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Experimental data overview 
Single-inclusive annihilation (SIA) 

Clean channel: only FFs involved, 
higher-order corrections known to NNLO, 
precise data available (BELLE/BABAR). 
No flavour separation, 

tagged data for heavy-quark FFs. 

Scarcely sensitive to gluon distribution. 2



Experimental data overview 
Semi-inclusive deep-inelastic scattering (SIDIS) 
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Handle on flavour separation, 
precise data available (HERMES/COMPASS), 
involves both FFs and PDFs, 
since very recently fully known to O(αs2), i.e. NNLO: 

not ready yet to be used in a fit (working on a benchmark and implementation), 
approximated NNLO have been used in fits so far.
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Experimental data overview 
Inclusive production of  a hadron in pp collisions

Direct sensitivity to the gluon FF, 
precise data from LHC/Tevatron, 
involves both FFs and PDFs, 
publicly known so far up to NLO,

large scale variations at low pT, 

cannot be used for NNLO fits yet. 4
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Impact of  NNLO corrections 
SIA structure functions

<latexit sha1_base64="UCVa6adinD1DgwPMTy3ddpTrPSU="></latexit>
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D. Anderle et al. [arXiv:1510.05845]

The SIA structure functions show a good perturbative convergence: 
NNLO K-factors are typically much smaller than NLO ones, 
however, NNLO corrections can be significant (up to 15-20%), 
scale-variation bands consistently shrink going from LO to NNLO.

(B factories)

(LEP)

(B factories)
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Impact of  NNLO corrections 
SIA structure functions V. Bertone et al. [arXiv:1706.07049]

Perturbative corrections to 
SIA improve the agreement 
with data: 

perturbative convergence, 

NLO corrections necessary, 

NNLO beneficial.
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Approximated NNLO corrections to SIDIS used so far in fits: 
expansion to fixed order of  threshold-resummation results.

Impact of  NNLO corrections 
SIDIS structure functions

NNLO corrections significant but perturbative 
series converges reasonably well.

D. Abele et al. [arXiv:2109.00847]

COMPASS kinematics

EIC kinematics

COMPASS kinematics

Exact NNLO corrections became recently 
available. [Phys.Rev.Lett. 132 (2024) 25, 251902][Phys.Rev.Lett. 132 (2024) 25, 251901]

7Ongoing benchmark and fit implementation.
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The MAPFF1.0 NNLO analysis 
The data set

10

10°2 10°1 1
z

1 1

101 101

102 102

Q
[G

eV
]

SIA

SIDIS

Not fitted

LEP

B-factories

avoid large small- and large-z 
(resummation) corrections.

Cuts on SIA : 
 at  and 
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zmin = 0.075

Cuts on SIDIS  and :z ∈ [0.2 : 0.8] Q ≥ 2 GeV
avoid control bins ( ) and contribution from exclusive decays ( ),z < 0.2 z > 0.8
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All fitted FFs are parameterised at  using a single NN: 

architecture 1-20-7 (187 free parameters). 

We exploit the ability to compute the analytic derivatives of  any NN w.r.t. its 
free parameters using the NNAD library. [R. Abdul Khalek, V. Bertone, arXiv:2005.07039] 

This enormously simplifies the task of  the minimiser in that the gradient of  the χ2 
can be computed analytically (as opposed to numerical or automatic derivatives).

Q0 = 5 GeV

}z

The MAPFF1.0 NNLO analysis 
The parameterisation

1)  
2)  
3)  
4)  
5)  
6)  
7) 

Dπ+

u (z, Q0)
Dπ+

d (z, Q0)
Dπ+

d (z, Q0)
Dπ+

s (z, Q0) = Dπ+

s (z, Q0)
Dπ+

c (z, Q0) = Dπ+

c (z, Q0)
Dπ+

b (z, Q0) = Dπ+

b (z, Q0)
Dπ+

g (z, Q0)
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The MAPFF1.0 NNLO analysis 
The parameterisation
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The use of  NNs and the consequent large number of  free parameters 
requires and efficient minimiser. 

MINUIT is not an option:

We have chosen to use Ceres Solver: [http://ceres-solver.org]  

It allows for the use of  automatic and analytic differentiations. 

Ceres Solver is very well suited for complicated optimisation problems.  

The MAPFF1.0 NNLO analysis 
The minimiser

13
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Predictions based on collinear factorisation:

FFs obey the DGLAP evolution equations:

Perturbative contributions, numerical convolutions, solution of  the 
DGLAP equations and numerical integrations provided by APFEL++.

<latexit sha1_base64="zDjPYbd45QFgsW/IYkf3HHMxVic="></latexit>

�ep!h+X =

Z ymax

ymin

dy

Z xmax

xmin

dx

Z Qmax

Qmin

dQ
d3�ep!h+X

dydxdQ

Integration over the final-state phase space fully taken into account.

<latexit sha1_base64="Qe/k0hfKcEvLXOtPFz6BfwWHRgo="></latexit>
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The MAPFF1.0 NNLO analysis 
The theory setup

All perturbative ingredients are NNLO accurate (approx. for SIDIS).
V. Bertone [arXiv:1708.00911]
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The χ2 is computed exploiting all possible sources of  uncertainties:

<latexit sha1_base64="IZjRmzfVc5e72lTp9BpIj1xJ+SQ="></latexit>

Vij = �ij�
2
unc +

 nsysX

k=1

�(k)i �(k)j

!
mimj

<latexit sha1_base64="PFPE416Cejy2i1AU0DW5TLljsvo="></latexit>

�2 =
X

i,j

(mi � ti)V
�1
ij (mj � tj)

Data handling and computation of  the χ2 is delegated to NangaParbat: 
Monte-Carlo replica generation consistent with the covariance matrix, 
efficient computation of  the χ2  based on the Cholesky decomposition of  V, 

computation of  the systematic shifts for data-theory comparisons, 
t0 prescription (if  necessary) to treat normalisation uncertainties.

The MAPFF1.0 NNLO analysis 
The theory setup

A. Bacchetta et al. [arXiv:1912.07550]
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FFs at NNLO 
Fit quality for pions
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FFs at NNLO 
Fit quality for kaons
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NNLO better than NLO, 
moderate effects on FFs.
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FFs at NNLO 
Data description: SIDIS
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While both MAPFF1.0 and BDSS confirm that COMPASS high-Q data is better 
described by NNLO, it is not clear as yet where NNLO starts doing better than NLO.

FFs at NNLO 
NLO vs. approximated NNLO
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Summary 
Present extractions of  FFs have reached a high sophistication: 

inclusive data sets, 

high theoretical accuracy, 

COMPASS is playing a central role in this quest. 

Still a long way to go: 

still large discrepancies amongst active FF collaborations, 

waiting for the EIC to help us constrain FFs even further, 

a synergic effort along the same lines of  the PDF4LHC working group 
(FF4EIC?) would be extremely welcome. 
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Comparison to other extractions
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Impact of  NNLO corrections 
pp observables

Duwentäster et al. [ArXiv:2105.09873]

Data is largely overshot by NLO predictions obtained with all FF sets. 
Even most modern FF sets (NNFF and JAM) do not do a great job: 

however neither NNFF nor JAM include pp data.

 Comparison data/theory for inclusive pion pT spectrum at the LHC:
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Of  course, including pp data in a fit of  FFs helps improve the agreement: 
however, adjustments of  µR and µF significantly improves the description, 
reflection of  large NNLO corrections. 
Same conclusion found in a more recent analysis of   FFs. [Phys.Rev.D 109 (2024) 5, 052004]h±
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Impact of  NNLO corrections 
pp observables
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In the case of  charged-hadron FFs, pp data has a huge impact: 
consequence of  a better constraint on the gluon FF. 
Analysis limited to pT > 7 GeV to avoid large NNLO corrections.

Bertone et al. [ArXiv:1807.03310]

Impact of  NNLO corrections 
pp observables
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Time-like splitting functions known up to NNLO. 

Numerical implementation in the APFEL/APFEL++ codes: 

careful benchmark against in the the N-space MELA code, 

perfect agreement with QCDNUN(after a correction of  a bug in the latter). 

Matching conditions known up to NLO.

V. Bertone, S. Carrazza, E. R. Nocera [arXiv:1501.00494]

M. Botje [arXiv:1602.08383]

Perturbative content 
DGLAP evolution

FFs obey the standard collinear DGLAP evolution equations:

A. Mitov and S. O. Moch [hep-ph/0604160], M. Gluck, E. Reya, and A. Vogt [Phys.Rev. D48 (1993)]

V. Bertone, C. Carrazza, J. Rojo [arXiv:1310.1394], V. Bertone [arXiv:170800911]
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Perturbative content 
Hard cross sections

Single-inclusive annihilation: 
currently known up to O(αs2), i.e. NNLO, in the zero-mass scheme. 
mass corrections known up to to O(αs), 
small-z resummation corrections up to NNLL, 
hadron-mass corrections (particular relevant for kaons and protons), 
threshold (large-z) resummation corrections up to N3LL. 

Semi-Inclusive Deep-Inelastic-Scattering: 
currently fully know up to O(αs), i.e. NLO, in the zero-mass scheme, 
partial knowledge of  the O(αs2) corrections to FL, 
approximated NNLO and N3LO recently computed, 
threshold resummation corrections to N3LL. 

Hadroproduction in proton-proton collisions: 
currently fully know up to O(αs3), i.e. NLO, in the zero-mass scheme. 
(NNLO corrections available for single jet production, but not public).

A. Mitov and S. O. Moch [hep-ph/0604160]

T.  Kneesch [desy-thesis-10-049]

D.  Anderle [arXiv:1611.03371]

e.g. A.  Accardi [arXiv:1411.3649]

S. O. Moch and A. Vogt [arXiv:0908.2746]

D.  Anderle [arXiv:1612.01293]

P.  Aurenche et al. [hep-ph/9910252]

M.  Abele et al. [arXiv:2109.00847], M.  Abele et al. [arXiv:2203.07928]

J.  Currie et al. [arXiv:1611.01460]



Experimental data 
 

Borsa et al. [ArXiv:2110.14015]

BDSS analysis: almost 1500 data points for SIA, SIDIS, and pp for pions.



Laeder et al. [ArXiv:1103.5979]

Extraction of  the longitudinally polarised parton distribution functions: 

J. J. Ethier et al. [ArXiv:1705.05889]

In the presence of  semi-inclusive DIS (SIDIS) data the strange quark distribution 
is very sensitive to the choice of  the FF set used in the analysis. 

Fitting PDFs and FFs simultaneously does no lead to a definitive answer.

FFs and polarised PDFs



SIDIS multiplicities depend on PDFs and thus the precise data from HERMES and 
COMPASS are expected to help constrain PDFs (noticeably the strange PDFs if  a kaon 
is produced in the final state). 

On the other hand, SIDIS multiplicities also depend on FFs whose determination in 
turn often depends on PDFs. 

A combined extraction of  PDFs and FFs is a possible way to overcome this limitation.
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FFs and unpolarised PDFs
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Heavy-quark mass corrections relevant for Q ≳ mh. The precision of  the B-factories 
data and the kinematic coverage (Q ≃ 2mb) is such that these corrections are significant.

χ2 = 19.5
χ2 = 11.0

Recent results 
Impact of  mass corrections on FFs

Mass corrections known to O(αs) for SIA. 
Use of  FONLL to smoothly interpolate between massive and massless scheme: 

appropriate both for B-factories (Q ≃ 10.5 GeV) and LEP (Q = MZ) data. 
Marked improvement of  the χ2 of  BELLE (and BABAR).



Anderle et al. [ArXiv:1611.03371]

Recent results 
The impact of  small-z resummation corrections

Small-z resummation corrections up to NNLL 
are implemented in the SIA hard cross sections 
and the DGLAP splitting functions. 

Fits at the different orders are performed to a 
variety of  pion SIA data.

Beyond LO, resummation provides only a small 
improvement in the kinematic region of  interest 
w.r.t. the to fixed-order (particularly at NNLO). 

Important to study the interplay with hadron 
mass corrections, effective in the same region.



Impact of  the EIC on FFs
EIC Yellow Report [ArXiv:2103.05419]

EIC data is expected to have a significant impact on pion (left) and kaon (right) FFs: 

particularly pronounced for pion unfavoured FFs and kaon favoured FFs.


