab,S(x+ y, τ)hab,S(x+ y, τ) ζS(x, τ)⟩

⟨hab, S(k1, τ)hab, S(k2, τ) ζS(k3, τ)⟩ = −
4H(τ)

M2
P ϕ̇0(τ) a3(τ)

⟨Hab, S(k1, τ)Hab, S(k2, τ)ΦS(k3, τ)⟩

=
4H(τ)

M4
P ϕ̇0(τ) a3(τ) f

∫ τ

−∞

dτ1

a(τ1)

dτ2

a(τ2)

dτ3

a(τ3)
Gk1

(τ, τ1)Gk2
(τ, τ2)Gk3

(τ, τ3)

×
∫

dq1 dq2 dq3

(2π)9/2
e+a (q̂1) e

+
b ( ̂k1 − q1) e

+
a (q̂2) e

+
b ( ̂k2 − q2) e

+
i (q̂3) e

+
i ( ̂k3 − q3) |k3−q3|

×⟨A′
+(q1, τ1)A

′
+(|k1−q1|, τ1)A′

+(q2, τ2)A
′
+(|k2−q2|, τ2)A′

+(q3, τ3)A+(|k3−q3|, τ3)⟩

� � �

(
Chζ

)
S
≃ 2× 10−4 e2π ξ H

ξ4 f
−→

(
Chζ

)
S
≃ 1.5× 10−2 (fequil

NL )1/3 ≲ 0.05
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Thanks for your attention.
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DPF-PHENO 2024

Thanks for your attention.
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Future work

(Chζ)S ≃ 1.5× 10−2 (f equil
NL )1/3 ≲ 0.05

Observability will depend on the amplitude of the anisotropies in
the gravitational wave spectra.

⇓

⟨hij(x)hij(x)hab(y)hab(y)⟩
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Chζ(k, τ) =
1

Ph

√
Pζ

k3

2π2

∫
dy

(2π)3/2
e−iky⟨hij(x+y, τ)hij(x+y, τ) ζ(x, τ)⟩

GW anisotropies

(Ricciardone, Dall’Armi, Bartolo, Bertacca, Liguori, Matarrese)

CMB anisotropies

(ESA/Planck Collaboration)

(Chζ)S ≫ (Chζ)V

(Chζ)S ≃ 1.5× 10−2 (f equil
NL )1/3 ≲ 0.05
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Pulsar Timing Arrays

NANOGrav: North American Nanohertz Observatory for
Gravitational Waves

JUNE 2023

(Max Planck Institute for Radio Astronomy)

Use of a set of pulsars
embedded in our Galaxy
to probe the passage of
gravitational waves that

modulate their radio signals.
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Axion Inflation

UV sensitivity of inflationary potentials
Solution:

symmetry that protects the potential against large radiative
corrections

⇓

Shift symmetry: ϕ → ϕ+ const

Axion

First model of axion inflation: Natural inflation (1990)
[K. Freese, J. A. Frieman and A. V. Olinto, 1990]

Natural inflation compatible with phenomenology for f ≫ MP but
theoretical predictions f < MP .
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Axion Inflation

Solutions:

• Spontaneous summetry breaking through the coupling with
4-forms.
[N. Kaloper, L. Sorbo, 2009]

[N. Kaloper, A. Lawrence, L. Sorbo, 2010]

• More than one axion.
[J. E. Kim, H. P. Nilles, M. Peloso, 2004]

[M. M. Anber, L. Sorbo, 2006]

[M. Berg, E. Pajer, S. Sjörs, 2009]

• Additional dynamics through the coupling with abelian or
non-abelian gauge fields.
[M. M. Anber, L. Sorbo, 2006]
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Phenomenology of Axion Inflation

• Magnetogenesis.

• Backreaction on the inflatonary dynamics.

• Production of scalar fluctuations:
(1). Correction to the power spectrum.
(2). Non-Gaussianities.

• Production of tensor fluctuations.
(1). Correction to the power spectrum.
(2). Non-Gaussianities.

• Production of primordial black holes.

• Production of fermions.
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Axion Inflation

L =

(
1

2
Φ′2 − 1

2
∂kΦ ∂kΦ+

a′′

2 a
Φ2

)
︸ ︷︷ ︸

free scalar perturbations

+

(
1

2
H ′

ij H
′
ij −

1

2
∂kHij ∂kHij +

a′′

2 a
Hij Hij

)
︸ ︷︷ ︸

free tensor perturbations

+

(
1

2
A′

i A
′
i −

1

2
∂kAi ∂kAi −

ϕ0

f
ϵijk A′

i ∂jAk

)
︸ ︷︷ ︸

free gauge field modes

− Hij

aMP

[
A′

i A
′
j − (∂iAk − ∂kAi) (∂jAk − ∂kAj)

]
− Φ

f a
ϵijk A′

i ∂jAk︸ ︷︷ ︸
interactions


