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Fig. 2. Diagrams contributing in 1-particle inclusive deep-inelastic scattering.

(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams
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Andreas’ interest in hadron structure goes back a long way:

The insight that model building no longer suffices, if there exists a systematic method to rigorously 
solve hadron structure in QCD, formed the basis for the hugely successful effort to form a world-class 
Lattice-QCD group in Regensburg. Congratulations to all who contributed!

e

γ
q

*

(E, p)
(E’, p’)

K

h

π

π

d
u

u



IWHSS & CPHI 2024Gunar Schnell 

hadron structure - a global approach

2

204 D. Boer et al. / Nuclear Physics B 667 (2003) 201–241

(a) (b)

(c) (d)

(e) (f)

Fig. 2. Diagrams contributing in 1-particle inclusive deep-inelastic scattering.

(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams

DIS :  PDF ⊗ FF PDF
         

5

Andreas’ interest in hadron structure goes back a long way:

The insight that model building no longer suffices, if there exists a systematic method to rigorously 
solve hadron structure in QCD, formed the basis for the hugely successful effort to form a world-class 
Lattice-QCD group in Regensburg. Congratulations to all who contributed!

e

γ
q

*

(E, p)
(E’, p’)

K

h

π

π

d
u

u



IWHSS & CPHI 2024Gunar Schnell 

hadron structure - a global approach

2

204 D. Boer et al. / Nuclear Physics B 667 (2003) 201–241

(a) (b)

(c) (d)

(e) (f)

Fig. 2. Diagrams contributing in 1-particle inclusive deep-inelastic scattering.

(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams

DIS :  PDF ⊗ FF PDF
         

5

Andreas’ interest in hadron structure goes back a long way:

The insight that model building no longer suffices, if there exists a systematic method to rigorously 
solve hadron structure in QCD, formed the basis for the hugely successful effort to form a world-class 
Lattice-QCD group in Regensburg. Congratulations to all who contributed!

Polarized L’s in the current fragmentation region

R. L. Jaffe
Center for Theoretical Physics, Laboratory for Nuclear Science, and Department of Physics, Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139
and Lyman Physics Laboratory, Harvard University, Cambridge, Massachusetts 02138

~Received 16 July 1996!

Data on the nucleon spin structure suggests that the u- ~and d-) quark distributions in the L hyperon may be
polarized. If this correlation carries over into fragmentation, then the study of polarized L’s in the current
fragmentation region of deep inelastic lepton scattering will be a sensitive probe of the nucleon spin structure.
L production by polarized electrons from unpolarized targets can search for this correlation. If it is signficant,
L production by unpolarized electrons from longitudinally and transversely polarized targets can probe the
u-quark helicity and transversity distributions in the nucleon. @S0556-2821~96!50123-2#

PACS number~s!: 14.20.Jn, 13.88.1e

In the nonrelativistic quark model all the spin of the L
resides on the s quark. The u and d quarks are supposed to
be paired to spin and isospin zero. The same model predicts
that all the spin of the nucleon is carried by its quarks. Data
on hyperon b decays and deep inelastic scattering ~DIS!
from polarized nucleons shows that the latter is not true. The
latest published estimates of the spin fraction carried by
quarks in the nucleon is S(10 GeV2)50.260.1 @1#. Applied
to the L, the same data indicate that about 60% of the L spin
is on s ~and s̄) quarks, while 240% is on u ~and ū) and d
~and d̄) quarks @2#. These values are as reliable as the values
of quark spin fractions in the nucleon.

L’s are unique among light hadrons in that their polariza-
tion can be easily reconstructed from the nonleptonic decay
L!pp . Other hyperons are too rare to be of much interest.1
Other hadrons with spin do not preserve polarization infor-
mation in their decay products because the decays conserve
parity. With the advent of modern deep inelastic spin physics
many authors have examined the potential role of L’s as a

probe of nucleon spin substructure @3–6#. Generally these
papers focus only on the s-quark polarization within the L
and on L’s produced in the current fragmentation region.
Since polarized s quarks are relatively rare in the nucleon
and their squared charge is only 1/9, the prospect for using
L’s to probe polarized s quarks in the nucleon is not too
good. On the other hand, polarized u quarks are abundant in
the nucleon and their squared charge is 4/9.2 It is easy to see
that even a small correlation between the spins of the u
quarks and the L’s into which they fragment would make
them dominant over s quarks and potentially useful as probes
of the polarized u-quark distributions in the nucleon.3
In this report I first update what is known about the ~in-

tegrated! quark helicity distributions in the L. Next, follow-
ing the work of Artru and Mekhfi @3#, I summarize the op-
portunities for exploring and exploiting L polarization in
electroproduction. I use a helicity density matrix formalism

1Although S0’s are common enough to generate a small depolar-
izing background via the decay S0!Lg @2#. A precision experi-
ment should veto L’s secondary to S0 decay.

2Reference @7# takes a different approach, focusing on polarized
L’s in the target fragmentation region.
3Note that polarized s!L fragmentation functions can play a
major role in e1e2!L1X on the Z0 peak where strange quarks
are both copiously produced and strongly polarized @10,2#.

PHYSICAL REVIEW D
PARTICLES AND FIELDS

THIRD SERIES, VOLUME 54, NUMBER 11 1 DECEMBER 1996

RAPID COMMUNICATIONS

Rapid Communications are intended for important new results which deserve accelerated publication, and are therefore given priority
in the editorial office and in production. A Rapid Communication in Physical Review D should be no longer than five printed pages and
must be accompanied by an abstract. Page proofs are sent to authors, but because of the accelerated schedule, publication is generally
not delayed for receipt of corrections unless requested by the author.

540556-2821/96/54~11!/6581~5!/$10.00 R6581 © 1996 The American Physical Society

e

γ
q

*

(E, p)
(E’, p’)

K

h

π

π

d
u

u



IWHSS & CPHI 2024Gunar Schnell 

hadron structure - a global approach

2

204 D. Boer et al. / Nuclear Physics B 667 (2003) 201–241

(a) (b)

(c) (d)

(e) (f)

Fig. 2. Diagrams contributing in 1-particle inclusive deep-inelastic scattering.

(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams

DIS :  PDF ⊗ FF

226 D. Boer et al. / Nuclear Physics B 667 (2003) 201–241

(a) (b)

Fig. 7. Quark–quark (a) and one of the quark–quark–gluon (b) correlators in tree-level diagrams for back-to-back

jet production in electron–positron annihilation.

where the hermiticity properties of the various matrix elements have been used (see

Section 7).

6. Back-to-back jet production in electron–positron annihilation

Also for 2-particle inclusive electron–positron annihilation we have a quite similar

procedure. The calculation involves two soft fragmentation parts and the creation of a

quark–antiquark pair. We will discuss only the case of creation from a (timelike) photon.

The handbag diagram is given in Fig. 7(a) and an example of a diagram involving an

additional gluon in Fig. 7(b).

The calculation of this tensor in a diagrammatic expansion proceeds as in the case of

leptoproduction and gives
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=
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Data on the nucleon spin structure suggests that the u- ~and d-) quark distributions in the L hyperon may be
polarized. If this correlation carries over into fragmentation, then the study of polarized L’s in the current
fragmentation region of deep inelastic lepton scattering will be a sensitive probe of the nucleon spin structure.
L production by polarized electrons from unpolarized targets can search for this correlation. If it is signficant,
L production by unpolarized electrons from longitudinally and transversely polarized targets can probe the
u-quark helicity and transversity distributions in the nucleon. @S0556-2821~96!50123-2#
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In the nonrelativistic quark model all the spin of the L
resides on the s quark. The u and d quarks are supposed to
be paired to spin and isospin zero. The same model predicts
that all the spin of the nucleon is carried by its quarks. Data
on hyperon b decays and deep inelastic scattering ~DIS!
from polarized nucleons shows that the latter is not true. The
latest published estimates of the spin fraction carried by
quarks in the nucleon is S(10 GeV2)50.260.1 @1#. Applied
to the L, the same data indicate that about 60% of the L spin
is on s ~and s̄) quarks, while 240% is on u ~and ū) and d
~and d̄) quarks @2#. These values are as reliable as the values
of quark spin fractions in the nucleon.

L’s are unique among light hadrons in that their polariza-
tion can be easily reconstructed from the nonleptonic decay
L!pp . Other hyperons are too rare to be of much interest.1
Other hadrons with spin do not preserve polarization infor-
mation in their decay products because the decays conserve
parity. With the advent of modern deep inelastic spin physics
many authors have examined the potential role of L’s as a

probe of nucleon spin substructure @3–6#. Generally these
papers focus only on the s-quark polarization within the L
and on L’s produced in the current fragmentation region.
Since polarized s quarks are relatively rare in the nucleon
and their squared charge is only 1/9, the prospect for using
L’s to probe polarized s quarks in the nucleon is not too
good. On the other hand, polarized u quarks are abundant in
the nucleon and their squared charge is 4/9.2 It is easy to see
that even a small correlation between the spins of the u
quarks and the L’s into which they fragment would make
them dominant over s quarks and potentially useful as probes
of the polarized u-quark distributions in the nucleon.3
In this report I first update what is known about the ~in-

tegrated! quark helicity distributions in the L. Next, follow-
ing the work of Artru and Mekhfi @3#, I summarize the op-
portunities for exploring and exploiting L polarization in
electroproduction. I use a helicity density matrix formalism

1Although S0’s are common enough to generate a small depolar-
izing background via the decay S0!Lg @2#. A precision experi-
ment should veto L’s secondary to S0 decay.

2Reference @7# takes a different approach, focusing on polarized
L’s in the target fragmentation region.
3Note that polarized s!L fragmentation functions can play a
major role in e1e2!L1X on the Z0 peak where strange quarks
are both copiously produced and strongly polarized @10,2#.
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(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams
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Since polarized s quarks are relatively rare in the nucleon
and their squared charge is only 1/9, the prospect for using
L’s to probe polarized s quarks in the nucleon is not too
good. On the other hand, polarized u quarks are abundant in
the nucleon and their squared charge is 4/9.2 It is easy to see
that even a small correlation between the spins of the u
quarks and the L’s into which they fragment would make
them dominant over s quarks and potentially useful as probes
of the polarized u-quark distributions in the nucleon.3
In this report I first update what is known about the ~in-

tegrated! quark helicity distributions in the L. Next, follow-
ing the work of Artru and Mekhfi @3#, I summarize the op-
portunities for exploring and exploiting L polarization in
electroproduction. I use a helicity density matrix formalism

1Although S0’s are common enough to generate a small depolar-
izing background via the decay S0!Lg @2#. A precision experi-
ment should veto L’s secondary to S0 decay.

2Reference @7# takes a different approach, focusing on polarized
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3Note that polarized s!L fragmentation functions can play a
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(handbag) diagrams in Figs. 1(a) and 2(a) only involve quark–quark matrix elements. In

DIS the hadron momentum defines the lightcone direction n+ and the nonlocality in the

matrix elements is restricted along the lightcone direction n− (for which n+ · n− = 1). As

is well known, diagrams as in Fig. 1(b) with any number of A+ = A · n− gluons yield

the necessary gauge link connecting the two quark fields [11]. The nonlocal quark–quark

operator combination with a gauge link can be expanded into a tower of local twist-two

operators with different spins. Their matrix elements appear in the cross section as leading

terms in an expansion in inverse powers of the hard scale. Diagrams with (transverse)

Aα
T gluons or with A− gluons appear in matrix elements of higher twist operators, which

appear in the cross section in terms suppressed by inverse powers of the hard scale.

The situation in SIDIS (Fig. 2), discussed in Section 3, differs in a subtle way from

that of DIS, because the nonlocality in the operator combinations is not restricted to

the lightcone, but involves also transverse separations. The kinematics only constrain the

nonlocality to the light front. In our analysis we first consider theA+ gluon legs in diagrams
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appear in the cross section in terms suppressed by inverse powers of the hard scale.
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ing the work of Artru and Mekhfi @3#, I summarize the op-
portunities for exploring and exploiting L polarization in
electroproduction. I use a helicity density matrix formalism

1Although S0’s are common enough to generate a small depolar-
izing background via the decay S0!Lg @2#. A precision experi-
ment should veto L’s secondary to S0 decay.

2Reference @7# takes a different approach, focusing on polarized
L’s in the target fragmentation region.
3Note that polarized s!L fragmentation functions can play a
major role in e1e2!L1X on the Z0 peak where strange quarks
are both copiously produced and strongly polarized @10,2#.
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FFs needed/interesting for many other studies!  
(confinement, heavy-ion physics, etc.) 

FFs not calculable from first principles 

hadronization very active field  (Monte Carlo, hadrons in jets, event shapes, etc.)
☛  talks by Albi, Gevorg, Valerio, Xiao-Rui, Xuanbo, …
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BESIII: symmetric collider (Ee=1…2.4 GeV)  

BaBar/Belle: asymmetric beam-energy  
e+e- collider near/at ϒ(4S) resonance

e+e- annihilation at BESIII, BaBar & Belle

4

The BaBar and BESIII detectors

3I. Garzia, TMDe2015 - 2-4 Sep, 2015 5
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6 51. Plots of cross sections and related quantities
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Figure 51.6: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above 2 GeV.
The curves are the same as in Fig. 51.5. Note: CLEO data above Υ(4S) were not fully corrected for radiative effects, and we retain
them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data and
the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2015.)

√s [GeV]

5
1
.
P
lo

ts
o
f
c
ro

ss
se

c
ti
o
n
s
a
n
d

re
la

te
d

q
u
a
n
ti
ti
e
s

5

σ
an

d
R

in
e+

e−
C

o
ll
is

io
n
s

1
0

-8

1
0

-7

1
0

-6

1
0

-5

1
0

-4

1
0

-3

1
0

-2

1
1
0

1
0
2

σ[mb]
ω

ρ

φ

ρ
′

J
/ψ

ψ
(2

S
)

Υ

Z

1
0

-1

1

1
0

1
0

2

1
0

3

1
1
0

1
0
2

R
ω

ρ

φ

ρ
′

J
/ψ

ψ
(2

S
)

Υ

Z

√

s
[G

eV
]

F
ig

u
re

5
1
.5

:
W

or
ld

da
ta

on
th

e
to

ta
l
cr

os
s

se
ct

io
n

of
e+

e−
→

h
ad

ro
n
s

an
d

th
e

ra
ti
o

R
(s

)
=

σ
(e

+
e−

→
h
ad

ro
n
s,

s)
/σ

(e
+

e−
→

µ
+

µ
−

,s
).

σ
(e

+
e−

→
h
ad

ro
n
s,

s)
is

th
e

ex
p
er

im
en

ta
l

cr
os

s
se

ct
io

n
co

rr
ec

te
d

fo
r

in
it
ia

l
st

at
e

ra
di

at
io

n
an

d
el

ec
tr

on
-p

os
it
ro

n
ve

rt
ex

lo
op

s,
σ
(e

+
e−

→
µ

+
µ
−

,s
)

=
4π

α
2
(s

)/
3s

.
D

at
a

er
ro

rs
ar

e
to

ta
l

b
el

ow
2

G
eV

an
d

st
at

is
ti
ca

l
ab

ov
e

2
G

eV
.

T
he

cu
rv

es
ar

e
an

ed
uc

at
iv

e
gu

id
e:

th
e

br
ok

en
on

e
(g

re
en

)
is

a
na

iv
e

qu
ar

k-
pa

rt
on

m
od

el
pr

ed
ic

ti
on

,
an

d
th

e
so

lid
on

e
(r

ed
)

is
3-

lo
op

pQ
C

D
pr

ed
ic

ti
on

(s
ee

“Q
ua

nt
um

C
hr

om
od

yn
am

ic
s”

se
ct

io
n

of
th

is
R
ev

ie
w
,
E

q.
(9

.7
)

or
,
fo

r
m

or
e

de
ta

ils
,
K

.
G

.
C

he
ty

rk
in

et
al

.,
N

uc
l.

P
hy

s.
B

5
8
6
,
56

(2
00

0)
(E

rr
at

um
ib

id
.

B
6
3
4
,
41

3
(2

00
2)

).
B

re
it
-W

ig
ne

r
pa

ra
m

et
er

iz
at

io
ns

of
J
/ψ

,
ψ

(2
S

),
an

d
Υ

(n
S

),
n

=
1,

2,
3,

4
ar

e
al

so
sh

ow
n.

T
he

fu
ll

lis
t

of
re

fe
re

nc
es

to
th

e
or

ig
in

al
da

ta
an

d
th

e
de

ta
ils

of
th

e
R

ra
ti
o

ex
tr

ac
ti
on

fr
om

th
em

ca
n

b
e

fo
un

d
in

[
a
r
X
i
v
:
h
e
p
-
p
h
/
03
1
21
14
].

C
or

re
sp

on
di

ng
co

m
pu

te
r-

re
ad

ab
le

da
ta

fil
es

ar
e

av
ai

la
bl

e
at

h
t
t
p
:
/
/
p
d
g
.
l
b
l
.
go
v
/c
ur
re
n
t/
xs
e
ct
/.

(C
ou

rt
es

y
of

th
e

C
O

M
P
A

S
(P

ro
tv

in
o)

an
d

H
E

P
D

A
T
A

(D
ur

ha
m

)
G

ro
up

s,
A

ug
us

t
20

15
.

C
or

re
ct

io
ns

by
P
.
Ja

no
t

(C
E

R
N

)
an

d
M

.
Sc

hm
it
t

(N
or

th
w

es
te

rn
U

.)
)

e+e- annihilation at BESIII, BaBar & Belle



IWHSS & CPHI 2024Gunar Schnell 

BESIII: symmetric collider (Ee=1…2.4 GeV)  

BaBar/Belle: asymmetric beam-energy  
e+e- collider near/at ϒ(4S) resonance 

different scales (➠ QCD evolution) and 
sensitivities to quark flavor   

BESIII below charm threshold closer  
to typical SIDIS case 

5

6 51. Plots of cross sections and related quantities

R in Light-Flavor, Charm, and Beauty Threshold Regions

10
-1

1

10

10 2

0.5 1 1.5 2 2.5 3

Sum of exclusive
measurements

Inclusive
measurements

3 loop pQCD

Naive quark model

u, d, s

ρ

ω

φ

ρ′

2

3

4

5

6

7

3 3.5 4 4.5 5

Mark-I

Mark-I + LGW

Mark-II

PLUTO

DASP

Crystal Ball

BES

J/ψ ψ(2S)

ψ3770

ψ4040

ψ4160

ψ4415

c

2

3

4

5

6

7

8

9.5 10 10.5 11

MD-1
ARGUS CLEO CUSB DHHM

Crystal Ball CLEO II DASP LENA

Υ(1S)
Υ(2S)

Υ(3S)

Υ(4S)

b

R

√
s [GeV]

Figure 51.6: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above 2 GeV.
The curves are the same as in Fig. 51.5. Note: CLEO data above Υ(4S) were not fully corrected for radiative effects, and we retain
them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data and
the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2015.)
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pronounced at low thrust values and z, reaching initially
more than 80% of the yields before rapidly decreasing with
z and thrust value. For protons, the ϒð4SÞ contributions are
again less dominant. It should be noted that the large

number of decays needed by B mesons to produce the light
hadrons studied here increases their contribution at higher
transverse momenta disproportionately. Also the initial
momentum of the B mesons is small which enhances
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FIG. 2. Contributions to the thrust distributions from various processes for the reconstructed pion (left), kaon (center), and proton
(right) yields at theϒð4SÞ resonance. From bottom to top, the stacked contributions from eecc̄ (yellow), eess̄ (dark blue), eeuū (purple),
τþτ− (light green), ϒð4SÞ → BþB− (violet), ϒð4SÞ → B0B̄0 (dark green), charm (blue), and uds (red) are shown. For comparison, the
data for continuum (turquoise, denoted as “data cont”) and on-resonance (orange, denoted as “data res”) are also shown. The black
vertical lines display the thrust bin boundaries used in this analysis.
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FIG. 3. Ratio of yields after to before applying the PID correction for pions (green), kaons (blue), and protons (red), as a function of the
transverse momentum PhT in bins of z for an intermediate thrust bin. Empty bins are visible where the yields become zero, especially for
high-z bins as well as for kinematically inaccessible low-z protons. The error bars represent the systematic uncertainties assigned for this
correction step.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 
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with fractional energy z ¼ 2Eh=
ffiffiffi
s

p
, and transverse

momentum kT at the scale Q ¼
ffiffiffi
s

p
. Experimentally, the

transverse momentum of the hadron is calculated relative to
the thrust axis n̂ which maximizes the event-shape variable
thrust T [31]:

T ¼max
P

hjPCMS
h · n̂jP

hjPCMS
h j

: ð1Þ

The sum extends over all detected particles, and PCMS
h

denotes the momentum of particle h in the center-of-mass
system, CMS.
As the thrust variable describes how collimated all

particles in an event are, the results are presented in bins
of this value.
The paper is organized as follows: the detector setup and

reconstruction criteria are detailed in Sec. II, in Sec. III the
various corrections to get from the raw spectra to the final
cross sections are discussed. In Sec. IV the results are shown
and compared toMonte Carlo (MC) tunes beforewe proceed
to study the transverse-momentumbehavior viaGaussian fits
for small transverse momenta. We conclude with a summary
in Sec. V. (Note: Additional figures and data files are
available online in the Supplemental Material [32].)

II. BELLE DETECTOR AND DATA SELECTION

This single-hadron cross-sectionmeasurement is based on
a data sample of 558 fb−1 collected with the Belle detector at
the KEKB asymmetric-energy eþe− (3.5 GeV on 8 GeV)
collider [33,34] operating at theϒð4SÞ resonance (denoted as
on-resonance), as well as a smaller data set taken 60 MeV
below for comparison (denoted as continuum).
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement of
time-of-flight scintillation counters, and an electromagnetic
calorimeter comprised of CsI(Tl) crystals located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux return located outside of the coil is
instrumented to detect K0

L mesons and to identify muons.
The detector is described in detail elsewhere [35,36].
A 1.5 cm beampipe with 1 mm thickness and a four-layer
SVD and a small-cell inner drift chamber were used to
record 558 fb−1 [37].
The primary light (uds)- and charm-quark simulations

used in this analysis were generated using PYTHIA6.2 [38],
embedded into the EVTGEN [39] framework, followed by a
GEANT3 [40] simulation of the detector response. The
various MC samples were produced separately for light
(uds) and charm quarks, and on the generator level several
JETSET [41] settings were produced in order to study their
impact. For generator level MC to data comparisons, long-
lived weak decays, which normally are handled in GEANT,
were allowed in EVTGEN. In addition, we generated

charged and neutral B meson pairs from ϒð4SÞ decays
in EVTGEN, τ pair events with the KKMC [42,43] generator
and the TAUOLA [44] decay package, and other events with
either PYTHIA or dedicated generators [45] such as for two-
photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore events
are required to have a visible energy of all detected charged
tracks and neutral clusters above 7 GeV (to remove τ pair
events) and either a heavy-jet mass (the greater of the
invariant masses of all particles in a hemisphere as
generated by the plane perpendicular to the thrust axis)
above 1.8 GeV=c2 or a ratio of the heavy-jet mass to visible
energy above 0.25. Also, events need to have at least three
reconstructed charged tracks, which reduces two-photon
processes. The thrust value is calculated as described
above, where all detected particles and neutral clusters
are included. For the charged particles, the mass hypothesis
for the identified particle type is taken into account when
boosting into the CMS. The thrust axis is required to point
into the barrel part of the detector by having a z component
jn̂zj < 0.75 in order to reduce the amount of thrust-axis
smearing due to undetected particles in the forward/back-
ward regions. Tracks are required to be within 4 cm (2 cm)
of the interaction point along (perpendicular to) the
positron beam axis. Each track is required to have at least
three SVD hits and fall within the polar-angular acceptance
of −0.511 < cos θlab < 0.842 in order to have Particle
Identification (PID) information from all relevant PID
detectors. The fractional energy of each track is required
to exceed 0.1 and the transverse momentum with respect to
the thrust axis is then calculated in the CMS as illustrated in
Fig. 1. Also a minimum transverse momentum in the

FIG. 1. Illustration of transverse-momentum-dependent single
hadron fragmentation where the final-state hadron is depicted as a
red arrow, the incoming leptons as blue arrows, and the event
plane—spanned by leptons (blue lines) and initial quarks/thrust
axis n (purple line)—is depicted as a light blue plane. The
transverse momentum PhT is calculated relative to the thrust axis
and depicted by the red, dashed line.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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Thrust 

with fractional energy z ¼ 2Eh=
ffiffiffi
s

p
, and transverse

momentum kT at the scale Q ¼
ffiffiffi
s

p
. Experimentally, the

transverse momentum of the hadron is calculated relative to
the thrust axis n̂ which maximizes the event-shape variable
thrust T [31]:

T ¼max
P

hjPCMS
h · n̂jP

hjPCMS
h j

: ð1Þ

The sum extends over all detected particles, and PCMS
h

denotes the momentum of particle h in the center-of-mass
system, CMS.
As the thrust variable describes how collimated all

particles in an event are, the results are presented in bins
of this value.
The paper is organized as follows: the detector setup and

reconstruction criteria are detailed in Sec. II, in Sec. III the
various corrections to get from the raw spectra to the final
cross sections are discussed. In Sec. IV the results are shown
and compared toMonte Carlo (MC) tunes beforewe proceed
to study the transverse-momentumbehavior viaGaussian fits
for small transverse momenta. We conclude with a summary
in Sec. V. (Note: Additional figures and data files are
available online in the Supplemental Material [32].)

II. BELLE DETECTOR AND DATA SELECTION

This single-hadron cross-sectionmeasurement is based on
a data sample of 558 fb−1 collected with the Belle detector at
the KEKB asymmetric-energy eþe− (3.5 GeV on 8 GeV)
collider [33,34] operating at theϒð4SÞ resonance (denoted as
on-resonance), as well as a smaller data set taken 60 MeV
below for comparison (denoted as continuum).
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement of
time-of-flight scintillation counters, and an electromagnetic
calorimeter comprised of CsI(Tl) crystals located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux return located outside of the coil is
instrumented to detect K0

L mesons and to identify muons.
The detector is described in detail elsewhere [35,36].
A 1.5 cm beampipe with 1 mm thickness and a four-layer
SVD and a small-cell inner drift chamber were used to
record 558 fb−1 [37].
The primary light (uds)- and charm-quark simulations

used in this analysis were generated using PYTHIA6.2 [38],
embedded into the EVTGEN [39] framework, followed by a
GEANT3 [40] simulation of the detector response. The
various MC samples were produced separately for light
(uds) and charm quarks, and on the generator level several
JETSET [41] settings were produced in order to study their
impact. For generator level MC to data comparisons, long-
lived weak decays, which normally are handled in GEANT,
were allowed in EVTGEN. In addition, we generated

charged and neutral B meson pairs from ϒð4SÞ decays
in EVTGEN, τ pair events with the KKMC [42,43] generator
and the TAUOLA [44] decay package, and other events with
either PYTHIA or dedicated generators [45] such as for two-
photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore events
are required to have a visible energy of all detected charged
tracks and neutral clusters above 7 GeV (to remove τ pair
events) and either a heavy-jet mass (the greater of the
invariant masses of all particles in a hemisphere as
generated by the plane perpendicular to the thrust axis)
above 1.8 GeV=c2 or a ratio of the heavy-jet mass to visible
energy above 0.25. Also, events need to have at least three
reconstructed charged tracks, which reduces two-photon
processes. The thrust value is calculated as described
above, where all detected particles and neutral clusters
are included. For the charged particles, the mass hypothesis
for the identified particle type is taken into account when
boosting into the CMS. The thrust axis is required to point
into the barrel part of the detector by having a z component
jn̂zj < 0.75 in order to reduce the amount of thrust-axis
smearing due to undetected particles in the forward/back-
ward regions. Tracks are required to be within 4 cm (2 cm)
of the interaction point along (perpendicular to) the
positron beam axis. Each track is required to have at least
three SVD hits and fall within the polar-angular acceptance
of −0.511 < cos θlab < 0.842 in order to have Particle
Identification (PID) information from all relevant PID
detectors. The fractional energy of each track is required
to exceed 0.1 and the transverse momentum with respect to
the thrust axis is then calculated in the CMS as illustrated in
Fig. 1. Also a minimum transverse momentum in the

FIG. 1. Illustration of transverse-momentum-dependent single
hadron fragmentation where the final-state hadron is depicted as a
red arrow, the incoming leptons as blue arrows, and the event
plane—spanned by leptons (blue lines) and initial quarks/thrust
axis n (purple line)—is depicted as a light blue plane. The
transverse momentum PhT is calculated relative to the thrust axis
and depicted by the red, dashed line.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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Thrust 

with fractional energy z ¼ 2Eh=
ffiffiffi
s

p
, and transverse

momentum kT at the scale Q ¼
ffiffiffi
s

p
. Experimentally, the

transverse momentum of the hadron is calculated relative to
the thrust axis n̂ which maximizes the event-shape variable
thrust T [31]:

T ¼max
P

hjPCMS
h · n̂jP

hjPCMS
h j

: ð1Þ

The sum extends over all detected particles, and PCMS
h

denotes the momentum of particle h in the center-of-mass
system, CMS.
As the thrust variable describes how collimated all

particles in an event are, the results are presented in bins
of this value.
The paper is organized as follows: the detector setup and

reconstruction criteria are detailed in Sec. II, in Sec. III the
various corrections to get from the raw spectra to the final
cross sections are discussed. In Sec. IV the results are shown
and compared toMonte Carlo (MC) tunes beforewe proceed
to study the transverse-momentumbehavior viaGaussian fits
for small transverse momenta. We conclude with a summary
in Sec. V. (Note: Additional figures and data files are
available online in the Supplemental Material [32].)

II. BELLE DETECTOR AND DATA SELECTION

This single-hadron cross-sectionmeasurement is based on
a data sample of 558 fb−1 collected with the Belle detector at
the KEKB asymmetric-energy eþe− (3.5 GeV on 8 GeV)
collider [33,34] operating at theϒð4SÞ resonance (denoted as
on-resonance), as well as a smaller data set taken 60 MeV
below for comparison (denoted as continuum).
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement of
time-of-flight scintillation counters, and an electromagnetic
calorimeter comprised of CsI(Tl) crystals located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux return located outside of the coil is
instrumented to detect K0

L mesons and to identify muons.
The detector is described in detail elsewhere [35,36].
A 1.5 cm beampipe with 1 mm thickness and a four-layer
SVD and a small-cell inner drift chamber were used to
record 558 fb−1 [37].
The primary light (uds)- and charm-quark simulations

used in this analysis were generated using PYTHIA6.2 [38],
embedded into the EVTGEN [39] framework, followed by a
GEANT3 [40] simulation of the detector response. The
various MC samples were produced separately for light
(uds) and charm quarks, and on the generator level several
JETSET [41] settings were produced in order to study their
impact. For generator level MC to data comparisons, long-
lived weak decays, which normally are handled in GEANT,
were allowed in EVTGEN. In addition, we generated

charged and neutral B meson pairs from ϒð4SÞ decays
in EVTGEN, τ pair events with the KKMC [42,43] generator
and the TAUOLA [44] decay package, and other events with
either PYTHIA or dedicated generators [45] such as for two-
photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore events
are required to have a visible energy of all detected charged
tracks and neutral clusters above 7 GeV (to remove τ pair
events) and either a heavy-jet mass (the greater of the
invariant masses of all particles in a hemisphere as
generated by the plane perpendicular to the thrust axis)
above 1.8 GeV=c2 or a ratio of the heavy-jet mass to visible
energy above 0.25. Also, events need to have at least three
reconstructed charged tracks, which reduces two-photon
processes. The thrust value is calculated as described
above, where all detected particles and neutral clusters
are included. For the charged particles, the mass hypothesis
for the identified particle type is taken into account when
boosting into the CMS. The thrust axis is required to point
into the barrel part of the detector by having a z component
jn̂zj < 0.75 in order to reduce the amount of thrust-axis
smearing due to undetected particles in the forward/back-
ward regions. Tracks are required to be within 4 cm (2 cm)
of the interaction point along (perpendicular to) the
positron beam axis. Each track is required to have at least
three SVD hits and fall within the polar-angular acceptance
of −0.511 < cos θlab < 0.842 in order to have Particle
Identification (PID) information from all relevant PID
detectors. The fractional energy of each track is required
to exceed 0.1 and the transverse momentum with respect to
the thrust axis is then calculated in the CMS as illustrated in
Fig. 1. Also a minimum transverse momentum in the

FIG. 1. Illustration of transverse-momentum-dependent single
hadron fragmentation where the final-state hadron is depicted as a
red arrow, the incoming leptons as blue arrows, and the event
plane—spanned by leptons (blue lines) and initial quarks/thrust
axis n (purple line)—is depicted as a light blue plane. The
transverse momentum PhT is calculated relative to the thrust axis
and depicted by the red, dashed line.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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before 2013: lack of precision data at (moderately) high z  
and low √s 

limits analysis of evolution and gluon fragmentation 

limited information in kinematic region often used in  
semi-inclusive DIS

single-hadron production

8

[2012 PDG]

19. Fragmentation functions in e
+

e
−, ep and pp collisions 5

corrected) in Refs. [19,25]. Thus the coefficient functions are known to NNLO except
for FL where the leading contribution is of order αs.

The effect of the evolution is similar in the timelike and spacelike cases: as the scale
increases, one observes a scaling violation in which the x-distribution is shifted towards
lower values. This can be seen from Fig. 19.2 where a large amount of measurements of
the total fragmentation function in e+e− annihilation are summarized. QCD analyses of
these data are discussed in Section 19.5 below.
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Figure 19.2: The e+e− fragmentation function for all charged particles is shown
[8, 26−42] (a) for different CM energies

√
s versus x and (b) for various ranges

of x versus
√

s. For the purpose of plotting (a), the distributions were scaled by
c(
√

s) = 10i with i ranging from i = 0 (
√

s = 12 GeV) to i = 13 (
√

s = 202 GeV).

Unlike the splitting functions in Eq. (19.5), see Refs. [18–20], the coefficient
functions for F2,T,A in Eq. (19.6) show a threshold enhancement with terms up to

αn
s (1−z)−1 ln 2n−1(1−z). Such logarithms can be resummed to all orders in αs using

standard soft-gluon techniques [43–45]. Recently this resummation has been extended to
the subleading (and for FL leading) class αn

s ln k(1−z) of large-x logarithms [46,47].

In Refs. [23] the NLO coefficient functions have been calculated also for single hadron
production in lepton-proton scattering, ep → e + h + X . More recently corresponding
results have been obtained for the case that a non-vanishing transverse momentum is
required in the HCMS frame [48].
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corrected) in Refs. [19,25]. Thus the coefficient functions are known to NNLO except
for FL where the leading contribution is of order αs.

The effect of the evolution is similar in the timelike and spacelike cases: as the scale
increases, one observes a scaling violation in which the x-distribution is shifted towards
lower values. This can be seen from Fig. 19.2 where a large amount of measurements of
the total fragmentation function in e+e− annihilation are summarized. QCD analyses of
these data are discussed in Section 19.5 below.
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Figure 19.2: The e+e− fragmentation function for all charged particles is shown
[8, 26−42] (a) for different CM energies

√
s versus x and (b) for various ranges

of x versus
√

s. For the purpose of plotting (a), the distributions were scaled by
c(
√

s) = 10i with i ranging from i = 0 (
√

s = 12 GeV) to i = 13 (
√

s = 202 GeV).

Unlike the splitting functions in Eq. (19.5), see Refs. [18–20], the coefficient
functions for F2,T,A in Eq. (19.6) show a threshold enhancement with terms up to

αn
s (1−z)−1 ln 2n−1(1−z). Such logarithms can be resummed to all orders in αs using

standard soft-gluon techniques [43–45]. Recently this resummation has been extended to
the subleading (and for FL leading) class αn

s ln k(1−z) of large-x logarithms [46,47].

In Refs. [23] the NLO coefficient functions have been calculated also for single hadron
production in lepton-proton scattering, ep → e + h + X . More recently corresponding
results have been obtained for the case that a non-vanishing transverse momentum is
required in the HCMS frame [48].
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slight tension at low-z for BaBar and high-z for Belle
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so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3
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Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy
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the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ! 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ! 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower

√
S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ! 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ! 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower

√
S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ! 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ! 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower

√
S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ! 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ! 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower
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S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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as compared to the original DSS 07 analysis [3]. Secondly,
the overall quality of the global fit has improved dramat-
ically from χ2/d.o.f. ! 1.83 for DSS 07, see Tab. V in
Ref. [3], to χ2/d.o.f. ! 1.08 for the current fit. A more
detailed inspection reveals that the individual χ2 values
for the SIA data [30–33, 37], which were already included
in the DSS 07 fit, have, by and large, not changed signif-
icantly. The biggest improvement concerns the SIDIS
multiplicities from Hermes which, in their published
version [19], are described rather well by the updated
fit, with only a few exceptions; see below. Also, the
charged kaon multiplicities from Compass [22] and the
new SIA data from BaBar [17] and Belle [18] integrate
very nicely into the global QCD analysis of parton-to-
kaon FFs at NLO accuracy. We recall that the original
DSS 07 fit was based on the 2003 NLO (2002 LO) PDF
set [38] ([39]) from the MRST group. In the present fit,
the underlying set of PDFs has have been upgraded to
the recent MMHT 2014 analysis [9], that gives a much
more accurate description of sea-quark parton densities
on which the analysis of SIDIS multiplicities depends
rather strongly. We have checked that very similar re-
sults for kaon FFs are obtained with other up-to-date sets
of PDFs such as [8, 10]. Nevertheless, the correspond-
ing PDF uncertainty is included in the χ2-minimization
procedure and, hence, the quoted χ2 values for SIDIS
multiplicities.

B. Electron-Position Annihilation Data

In Figs. 3 and 4 we present a detailed comparison of the
results of our fit and its uncertainties at both 68% and
90% C.L. with the SIA data already included and newly
added to the original DSS 07 analysis [3], respectively. In
general, the agreement of the fit with SIA data is excel-
lent in the entire energy and z-range covered by the ex-
periments. The new fit reproduces SLAC and LEP data
at Q = MZ as well or even slightly better than the old
DSS 07 result for z ≥ 0.1, and improves very significantly
the description of the newly added Belle and BaBar
data as can be best seen from the “(data-theory)/theory”
panels in Fig. 4; recall that only data with z ≥ 0.2 are
included in the fit for BaBar due the lower

√
S. This

is mainly achieved by changing the singlet flavor combi-
nations rather significantly at large z ∼ 0.5 − 0.8 at the
lower Q relevant for Belle and BaBar. For SIA data
at z-values lower than those included in the χ2 minimiza-
tion, the old DSS 07 fit gives, however, a better descrip-
tion when extrapolated, presumably because the fit has
to accommodate much less data.
The Belle data [18], shown in Fig. 4, provide not only

the finest binning in z but also reach the highest z-values
measured so far. Above z ! 0.8 one observes an in-
creasing trend for the new fit to overshoot the data, still
within the estimated and growing theoretical (and exper-
imental) uncertainties though. In this kinematic regime
one expects large logarithmic corrections, which appear
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in each order of perturbation theory, to become more and
more relevant. It is known how to resum such terms to

so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3

and 4, reflect the accuracy and kinematical coverage of the
fitted data. They increase toward both small and large z,
similar to the pattern observed for the individual Dπþ

i in
Figs. 1 and 2. One should keep in mind that the obtained
bands are constrained by the fit to the global set of SIA,
SIDIS, and pp data and do not necessarily have to follow
the accuracy of each individual set of data.
As was already mentioned in Sec. III A, the SIA data

from the LEP and SLAC experiments constrain mainly the
total quark singlet fragmentation to pions as up-type and
down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q≃MZ. The new BABAR and
BELLE data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined, this
leads to some partial flavor separation. QCD scale evolu-
tion between Q2 ≃ 110 GeV2 and Q2 ¼ M2

Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy

ffiffiffi
S

p
of

the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
on radiative photon events if their energy exceeds a certain
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so far little explored. The binning of BABAR data [28] is
more sparse toward large z, and a similar trend as for the
BELLE data is not visible here.
For all the sets shown in Fig. 3, the new fit is able to

follow the trend of the data even below the z values

included in the analysis (the region indicated by the hatched
area). Agreement with BABAR data below the cut z ¼ 0.1
quickly deteriorates though. In this region, the data start to
drop while the NLO SIA cross section continues to rise as
can be seen in the left-hand panel of Fig. 4. Since the
BABAR data are taken at the lowest c.m.s. energy, such an
effect is not unexpected and signifies the onset of neglected
hadron mass effects in the theoretical framework. In fact,
this was the reason for us to choose a somewhat higher cut
in z, z > 0.1 than for the other SIA data obtained at higher
c.m.s. energies. The BELLE experiment did not publish
any data below z ¼ 0.2 [29].
Also shown in Figs. 3 and 4 are the theoretical results

obtained with the original DSS FFs (dashed lines), i.e.,
without any refitting or adjusting normalization shifts. The
agreement with SIA data is in general very good, except for
some small deviations from the recent B factory data, most
noticeable in the comparison to BABAR. Contrary to the
new analysis, the original DSS fit undershoots both the
BELLE and BABAR data at high z.
Our estimated uncertainty bands, also shown in Figs. 3

and 4, reflect the accuracy and kinematical coverage of the
fitted data. They increase toward both small and large z,
similar to the pattern observed for the individual Dπþ

i in
Figs. 1 and 2. One should keep in mind that the obtained
bands are constrained by the fit to the global set of SIA,
SIDIS, and pp data and do not necessarily have to follow
the accuracy of each individual set of data.
As was already mentioned in Sec. III A, the SIA data

from the LEP and SLAC experiments constrain mainly the
total quark singlet fragmentation to pions as up-type and
down-type quark couplings to the exchanged Z gauge
boson are roughly equal at Q≃MZ. The new BABAR and
BELLE data are dominated by photon exchange and,
hence, prefer up-type quark flavors. When combined, this
leads to some partial flavor separation. QCD scale evolu-
tion between Q2 ≃ 110 GeV2 and Q2 ¼ M2

Z provides
some additional constraints, in particular, also for the gluon
FF. The flavor-tagged LEP and SLAC data, listed in
Table II, are still the best “direct” source of information
on the charm- and bottom-to-pion FFs.
Finally, we wish to remark that despite the excellent

agreement with all SIA data there are still some issues
which require further scrutiny and, perhaps, more detailed
comparisons among the different experimental groups. One
concern is the question to what extent “feed-down” pions
from weak decays contribute to the individual data sets.
Different treatments of QED radiative corrections, of which
the main effect is to lower the “true” c.m.s. energy
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the collisions, might be another source of potential tension.
For instance, the BELLE Collaboration [29] provides only
a measurement of the cross section dσ=dz, while all other
experiments in SIA scale their quoted results by the total
cross section σtot for eþe− → hadrons. Since BELLE cuts
on radiative photon events if their energy exceeds a certain
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2.2 Physical observables

The SIA differential cross-section involving a hadron h in
the final state can be expressed as

dσ h

dz
(z, Q) = 4πα2(Q)

Q2 Fh
2 (z, Q), (2.3)

where α is the Quantum Electrodynamics (QED) running
coupling and Fh

2 is the fragmentation (structure) function,
defined in analogy with the structure function F2 in DIS.
While in the literature Fh

2 is often called fragmentation func-
tion, we will denote it as fragmentation structure function in
order to avoid any confusion with the partonic FFs.

The SIA cross-sections used in this analysis are sum-
marised in the third column of Table 1. For some experiments,
they are presented as multiplicities, i.e. they are normalised
to σtot, the total cross-section for the inclusive electron–
positron annihilation into hadrons. In addition to the nor-
malisation to σtot, the format of the experimental data can
differ among the various experiments due to the choice of
scaling variable and/or an additional overall rescaling factor.
These differences are indicated in Table 1, where the follow-
ing notation is used: z = Eh/Eb = 2Eh/

√
s is the energy

Eh of the observed hadron h scaled to the beam energy Eb;
xp = |ph |/|pb| = 2|ph |/

√
s is the hadron three-momentum

|ph | scaled to the beam three-momentum |pb|; ξ = ln(1/xp);
and β = |ph |/Eh is the velocity of the observed hadron h.

Starting from the measured observables defined in Table 1,
the corresponding data points have been rescaled by the
inverse of s/β or 1/β whenever needed to match Eq. (2.3),
modulo the normalisation to σtot. Corrections depending on
the hadron mass mh are retained according to the procedure
described in Ref. [68]. This implies that the distributions dif-
ferential in xp, ph or ξ are modified by a multiplicative Jaco-
bian factor determined by the following relations between
the scaling variables:

z(ph) = 2

(
m2

h + p2
h

s

) 1
2

z(xp) = βxp = xp

(

1 + 4
x2
p

m2
h

s

) 1
2

z(ξ) = e−ξ

(

1 + 4 e2ξ m2
h

s

) 1
2

. (2.4)

The typical size of these hadron-mass corrections is illus-
trated in the left plot of Fig. 2, where we show the ratio xp/z
as a function of z, at three representative values of

√
s, for

pions, kaons, and protons. Hadron-mass corrections become
larger when z and/or

√
s decrease, as well as when mh is

increased. These corrections can become significant in the
kinematic region covered by the data. For instance, at z = 0.1

and Q = MZ hadron-mass corrections are less than 10% for
all hadronic species, while at z = 0.1 and Q = 10 GeV
they rise up to 20% (70% or more) for pions (kaons and pro-
tons/antiprotons). For protons/antiprotons, these corrections
are already larger than 30% around z = 0.4 at the center-of-
mass energy of the B-factory data. Therefore, the inclusion
of hadron-mass corrections should improve the description
of the data.

In the case of the BELLE experiment we multiply all
data points by a factor 1/c, with c = 0.65 for charged
pions and kaons [69] and with c a function of z for pro-
tons/antiprotons [53]. This correction is required in order
to treat the BELLE data consistently with all the other SIA
measurements included in NNFF1.0. The reason is that a
kinematic cut on radiative photon events was applied to the
BELLE data sample in the original analysis instead of unfold-
ing the radiative QED effects. Specifically, the energy scales
in the measured events were kept within 0.5% of the nominal
fragmentation scale Q/2; a Monte Carlo simulation was then
performed to estimate the fraction of events with initial-state
(ISR) or final-state radiation (FSR) photon energies below
0.5% × Q/2. For each bin, the measured yields are then
reduced by these fractions in order to exclude events with
large ISR or FSR contributions.

Finally, note that the B-factory measurements correspond
to samples where the effect of bottom-quark production is not
included because they were taken at a center-of-mass energy
below the threshold to produce a B-meson pair. The corre-
sponding theoretical predictions should therefore be com-
puted without the bottom-quark contribution, as explained
in Sect. 3.1.

2.3 Kinematic cuts

Our baseline determination of FFs is based on a subset of all
the available data points described above. Specifically, we
impose two kinematic cuts at small and large values of z,
zmin and zmax, and retain only the data points with z in the
interval [zmin, zmax]. These cuts are needed to exclude the
kinematic regions where effects beyond fixed-order pertur-
bation theory should be taken into account for an acceptable
description of the data. For instance, soft-gluon logarithmic
terms proportional to ln z and threshold logarithmic terms
proportional to ln(1−z) can significantly affect the time-like
splitting functions and the SIA coefficient functions below
certain values of zmin and above certain values of zmax. As a
consequence, the convergence of the fixed-order expansion
can be spoiled.

While all-order resummation techniques have been devel-
oped both at small [70–73] and large z [74–78], their inclu-
sion is beyond the scope of the present work. However,
we note that the impact of small- and large-z unresummed
logarithms is alleviated when higher-order corrections are
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very precise data for charged pions and kaons 

Belle data available up to very large z (z<0.98) 
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suggesting that the scaling with ECM might be well simu-
lated. In some cases, simple changes to parameters in
JETSET produced improvements in the agreement with
data, and some experiments implemented global tuning.
We do not attempt to tune any of the models, but we test
some simple modifications of JETSET parameters: changing
the probability of producing a diquark-antidiquark rather
than a q !q pair at each string break modifies the amplitude
of the simulated proton spectrum, but does not change the
shape; similarly, the probability to produce an s!s rather
than u !u or d !d pair controls the amplitude, but not the
shape, of the kaon spectrum.

We test the scaling properties of the models by gen-
erating samples with each at various energies, comparing
them with available data, and looking for changes in the
type or magnitude of any differences. In the top plot in
Fig. 14 we show our conventional !! cross section along
with those from the TASSO and SLD experiments. At
high xp, these two experiments provide the most precise
data and/or widest coverage for ECM near 30 GeV and the
Z0 peak. Data from other experiments are consistent and
yield the same conclusions, but are omitted for clarity.
Strong scaling violations are evident, both at low xp due
to the pion mass and at high xp as expected from the
running of the strong coupling strength "s. Also shown
are the predictions of the JETSET model at these three
energies, using default parameter values. JETSET provides
a good description of all three data sets for xp > 0:2, and
hence describes the high-xp scaling violation well. The
other two models also reproduce this ECM dependence,
though they do not describe the spectrum well at any
energy.

The middle plot in Fig. 14 shows a similar test for the
K! cross section. Here we show the UCLA model predic-
tions, as they describe our results best at high xp. The
different flavor composition of the three samples is impor-
tant for K! and modifies the expected scaling violation.
Kaons from b !b events, which are absent from our data,
contribute strongly to the TASSO cross section in the
0.1–0.3 region, but little at higher xp. Since the cross
sections are normalized per event, the expected scaling
violation is reduced relative to that in the!! cross sections
in the 0.1–0.3 range, and increased at higher xp. At the Z

0

energy, the relative production of up- and down-type
quarks is quite different, and the combination of more
K! from b !b and s!s events and fewer from c !c events pushes
the simulated high-xp cross section up to nearly the same
level as for the TASSO energy.

The flavor dependence has been shown [15,18] to be
accurately modeled at the Z0 energy to the level of about
10%. The UCLA model describes the shape of the SLD
cross section at high xp well, but is too low by about 15%.
The other models also predict about 15% more scaling
violation than is observed. However, it is difficult to draw
any conclusion in light of the flavor dependence.

For protons, shown in the bottom plot in Fig. 14, we
compare with the JETSET model in which we have changed
one parameter value, the diquark production probability
Pdiqrk, from 0.1 to 0.085. This provides a good description

of the SLD and TASSO data at all xp, although the latter
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the entire z range, while the ALEPH and LEP/Tevatron
tunes roughly agree with the data at low z and the
older Belle MC setting is in moderate agreement at
high z.

IV. SUMMARY

In summary, we present eþe− → h1h2X differential
cross sections in z1 and z2 for pion-pion, pion-kaon and
kaon-kaon pairs of the same and opposite charges and in
various topologies. The general expectations of disfa-
vored fragmentation functions being suppressed, espe-
cially at large fractional energies, are confirmed within
the assumptions mentioned in this article. In particular,
the same-sign pion pairs in opposite hemispheres fall
off more rapidly than the opposite-sign pion pairs. The
ordering with additional strangeness is also as expected
when taking into account the favored-kaon fragmentation
of strange quarks and charm decays. For example, where
strangeness needs to be created in the fragmentation such
as for same-sign kaon pairs and, to a lesser extent, the
same-sign pion-kaon pairs, the cross sections decrease
even more rapidly as the already disfavored same-sign
pion pairs.
The vanishing of the same-hemisphere dihadron cross

sections once the sum of the fractional energies of the two
hadrons exceeds unity supports the assumption of the
same-hemisphere dihadrons being produced predominantly
via single-parton dihadron fragmentation. This, in turn,
bolsters the interpretation of the opposite hemisphere
hadron pairs as arising from the fragmentation of different
partons. As a consequence, the inclusion of the opposite
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FIG. 23 (color online). Differential cross sections (top panels) and ratios to the data (bottom panels) for the main single hadrons as a
function of z. Various MC tunes are also displayed as described in the text. For comparison, the relative statistical and systematic
uncertainties are shown for the data as well.
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FIG. 22 (color online). Single-pion (black circles), -kaon (blue
squares) and -proton (green triangles) cross sections from top to
bottom, as a function of z.

R. SEIDL et al. PHYSICAL REVIEW D 92, 092007 (2015)

092007-22

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements I. Garzia, TMDe2015 - 2-4 Sep, 2015 10

BaBar results for ππ pairs
PRD 90,052003 (2014)

• Collins asymmetry measured as 
function of  

• 6×6 bins of pion fractional energy 
(similar behavior in RF0, for both 
UL and UC) 

• 4×4 bins of (pt1,pt2) in RF12 
• 9 bins of pt0 in RF0  
• asymmetry vs. sin2θth/(1+cos2θth) 

and sin2θ2/(1+cos2θ2)

Kang et al., PRD 91,071501 (2015)

no TMD  
evolution 

LL 
NLL’

very precise data for charged pions and kaons

Belle data available up to very large z (z<0.98)

2015 DEHSS fits [e.g., PRD91 (2015) 014035]

slight tension at low-z for BaBar and high-z for Belle

Belle radiative corrections generally “undone” in FF fits

data available for (anti)protons

similar z dependence as pions

about ~⅕ of pion cross sections

[PRD 92 (2015) 092007]

[PRD 88 (2013) 032011]

http://dx.doi.org/10.1103/PhysRevD.91.014035
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single-hadron production

11

suggesting that the scaling with ECM might be well simu-
lated. In some cases, simple changes to parameters in
JETSET produced improvements in the agreement with
data, and some experiments implemented global tuning.
We do not attempt to tune any of the models, but we test
some simple modifications of JETSET parameters: changing
the probability of producing a diquark-antidiquark rather
than a q !q pair at each string break modifies the amplitude
of the simulated proton spectrum, but does not change the
shape; similarly, the probability to produce an s!s rather
than u !u or d !d pair controls the amplitude, but not the
shape, of the kaon spectrum.

We test the scaling properties of the models by gen-
erating samples with each at various energies, comparing
them with available data, and looking for changes in the
type or magnitude of any differences. In the top plot in
Fig. 14 we show our conventional !! cross section along
with those from the TASSO and SLD experiments. At
high xp, these two experiments provide the most precise
data and/or widest coverage for ECM near 30 GeV and the
Z0 peak. Data from other experiments are consistent and
yield the same conclusions, but are omitted for clarity.
Strong scaling violations are evident, both at low xp due
to the pion mass and at high xp as expected from the
running of the strong coupling strength "s. Also shown
are the predictions of the JETSET model at these three
energies, using default parameter values. JETSET provides
a good description of all three data sets for xp > 0:2, and
hence describes the high-xp scaling violation well. The
other two models also reproduce this ECM dependence,
though they do not describe the spectrum well at any
energy.

The middle plot in Fig. 14 shows a similar test for the
K! cross section. Here we show the UCLA model predic-
tions, as they describe our results best at high xp. The
different flavor composition of the three samples is impor-
tant for K! and modifies the expected scaling violation.
Kaons from b !b events, which are absent from our data,
contribute strongly to the TASSO cross section in the
0.1–0.3 region, but little at higher xp. Since the cross
sections are normalized per event, the expected scaling
violation is reduced relative to that in the!! cross sections
in the 0.1–0.3 range, and increased at higher xp. At the Z

0

energy, the relative production of up- and down-type
quarks is quite different, and the combination of more
K! from b !b and s!s events and fewer from c !c events pushes
the simulated high-xp cross section up to nearly the same
level as for the TASSO energy.

The flavor dependence has been shown [15,18] to be
accurately modeled at the Z0 energy to the level of about
10%. The UCLA model describes the shape of the SLD
cross section at high xp well, but is too low by about 15%.
The other models also predict about 15% more scaling
violation than is observed. However, it is difficult to draw
any conclusion in light of the flavor dependence.

For protons, shown in the bottom plot in Fig. 14, we
compare with the JETSET model in which we have changed
one parameter value, the diquark production probability
Pdiqrk, from 0.1 to 0.085. This provides a good description

of the SLD and TASSO data at all xp, although the latter
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FIG. 14 (color online). Conventional !! (top), K! (middle)
and p= !p (bottom) cross sections measured at three different CM
energies, compared with the predictions of the simulations
described in the text.

PRODUCTION OF CHARGED PIONS, KAONS, AND . . . PHYSICAL REVIEW D 88, 032011 (2013)

032011-21

the entire z range, while the ALEPH and LEP/Tevatron
tunes roughly agree with the data at low z and the
older Belle MC setting is in moderate agreement at
high z.

IV. SUMMARY

In summary, we present eþe− → h1h2X differential
cross sections in z1 and z2 for pion-pion, pion-kaon and
kaon-kaon pairs of the same and opposite charges and in
various topologies. The general expectations of disfa-
vored fragmentation functions being suppressed, espe-
cially at large fractional energies, are confirmed within
the assumptions mentioned in this article. In particular,
the same-sign pion pairs in opposite hemispheres fall
off more rapidly than the opposite-sign pion pairs. The
ordering with additional strangeness is also as expected
when taking into account the favored-kaon fragmentation
of strange quarks and charm decays. For example, where
strangeness needs to be created in the fragmentation such
as for same-sign kaon pairs and, to a lesser extent, the
same-sign pion-kaon pairs, the cross sections decrease
even more rapidly as the already disfavored same-sign
pion pairs.
The vanishing of the same-hemisphere dihadron cross

sections once the sum of the fractional energies of the two
hadrons exceeds unity supports the assumption of the
same-hemisphere dihadrons being produced predominantly
via single-parton dihadron fragmentation. This, in turn,
bolsters the interpretation of the opposite hemisphere
hadron pairs as arising from the fragmentation of different
partons. As a consequence, the inclusion of the opposite
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FIG. 23 (color online). Differential cross sections (top panels) and ratios to the data (bottom panels) for the main single hadrons as a
function of z. Various MC tunes are also displayed as described in the text. For comparison, the relative statistical and systematic
uncertainties are shown for the data as well.
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FIG. 22 (color online). Single-pion (black circles), -kaon (blue
squares) and -proton (green triangles) cross sections from top to
bottom, as a function of z.
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092007-22

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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BaBar results for ππ pairs
PRD 90,052003 (2014)

• Collins asymmetry measured as 
function of  

• 6×6 bins of pion fractional energy 
(similar behavior in RF0, for both 
UL and UC) 

• 4×4 bins of (pt1,pt2) in RF12 
• 9 bins of pt0 in RF0  
• asymmetry vs. sin2θth/(1+cos2θth) 

and sin2θ2/(1+cos2θ2)

Kang et al., PRD 91,071501 (2015)

no TMD  
evolution 

LL 
NLL’

very precise data for charged pions and kaons

Belle data available up to very large z (z<0.98)

2015 DEHSS fits [e.g., PRD91 (2015) 014035]

slight tension at low-z for BaBar and high-z for Belle

Belle radiative corrections generally “undone” in FF fits

data available for (anti)protons

similar z dependence as pions

about ~⅕ of pion cross sections

Belle re-analysis presented in PRD 101 (2020) 092004

[PRD 92 (2015) 092007]

[PRD 88 (2013) 032011]
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cross sections are basically count rates

“how to count?” sounds like a simple question, but the devil is in the details 

what to do with hadrons that have (somewhere!) an ISR photon 

in general, how to deal with events that are assigned to “wrong” kinematic bin due to 
instrumental effects                     [e.g., measured and true momentum might differ] 

book-keeping of assigning event’s contribution to bin’s statistical uncertainty

13



IWHSS & CPHI 2024Gunar Schnell 

cross sections are basically count rates

“how to count?” sounds like a simple question, but the devil is in the details 

what to do with hadrons that have (somewhere!) an ISR photon 

in general, how to deal with events that are assigned to “wrong” kinematic bin due to 
instrumental effects                     [e.g., measured and true momentum might differ] 

book-keeping of assigning event’s contribution to bin’s statistical uncertainty

hadron yields also undergo series of other corrections: 

particle (mis)identification            [e.g., not every identified pion was a pion] 

non-qq processes                           [e.g., two-photon processes, Υ-> BB, …] 

“4!” correction                  [e.g., selection criteria and limited geometric acceptance] 

“optional”: weak-decay removal      [e.g., “prompt fragmentation”]
13
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what to do with hadrons that have (somewhere) an ISR photon 

nothing! — leave it to phenomenology to deal with QED corrections 

however, (uncorrected/corrected) yields are ISR & detector dependent 

reject all events that have an isolated photon? 

detectors almost never fully hermetic, many ISR photons travel down the beam pipe 

still fully inclusive reaction? 

use some Monte Carlo to estimate event fraction with an ISR photon that carries away more  
than x% of total available energy (e.g., 0.5% as in earlier Belle analyses) 

what is a reasonable choice for x? 

ISR treatment model dependent, indeed depends on annihilation cross section 

use some Monte Carlo to estimate ratio of hadrons produced in absence of ISR vs. full  
QED+QCD simulation 

again model dependent: number of hadrons produced at given z for different s depends on 
differential cross section (e.g., from evolution)

ISR
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ISR corrections - PRD 92 (2015) 092007

relative fractions of hadrons as a function of z originating from ISR or non-ISR events  
(! energy loss less than 0.5%) 

large non-ISR fraction at large z, as otherwise not kinematically reachable  
(remember z = Eh / 0.5√snominal) 

keep only fraction of the events -> strictly speaking not single-inclusive annihilation  

currently used constant 0.65 correction to undo ISR correction is not a constant vs. z
15

III. SINGLE-HADRON ANALYSIS

In addition to the dihadron analysis, the production of
single hadrons, especially previously unpublished single
protons, is considered here. The single-hadron analysis
follows the same procedure as the dihadron analysis.
The z range between 0.1 and 1.0 is divided into 36 bins;
for protons, z < 0.2 is kinematically inaccessible. The
particle misidentification correction is performed as in
the dihadron analysis (but only for one track) and
the resulting yield modification is shown in Fig. 20.
At intermediate z, in particular, the proton yields are
reduced substantially due to proton misidentification.
Non-qq̄ events contribute once again to the pion and
kaon distributions but not as much to protons, where
predominantly eeuū processes at high z (≈5%) and ϒ
decays at low z (maximally ≈20%) are the dominant
backgrounds. All acceptance corrections are only weakly
dependent on hadron type and show the same moderate
(substantial) correction factors at small and intermediate
(high) z; the high-z correction is again dominated by the
event preselection efficiencies. Weak decays originate

predominantly from charm decays and so are a very
small contribution (< 10%) for protons. The various
correction steps for single pions, kaons and protons
are summarized in Fig. 20.
The ISR correction here is similar to that in the

dihadron analysis. To clarify the correction for the
previous single-pion and kaon results [1], we show in
Fig. 21 the ISR and non-ISR fractions for single pions
and kaons as well as protons. As in the dihadron
analysis, the fraction of events with an actual c.m. energy
below 99.5% of the nominal energy is below 30% and
decreases with increasing z.
The resulting single-pion, -kaon and -proton cross

sections are displayed in Fig. 22. While the pion and
kaon results are consistent within uncertainties to those
published before, the proton results from Belle are shown
for the first time. The results are compared with the
aforementioned PYTHIA/JetSet fragmentation tunes in
Fig. 23. As has been noted above and in [1], the
PYTHIA/JetSet settings close to the default settings
reproduce the pion and kaon cross sections rather
well. For the proton cross sections, no setting describes
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FIG. 21 (color online). Relative fractions for pions, kaons and protons as a function of z1 originating from ISR or non-ISR events. The
individual relative contributions are displayed from top to bottom for non-ISR events (energy loss less than 0.5%, purple, filled area) and
ISR events (blue, hatched area) from generated generic udsc MC data. The relative fractions are also shown for the non-ISR fraction
(green, dashed lines).
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FIG. 20 (color online). Ratio of yields after various corrections relative to the raw yields for the main single hadrons are shown as a
function of z. From top to bottom, the ratios after acceptance correction (purple, dash-dotted line), initial-state radiation (red, long dash-
dotted line), PID correction (dark-green, full lines), smearing correction (blue, dashed line) and non-qq̄ removal (magenta, dotted lines)
are shown.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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ISR corrections - PRD 101 (2020) 092004
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements non-ISR / ISR fractions based on PYTHIA switch MSTP(11) 

PYTHIA model dependence; absorbed in systematics by variation of tunes
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comparison old&new Belle single-hadron cross sections
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the entire z range, while the ALEPH and LEP/Tevatron
tunes roughly agree with the data at low z and the
older Belle MC setting is in moderate agreement at
high z.

IV. SUMMARY

In summary, we present eþe− → h1h2X differential
cross sections in z1 and z2 for pion-pion, pion-kaon and
kaon-kaon pairs of the same and opposite charges and in
various topologies. The general expectations of disfa-
vored fragmentation functions being suppressed, espe-
cially at large fractional energies, are confirmed within
the assumptions mentioned in this article. In particular,
the same-sign pion pairs in opposite hemispheres fall
off more rapidly than the opposite-sign pion pairs. The
ordering with additional strangeness is also as expected
when taking into account the favored-kaon fragmentation
of strange quarks and charm decays. For example, where
strangeness needs to be created in the fragmentation such
as for same-sign kaon pairs and, to a lesser extent, the
same-sign pion-kaon pairs, the cross sections decrease
even more rapidly as the already disfavored same-sign
pion pairs.
The vanishing of the same-hemisphere dihadron cross

sections once the sum of the fractional energies of the two
hadrons exceeds unity supports the assumption of the
same-hemisphere dihadrons being produced predominantly
via single-parton dihadron fragmentation. This, in turn,
bolsters the interpretation of the opposite hemisphere
hadron pairs as arising from the fragmentation of different
partons. As a consequence, the inclusion of the opposite
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FIG. 23 (color online). Differential cross sections (top panels) and ratios to the data (bottom panels) for the main single hadrons as a
function of z. Various MC tunes are also displayed as described in the text. For comparison, the relative statistical and systematic
uncertainties are shown for the data as well.
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FIG. 22 (color online). Single-pion (black circles), -kaon (blue
squares) and -proton (green triangles) cross sections from top to
bottom, as a function of z.
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previous analysis

[PRD 92 (2015) 092007]

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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the entire z range, while the ALEPH and LEP/Tevatron
tunes roughly agree with the data at low z and the
older Belle MC setting is in moderate agreement at
high z.

IV. SUMMARY

In summary, we present eþe− → h1h2X differential
cross sections in z1 and z2 for pion-pion, pion-kaon and
kaon-kaon pairs of the same and opposite charges and in
various topologies. The general expectations of disfa-
vored fragmentation functions being suppressed, espe-
cially at large fractional energies, are confirmed within
the assumptions mentioned in this article. In particular,
the same-sign pion pairs in opposite hemispheres fall
off more rapidly than the opposite-sign pion pairs. The
ordering with additional strangeness is also as expected
when taking into account the favored-kaon fragmentation
of strange quarks and charm decays. For example, where
strangeness needs to be created in the fragmentation such
as for same-sign kaon pairs and, to a lesser extent, the
same-sign pion-kaon pairs, the cross sections decrease
even more rapidly as the already disfavored same-sign
pion pairs.
The vanishing of the same-hemisphere dihadron cross

sections once the sum of the fractional energies of the two
hadrons exceeds unity supports the assumption of the
same-hemisphere dihadrons being produced predominantly
via single-parton dihadron fragmentation. This, in turn,
bolsters the interpretation of the opposite hemisphere
hadron pairs as arising from the fragmentation of different
partons. As a consequence, the inclusion of the opposite
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z
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

/d
z 

[fb
]

σd

210

310

410

510

610

710

810

-π++π
-+K+K

pp+
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092007-22

previous analysis updated analysis

[PRD 92 (2015) 092007] [PRD 101 (2020) 092004]

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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updated analysis

[PRD 101 (2020) 092004]

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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common problem) 
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!- production
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FIG. 5. Differential inclusive cross sections of hyperons with and without radiative corrections. The closed circles are shifted
slightly to the left for clarity. The error bars and shaded boxes represent the statistical and systematic uncertainties, respectively.
These distributions contain feed-down contributions from heavier particles. Triangle points show predictions by PYTHIA, where
all radiative processes are turned off, and the feed-down contributions are obtained using PYTHIA predictions and branching
fractions given in Ref. [1].
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FIG. 5. Differential inclusive cross sections of hyperons with and without radiative corrections. The closed circles are shifted
slightly to the left for clarity. The error bars and shaded boxes represent the statistical and systematic uncertainties, respectively.
These distributions contain feed-down contributions from heavier particles. Triangle points show predictions by PYTHIA, where
all radiative processes are turned off, and the feed-down contributions are obtained using PYTHIA predictions and branching
fractions given in Ref. [1].

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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protons difficult to reproduce, 
especially at large z 
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kaons is quite different. This could be due to the changing
flavor composition.

D. Average multiplicities, ratios and fractions

To estimate the average numbers of pions, kaons and
protons produced per event, we integrate the differential
cross sections over the measured p! range, and correct for
the unmeasured parts of the spectra. The integrals take
all systematic uncertainties and their correlations into
account, and are listed in the second column of Table V.
The uncertainties are dominated by the normalization and
fully correlated tracking systematics; there are also sub-
stantial contributions to the conventional !" and p= !p
results from the K0

S and strange baryon cross sections.
From Fig. 15, it is clear that the coverage, i.e. the

fraction of the spectrum covered by our measurement, is
over 95% for K" and p= !p. However, it is smaller for !",
and in no case is it clear a priori how to account for this
reliably. We consider four estimates of our coverage, one
from each of the three hadronization models and one from
an ensemble of distorted Gaussian fits. We consider fits
over all ranges that include the ten highest-" points and
give an acceptable #2 calculated from only the bins above
the peak plus the five bins just below the peak. The average
of these four coverage values is given in the third column of
Table V, with an uncertainty that corresponds to their RMS
deviation. The spread among the fits is smaller than this, as
are variations obtained by running any simulation with
different parameter values. We divide each measured
integral by the corresponding coverage to obtain the aver-
age event multiplicity listed in column four of Table V.

Previous results from CLEO at 10.49 GeV [33] and
ARGUS at 9.98 GeV are also listed in Table V, as are the
predictions of the three hadronization models. Our prompt
(conventional) !" rate is 7% (8%) and 2:0$ (2:2$) higher
than the ARGUS rate. A difference of this size is expected
from the ECM difference. Our K" and p= !p rates are also
slightly higher than the ARGUS rates. The CLEO rates are
substantially higher than ours, but their uncertainties are
large. With default parameter values, all three models give
conventional !" rates close to the ARGUS value and
8%–9% below ours, even though the simulations are run
at our ECM. The models predict K" rates that are slightly
too high, and widely varying p= !p rates, none of which is
consistent with the data. The total charged hadron rates
from ARGUS and CLEO are among the main inputs to the
tuning of these models.

From our cross sections we can derive production ratios
for pairs of hadrons, in which many of the systematic un-
certainties cancel at least partly. The remaining uncertain-
ties are dominated by particle identification systematics.
Previous experiments have presented this information in
the form of the fractions of all charged hadrons that are
pions, kaons and protons, f!, fK and fp. We show our
fractions for prompt and conventional hadrons in Fig. 17,

and tabulate them in the Supplemental Material [38]. The
prompt and conventional fractions are quite similar, and
converge at high xp. Strange hadron decay products cause

the conventional f! and fp to be larger than their prompt
counterparts at low xp, with fK correspondingly smaller.
The dominance of pions at low xp is expected due to

their lower mass and the contributions from decays of
heavier hadrons. The plateau values of fK and fp near

xp ¼ 0:6, of about 0.35 and 0.08, respectively, might reflect

the intrinsic relative production of strange particles and
baryons in the hadronization process. The decrease of fp at
high xp might be kinematic—a proton must be produced

along with an antibaryon, and the mass of the pair is a
large fraction of ECM=2. The K" from c !c events are also
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FIG. 17 (color online). Prompt (top) and conventional (bot-
tom) !", K", and p= !p fractions. The error bars are statistical
only, and the gray bands represent the systematic uncertainties,
which are strongly correlated from point to point. Also shown
are the predictions of the three hadronization models.
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FIG. 5. Top: Di↵erential cross sections for charged pions, kaons, and protons as a function of z. In addition to the data (black

squares), various pythia tunes are displayed for comparison. Bottom: Ratios of the MC cross sections to data.

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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[PRD 104 (2021) 034007]

which are computed at NLO (JAM19 and DSEHS14) and
at NNLO (NNFF1). These results are displayed in Figs. 9
and 10 at Q2 ¼ 100 GeV2 and Q2 ¼ M2

Z, respectively.
Discretion is necessary when interpreting the very low z

region as the extrapolation of the FF grids may extend
beyond the region fitted in the individual analyses of
Refs. [4,5,13]. For example, the JAM19 focus was on
SIDIS in the region z≳ 0.2, NNFF1 used a lower kinematic
cut of zmin ¼ 0.02 for Q ¼ MZ and 0.075 for Q < MZ,
and DSEHS14 also used various z cuts. Additionally,
differences can arise due to the choice of the tolerance
criteria as well as the method for computing the error bands
such as the Hessian or Monte Carlo approach.
The DSEHS14 uses a combination of data from SIA,

SIDIS, and hadron-hadron collisions in an NLO frame-
work; additionally, our parametric form of Eq. (5) matches
their initial FFs. The NNFF1 analysis is based on electron-
positron SIA cross-sections for the sum of charged pion,
charged kaon, and proton/antiproton production. The JAM
analysis simultaneously fits both the PDFs and FFs using
DIS, SIDIS, Drell-Yan and SIA data.

Comparing our up and down FFs with NNFF1 and
DSEHS14, we see they are generally compatible at larger z,
but differ in the low-z region; this is more pronounced
for Fit E which imposes cuts on some of the low-z data.
Similar conclusions apply to the case of the cþ and bþ

heavy quarks. Comparing our gluon FF with NNFF1 and
DSEHS14, again we see our FFs are generally compatible
as our curves lie within the NNFF1 uncertainty band, and
have overlap with DSEHS14 in the larger z region. For the
strange quark there is more of a spread in results suggesting
an overall increased uncertainty (note the vertical scale).
This reflects, in part, the fact that our chosen dataset has
minimal constraints on the strange FF.
In contrast, the above FFs generally have a different

behavior as compared with the JAM19 analysis.4 The
JAM19 FFs have a much steeper slope at small z for the

FIG. 9. A comparison of our preferred Fit E [IPMX] as well as Fit B for charged pion FFs (πþ þ π−) at NNLO with results from the
literature at Q2 ¼ 100 GeV2. We display NNFF1 [4] at NNLO, JAM19 [13] at NLO, DSEHS [5] at NLO, with their uncertainties at
Q2 ¼ 100 GeV2. Note, discretion is necessary when interpreting the very low z region as the extrapolation of the FF grids extends
beyond the region fitted in the individual analyses. For example, the JAM19 focus was on SIDIS in the region z ≳ 0.2, and NNFF1 used
a lower kinematic cut of zmin ¼ 0.02 for Q ¼ MZ and 0.075 for Q < MZ. While Fit E is our preferred fit, we also display Fit B to
highlight the impact of the low z cuts.

4While the JAM parametrizes their initial distributions as
zað1 − zÞbð1þ c

ffiffiffi
z

p þ dzÞ, it is possible to match this to our
functional form quite closely atQ0; hence,this is not the source of
the differences.

HAMED ABDOLMALEKI et al. PHYS. REV. D 104, 056019 (2021)

056019-14

[PRD 104 (2021) 056019]

☛  talk by Valerio

https://doi.org/10.1103/PhysRevD.104.034007
https://journals.aps.org/prd/pdf/10.1103/PhysRevD.104.056019
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which are computed at NLO (JAM19 and DSEHS14) and
at NNLO (NNFF1). These results are displayed in Figs. 9
and 10 at Q2 ¼ 100 GeV2 and Q2 ¼ M2

Z, respectively.
Discretion is necessary when interpreting the very low z

region as the extrapolation of the FF grids may extend
beyond the region fitted in the individual analyses of
Refs. [4,5,13]. For example, the JAM19 focus was on
SIDIS in the region z≳ 0.2, NNFF1 used a lower kinematic
cut of zmin ¼ 0.02 for Q ¼ MZ and 0.075 for Q < MZ,
and DSEHS14 also used various z cuts. Additionally,
differences can arise due to the choice of the tolerance
criteria as well as the method for computing the error bands
such as the Hessian or Monte Carlo approach.
The DSEHS14 uses a combination of data from SIA,

SIDIS, and hadron-hadron collisions in an NLO frame-
work; additionally, our parametric form of Eq. (5) matches
their initial FFs. The NNFF1 analysis is based on electron-
positron SIA cross-sections for the sum of charged pion,
charged kaon, and proton/antiproton production. The JAM
analysis simultaneously fits both the PDFs and FFs using
DIS, SIDIS, Drell-Yan and SIA data.

Comparing our up and down FFs with NNFF1 and
DSEHS14, we see they are generally compatible at larger z,
but differ in the low-z region; this is more pronounced
for Fit E which imposes cuts on some of the low-z data.
Similar conclusions apply to the case of the cþ and bþ

heavy quarks. Comparing our gluon FF with NNFF1 and
DSEHS14, again we see our FFs are generally compatible
as our curves lie within the NNFF1 uncertainty band, and
have overlap with DSEHS14 in the larger z region. For the
strange quark there is more of a spread in results suggesting
an overall increased uncertainty (note the vertical scale).
This reflects, in part, the fact that our chosen dataset has
minimal constraints on the strange FF.
In contrast, the above FFs generally have a different

behavior as compared with the JAM19 analysis.4 The
JAM19 FFs have a much steeper slope at small z for the

FIG. 9. A comparison of our preferred Fit E [IPMX] as well as Fit B for charged pion FFs (πþ þ π−) at NNLO with results from the
literature at Q2 ¼ 100 GeV2. We display NNFF1 [4] at NNLO, JAM19 [13] at NLO, DSEHS [5] at NLO, with their uncertainties at
Q2 ¼ 100 GeV2. Note, discretion is necessary when interpreting the very low z region as the extrapolation of the FF grids extends
beyond the region fitted in the individual analyses. For example, the JAM19 focus was on SIDIS in the region z ≳ 0.2, and NNFF1 used
a lower kinematic cut of zmin ¼ 0.02 for Q ¼ MZ and 0.075 for Q < MZ. While Fit E is our preferred fit, we also display Fit B to
highlight the impact of the low z cuts.

4While the JAM parametrizes their initial distributions as
zað1 − zÞbð1þ c

ffiffiffi
z

p þ dzÞ, it is possible to match this to our
functional form quite closely atQ0; hence,this is not the source of
the differences.
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FIG. 32: Comparison of our NLO fragmentation functions to those from NNFFs and DSS at Q = 5 GeV. The DSS
fits have a limit of 0.05 in the momentum fraction, with ⇡±, K± and p/p̄ results from DSS21 [97], DSS17 [98] and

DSS07 [40], respectively. The NNFF sets used are from NNFF1.0 for pion, kaon and proton respectively. The
estimated uncertainties of FFs are also shown for NNFFs and for our fit. For ⇡± and p/p̄ the left (middle) panel

shows results for u and d (s and g). For K± the left (middle) panel shows results for u and s (d and g). The right
panels show results for c, b quarks.

4. Fragmentation to ⇡+, K+, p

In Fig. 33, a comparative analysis of fragmentation functions to positively charged hadrons is presented, similar
to the arrangement depicted in Fig. 32. This allows for a clear distinction between fragmentation from favored and
unfavored quarks. The NNFF exhibits even larger uncertainties in this case since they use SIA data alone, which
cannot separate fragmentation from quarks and anti-quarks. We also observe that FFs to h± and h+ are not fully
correlated for NNFF, as should be obtained from charge conjugation. For instance, the profiles for DK+

g and DK±

g
exhibit distinct trends. Most characteristics among di↵erent groups resemble those observed for FFs summed over
charges. The agreement between the three groups is worse for fragmentation from unfavored quarks in general, for
instance, as for the ū quark shown in the middle column.

[arXiv:2407.04422]

https://journals.aps.org/prd/pdf/10.1103/PhysRevD.104.056019
https://arxiv.org/pdf/2407.04422


IWHSS & CPHI 2024Gunar Schnell 

single-hadron production
before 2022: lack of precision data at low √s 

even B factories somewhat troublesome due to 
large charm contribution

22

[2012 PDG]

19. Fragmentation functions in e
+

e
−, ep and pp collisions 5

corrected) in Refs. [19,25]. Thus the coefficient functions are known to NNLO except
for FL where the leading contribution is of order αs.

The effect of the evolution is similar in the timelike and spacelike cases: as the scale
increases, one observes a scaling violation in which the x-distribution is shifted towards
lower values. This can be seen from Fig. 19.2 where a large amount of measurements of
the total fragmentation function in e+e− annihilation are summarized. QCD analyses of
these data are discussed in Section 19.5 below.
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Figure 19.2: The e+e− fragmentation function for all charged particles is shown
[8, 26−42] (a) for different CM energies

√
s versus x and (b) for various ranges

of x versus
√

s. For the purpose of plotting (a), the distributions were scaled by
c(
√

s) = 10i with i ranging from i = 0 (
√

s = 12 GeV) to i = 13 (
√

s = 202 GeV).

Unlike the splitting functions in Eq. (19.5), see Refs. [18–20], the coefficient
functions for F2,T,A in Eq. (19.6) show a threshold enhancement with terms up to

αn
s (1−z)−1 ln 2n−1(1−z). Such logarithms can be resummed to all orders in αs using

standard soft-gluon techniques [43–45]. Recently this resummation has been extended to
the subleading (and for FL leading) class αn

s ln k(1−z) of large-x logarithms [46,47].

In Refs. [23] the NLO coefficient functions have been calculated also for single hadron
production in lepton-proton scattering, ep → e + h + X . More recently corresponding
results have been obtained for the case that a non-vanishing transverse momentum is
required in the HCMS frame [48].
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V. NORMALIZED DIFFERENTIAL CROSS SECTIONS AS FUNCTION OF z183

In the main text, the normalized di↵erential cross sections of the e+e� ! ⇡0/K0
S +X process are given as function

of hadron momentum. According to the relation z ⌘ 2
p

p2hc
2 +M2

hc
4/
p
s, these cross sections could be converted to

be z-dependent by using:

1

�(e+e� ! hadrons)

d�(e+e� ! h+X)

dzh
=

p
s

2

s

1 +
M2

hc
2

p2h

1

�(e+e� ! hadrons)

d�(e+e� ! h+X)

dph
(1)

With the binning scheme adopted in this analysis, there is migration of the signal events between di↵erent z bins184

due to the initial-state radiation which reduces the nominal
p
s. An MC-based study shows that the migration is185

generally small and below 20% for all the z bins at
p
s = 2.8000 GeV. This migration will be reliably corrected by186

the fh factor extracted from the signal MC sample.187

The z-dependent cross sections are shown in Fig. 3 and Fig. 4 for the e+e� ! ⇡0 + X and e+e� ! K0
S + X188

processes, respectively.189
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FIG. 3. Normalized di↵erential cross sections of the e+e� ! ⇡0+X process as function of z. The points with error bars are the
measured values, where the uncertainties are the quadrature sum of the corresponding statistical and systematic uncertainties.
The bands or curves in red, green, blue, magenta, and orange denote the NNFF, MAPFF, AKRS, ARS and DSS calculations,
respectively, where only the former two cover ±1� limits.
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different requirements of the match angle, which are 20°
and 30°, are utilized to extract the alternative signal shapes
from the signal MC sample. For the background, the
alternative models are obtained by varying the order of
the Chebyshev polynomial. All the resulting relative
differences in the differential cross sections are combined
in quadrature, and taken as the systematic uncertainty.
In this Letter, the dominant systematic uncertainty is

introduced by the MC simulation model of the inclusive
hadronic events. According to Eq. (3), the generation
fractions of the exclusive processes containing the η
mesons, which make up the inclusive process eþe− →
ηþ X, directly affect the correction factors fη. To address
the corresponding uncertainty, the HYBRID generator, which
was developed in Ref. [54] and improved in Ref. [18], is
used as an alternative model to reproduce the inclusive
hadronic events. The discrepancies observed in the correc-
tion factors fη relative to the nominal ones are regarded as
systematic uncertainties.
All these individual systematic uncertainties are regarded

as uncorrelated with each other and therefore are summed
in quadrature. The normalized differential cross sections for
the inclusive η production in eþe− annihilation at the eight
c.m. energy points are tabulated in the Supplemental
Material [27] and shown in Fig. 2.
The blue dotted curve in Fig. 2 represents a theoretical

prediction performed using the η FF from the Aidala-
Ellinghaus-Sassot-Seele-Stratmann (AESSS) parametriza-
tion at the next-to-leading order [7]. The AESSS FFs are

extracted using data of η production in eþe− annihilation
with

ffiffiffi
s

p
≂ 10, 30, and 90 GeV, and pp collisions withffiffiffi

s
p

≂ 200 GeV whose energy scales are higher than the
typical BESIII c.m. energies. The AESSS study is based on
the well-established de Florian–Sassot–Stratmann frame-
work [55,56] for FF extractions. It consists of a pure next-
to-leading order analysis, based on leading-twist pQCD
factorization theorems for eþe− annihilation and pp
collision processes, where the mass of the η meson is
considered to be negligible and set to be zero. The fit in
Ref. [7] reveals good agreement among datasets taken at
different energy scales. However, according to Fig. 2, the
AESSS fit cannot describe the previous data and the BESIII
data at the same time.
The gray line in Fig. 2 shows the calculation with a new

extraction of η FFs [27,57] based on the available η
production data in eþe− annihilation experiments, namely
the datasets included in Ref. [7], except for the unpublished
BABAR data, and the BESIII data presented in this Letter.
The ratio of χ2=Nd:o:f. for this fit is 1.52 [27,57], which is
comparable to that of the AESSS fit (1.91 [7]) where only
the existing eþe− annihilation data are considered. For the
first time, data at

ffiffiffi
s

p
< 5 GeV are included in such a QCD-

based analysis where the analysis framework is extended to
NNLO accuracy and the hadron mass corrections and
higher twist contributions are considered [27,57]. The
inclusion of BESIII data in the original AESSS framework,
namely a refit, leads to a significantly large χ2=Nd:o:f:
(12.79) that confirms the disagreement between the AESSS
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FIG. 2. Normalized differential cross sections of the eþe− → ηþ X process. The points with error bars are the measured values. The
blue dotted curves denote the predictions by using the AESSS FFs, while the curves in gray denote the calculations by using the newly
extracted FFs from our fit based on the available η production data in eþe− annihilation and our BESIII data. Notice that an upper cut of
z < 0.95, where theoretical curves stop, is employed in our global analysis to avoid large enhancement from threshold logarithms
∝ logð1 − zÞ. The normalized differential cross section in terms of z is shown in the Supplemental Material [27].
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FIG. 1: Analysis of ⇡0 BESIII [7] datasets alongside our best-fit results, compared with the NNLO predictions from
NNFF [15], MAPFF [17], and AKRS [14].

cone scaling. It is given by,

⇠ =
z

2

0

@1 +

s

1�
4m2

h

Q2z2

1

A . (8)

Consequently, the di↵erential cross section in the pres-
ence of hadron mass e↵ect for SIA process need to be
modified as

d�h

dz
=

1

1�
m2

h
Q2⇠2

d�h

d⇠
. (9)

One notices that hadron mass corrections increase as
either z or

p
s decreases, or when mh is increased. There-

fore, in the low-scale kinematic region, these correc-
tions for K0

S and ⌘ can become significant. For exam-
ple, hadron-mass corrections remain below 10% for all
hadronic species at z = 0.1 and Q = MZ , but increase to
30% or higher for K0

S and ⌘ at z = 0.1 and Q = 10 GeV.
In our analysis, we incorporate hadron-mass corrections
for K0

S and ⌘ to enhance the theoretical accuracy for the
BESIII [7, 8] data description.

B. Higher-twist e↵ect evaluation

Analysis of BESIII data [7, 8], as presented in Fig.1,
2, and 3, utilizing predictions from NNFF [15], MAPFF
[17], AKRS [14], AKK08 [21], and AESSS [23], reveals
significant tension. Traditional methods of incorporating

BESIII [7, 8] experiments into the datasets have been
less e↵ective in obtaining a robust solution, invariably
resulting in a large �2, thereby prompting the need for
the inclusion of higher-twist e↵ects in the BESIII region.
Considering the lack of higher-twist contributions in

SIA calculations, our analysis follows the methodology
of Accardi et al. [75], enhancing it to incorporate higher
twist e↵ects by parameterizing the corrections with a
phenomenological z-dependent function:

d�h
k

dz
=

d�h,LT
k

dz


1 +

CT4(z)

Q2
+

CT6(z)

Q4
+ . . .

�
, (10)

where d�h,LT
k denotes the leading twist contribution

shown in Eq.(2), the second and third term in the above
equation are the corresponding twist-4 and twist-6 cor-
rections to leading twist, which are suppressed in 1

Q2 and
1
Q4 , respectively. The higher twist coe�cient functions
are parameterized by a polynomial function as

CT4(x) = h0x
h1(1 + h2x),

CT6(x) = h3x
h4(1 + h5x),

(11)

with h0, h1, h2, h3, h4 and h5 as free parameters. In this
study, we adopt CT4 and CT6, which e↵ectively describe
the data points. More complex parametrizations require
extensive data analysis, which are beyond the scope of
this paper. Consequently, the exploration of higher pa-
rameterizations is reserved for future research, in antici-
pation that advancements in scientific methods will per-
mit a more comprehensive investigation.

5

FIG. 2: Analysis of K0
S BESIII [7] datasets alongside our best-fit results, compared with the NLO predictions from

AKK08 [21].

IV. RESULTS

In this section, we present the main results of this work.
We first test the global analysis to the SIA data for ⇡0,
K0

S , and ⌘ using fixed order pQCD calculation at NNLO
without higher twist e↵ect. It turns out that without the
BESIII low energy data, we can reproduce the similar
�2 results in Refs. [14, 21, 23] and a satisfactory fit is
obtained for ⇡0, K0

S , and ⌘. However, such a satisfactory
convergence of the fit is spoiled when BESIII low energy
data is included, even with hadron mass corrections. This
observation strongly motivates us to include both mass
corrections and higher twist e↵ect, which eventually yield
�2/Ndp values of 1.55, 1.47, and 1.52 for ⇡0, K0

S , and ⌘,
respectively, indicating a satisfactory fit quality.

In the following, we discuss the quality of the fits and
compare our predictions to the included datasets. The
overall statistical quality of our fit, as quantified by the
�2 per data point (�2/Ndp), for both individual and com-
bined datasets, is summarized in Tables IV, V, and VI.

A. Analysis of BESIII datasets alongside our
best-fit results

In order to illustrate the impact of the inclusion of
higher twist e↵ect, in Figs. 1, 2, 3, we show the low-
energy behavior of our fit for ⇡0, K0

S , and ⌘ mesons and
compare them to the most recent determinations avail-
able in the literature, namely the AKK08 [21] forK0

S , and

the AESSS [23] for ⌘, and the ⇡0 FFs will be compared
with NNFF [15] and MAPFF [17].
For ⇡0 mesons, various theoretical predictions extrap-

olated from di↵erent FFs determined from existing world
data are depicted in Fig. 1. The FFs are obtained with
slightly di↵erent assumptions and show the sensitivity
of the predictions to assumptions about the behavior at
low-z and di↵erent

p
s. Both AKRS [14] and NNFF [15]

are derived from inclusive annihilation data at NNLO ac-
curacy, with AKRS [14] incorporating small-z resumma-
tion and NNFF [15] applying hadron mass corrections.
The NNLO analysis by MAPFF [17] encompasses low-
Q2 data derived from the lepton-proton fixed-target ex-
periments at HERMES and COMPASS. Each analysis
adopts distinct initial evolution scales and kinematic cri-
teria, with NNFF [15] and MAPFF [17] setting Q0 = 5
GeV, whereas AKRS [14] utilizes Q0 = 10.54 GeV. At
varying center-of-mass energies, we observed a reason-
able agreement between our NNLO+HT fit and experi-
mental data points. Particularly at lower energies, our
best-fit demonstrates significant congruence with BESIII
data [7], highlighting the higher twist contribution in de-
tailing the ⇡0 production mechanism. Notably, the fit in
the low z domain reveals substantial enhancements.
In the analysis of K0

S mesons, Fig. 2 illustrates a com-
parison between the BESIII datasets [7] and our best-
fit results, alongside the predictions from AKK08 [21]
at NLO accuracy. The AKK08 fragmentation functions
are extracted from K0

S production in single inclusive an-
nihilation with

p
s ranging from 14 to 189 GeV, and

in proton-proton collisions at
p
s of 200, and 630 GeV,

6

FIG. 3: Analysis of ⌘ BESIII [8] datasets alongside our best-fit results, compared with the NLO predictions from
AESSS [23].

whose energy scales exceed the typical c.m. energies at
BESIII. The AKK08 FFs adopt a minimum value for z
at 0.05 and an initial scale of µ0 =

p
2 GeV. To incor-

porate hadron mass corrections to enhance the accuracy
of their predictions, AKK08 FFs use a fitted parame-
ter rather than the actual mass value. However, AKK08
predictions struggle to describe the BESIII data.

Fig.3 displays our fitting results for ⌘ mesons depicted
by the red curve, while the green dotted curve repre-
sents the theoretical predictions using the ⌘ FFs from
the AESSS [23] parametrization at NLO. The AESSS
FFs, derived from data of ⌘ production in e+e� anni-
hilation with

p
s approximately at 10, 30, and 90 GeV,

and in proton-proton collisions at
p
s about 200 GeV,

adopt a z minimum cut at zmin = 0.1. Meanwhile, our
fit incorporates data points down to z � 0.05. Evidently,
the AESSS FFs have poor description about the BESIII
data sets, and the agreement between its theoretical pre-
diction and data tends to worsen with decreasing c.m.
energy.

B. Analysis of world data at high energies
alongside our best-fit results

Fig. 4 displays old world data for ⇡± and ⇡0 across var-
ious center-of-mass energies. For ⇡± data, D⇡+

i +D⇡�

i =

2D⇡0

i is adopted. Our optimal NNLO fragmentation
functions provide a good description of both ⇡± and ⇡0

data. In comparison to the �2 analyses of the ⇡± experi-
ments conducted by NNFF [15], MAPFF [17], and AKRS
[14], our �2 analysis of ⇡± yields consistent results. De-
viations between theoretical predictions and data are ob-
served at large z values for TASSO at 14 GeV, while a
good agreement is achieved with TASSO at 34.0 GeV and
34.6 GeV.
Fig. 5 shows comparisons between our best-fit FFs’

theoretical predictions and K0
S production world data.

The deviation between the theory and the data can be
seen for the large value of z for DELPHI 183 and DEL-
PHI 189. These findings are consistent with the �2 val-
ues listed in Tab.V. Similarly, these phenomena can be
observed from AKK08 [21], and SAK20 [22]. Tagged
data from the SLD measurements and our theory pre-
dictions from our best-fit FFs including mass corrections
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FIG. 4: Comparison of the included world datasets (left for ⇡±, right for ⇡0) with the corresponding NNLO
theoretical predictions using our best-fit ⇡0 NNLO FFs. The distributions have been scaled by c = 10i with i

ranging from TPC(C) to SLD.

FIG. 5: Same as Fig.4, but for K0
S .

and higher twist e↵ect agree with each other well.

Comparison between the ⌘ production datasets in SIA
process analyzed in this study from di↵erent experiments
in world data and the corresponding theoretical predic-
tions are shown in Fig.6. Comparing with the �2 from

the fit by AESSS [23], we arrive at similar conclusions
regarding the contributions of errors across di↵erent ex-
perimental groups.

Generally, there is an overall good agreement between
the experimental data from all experiments and our best-

8

FIG. 6: Same as Fig.4, but for ⌘.

fit NNLO theoretical predictions, consistent with the in-
dividual �2 values reported in Tab IV, V, and VI. Re-
markably, our theoretical predictions exhibit significant
agreement with experimental data across a wide range of
scale values, spanning from 2 GeV to more than 91 GeV.
Additionally, our further investigation reveals that our
fragmentation functions exhibit excellent performance
for high collision energy (> 9 GeV), even without re-
quiring modifications to account for higher twist e↵ects.
This underscores that our adjustment for higher twist ef-
fects provides robust support in the low-energy region,
without undermining the prevailing dominance of QCD
factorization in the large energy regime.

The optimal fit parameters for ⇡0, K0
S , and ⌘ frag-

mentation functions (FFs), along with the corresponding
higher twist e↵ects, are detailed in Tables VII, VIII, IX,
and X. Our obtained FFs are depicted in Figs. 7, 8, 9.
To compare with the previously published FFs, we take
AESSS [23] as an example. Since it is the only avail-
able source for ⌘ measurements, and given that it also
employs an initial scale of µ0 = 1 GeV, we can directly
compare our results with AESSS [23] at both 1 GeV and
91.2 GeV in Fig. 9. At 1.0 GeV, up (u), down (d), and
strange (s) quark FFs show similar trends between our fit
and AESSS [23] at high z values, but diverge noticeably
at low z values. Significant di↵erences are also observed
in the gluon (g) FF at 1 GeV. At 91.2 GeV, the agree-
ment between this work and AESSS [23] improves across
all quark types.

V. SUMMARY AND OUTLOOK

Our analysis has revealed challenges in simultaneously
describing behaviors at low and high-energy scales us-
ing conventional fragmentation function approaches, un-
derscoring the importance of testing the QCD factoriza-
tion operational region. An exploratory study has been
performed to understand it at NNLO level by including
hadron mass corrections and higher-twist e↵ects. To in-
vestigate the higher-twist contributions, we adopted a
parameterized functional approach, creating an exten-
sive framework that represents experimental outcomes
across diverse energy scales, thus broadening classical
theoretical models to encompass the BESIII regime. This
research establishes a framework for further exploring
the interplay between higher twist dynamics and the
hadronization process. Subsequent studies will focus on
quantifying these e↵ects and expanding the analysis to
include a wider variety of hadronic states. Despite SIA is
the cleanest process for the determination of FFs, it car-
ries limitted information on flavour separation, lacks the
ability to distinguish between quark and antiquark FFs.
To address these limitations, forthcoming updates to our
fit will incorporate measurements from additional pro-
cesses, such as proton-proton collisions and SIDIS pro-
cesses, enhancing our grasp on these critical aspects.
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in world data and the corresponding theoretical predic-
tions are shown in Fig.6. Comparing with the �2 from
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regarding the contributions of errors across di↵erent ex-
perimental groups.

Generally, there is an overall good agreement between
the experimental data from all experiments and our best-
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fit NNLO theoretical predictions, consistent with the in-
dividual �2 values reported in Tab IV, V, and VI. Re-
markably, our theoretical predictions exhibit significant
agreement with experimental data across a wide range of
scale values, spanning from 2 GeV to more than 91 GeV.
Additionally, our further investigation reveals that our
fragmentation functions exhibit excellent performance
for high collision energy (> 9 GeV), even without re-
quiring modifications to account for higher twist e↵ects.
This underscores that our adjustment for higher twist ef-
fects provides robust support in the low-energy region,
without undermining the prevailing dominance of QCD
factorization in the large energy regime.

The optimal fit parameters for ⇡0, K0
S , and ⌘ frag-

mentation functions (FFs), along with the corresponding
higher twist e↵ects, are detailed in Tables VII, VIII, IX,
and X. Our obtained FFs are depicted in Figs. 7, 8, 9.
To compare with the previously published FFs, we take
AESSS [23] as an example. Since it is the only avail-
able source for ⌘ measurements, and given that it also
employs an initial scale of µ0 = 1 GeV, we can directly
compare our results with AESSS [23] at both 1 GeV and
91.2 GeV in Fig. 9. At 1.0 GeV, up (u), down (d), and
strange (s) quark FFs show similar trends between our fit
and AESSS [23] at high z values, but diverge noticeably
at low z values. Significant di↵erences are also observed
in the gluon (g) FF at 1 GeV. At 91.2 GeV, the agree-
ment between this work and AESSS [23] improves across
all quark types.

V. SUMMARY AND OUTLOOK

Our analysis has revealed challenges in simultaneously
describing behaviors at low and high-energy scales us-
ing conventional fragmentation function approaches, un-
derscoring the importance of testing the QCD factoriza-
tion operational region. An exploratory study has been
performed to understand it at NNLO level by including
hadron mass corrections and higher-twist e↵ects. To in-
vestigate the higher-twist contributions, we adopted a
parameterized functional approach, creating an exten-
sive framework that represents experimental outcomes
across diverse energy scales, thus broadening classical
theoretical models to encompass the BESIII regime. This
research establishes a framework for further exploring
the interplay between higher twist dynamics and the
hadronization process. Subsequent studies will focus on
quantifying these e↵ects and expanding the analysis to
include a wider variety of hadronic states. Despite SIA is
the cleanest process for the determination of FFs, it car-
ries limitted information on flavour separation, lacks the
ability to distinguish between quark and antiquark FFs.
To address these limitations, forthcoming updates to our
fit will incorporate measurements from additional pro-
cesses, such as proton-proton collisions and SIDIS pro-
cesses, enhancing our grasp on these critical aspects.
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This initial fractional energy selection always takes the
nominal hadron mass as given by the PID information
into account. The requirement of z > 0.1 therefore safely
accommodates pion-kaon misidentification, which is
unfolded in the course of this analysis.
In addition, in order to study whether two hadrons have

likely emerged from the same parton or different partons,
the analysis is performed on several different sets by
requiring that both hadrons be in opposite hemispheres,
the same hemisphere or anywhere as depicted in Figs. 1
and 2. For the data sets where a hemisphere assignment is

required, the hemispheres are defined by the plane
perpendicular to the thrust axis and the thrust must satisfy
T > 0.8.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [1], the same selection
criteria must be applied to define a charged track as a
pion, kaon, proton, electron or muon. The information is
determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by
a kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with the
inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the single and dihadron
analysis, they are retained as necessary contributors for
the PID correction, wherein a certain fraction enter the
pion, kaon and proton samples under study.

II. DIHADRON ANALYSIS

In the following sections, the dihadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the dihadron differential cross sections
d2σðeþe− → h1h2XÞ=dz1dz2.

A. Binning and cross section extraction

For the dihadron cross sections, a (z1, z2) binning is used.
We forgo a combined z and invariant-mass binning of the
hadron pair; the latter, in particular, is relevant in the same-
hemisphere topology as an unpolarized baseline to the
previously extracted interference fragmentation functions
[41] and would have allowed the extraction of individual
fragmentation functions for ρ, K$, ϕ and other resonances.
The z1 and z2 ranges of 0.2 to 1.0 used in this analysis

are each partitioned into 16 equidistant bins. All hadron
and charge combinations are treated independently and are
merged only after all corrections are applied and after
confirming their consistency where applicable (i.e., where
the same combinations of fragmentation functions appear,
such as πþπþ and π−π−). This leaves 16 different charge
and type combinations for pions and kaons initially, of
which six contain irreducible information.
Furthermore, as mentioned in the Introduction, three

hemisphere combinations are studied: two hadrons in the
same hemisphere, two hadrons in opposite hemispheres
and two hadrons irrespective of hemisphere or thrust cut;

FIG. 1 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows, and the event plane—spanned
by leptons and thrust axis—is depicted as a light blue plane. In
this case, both hadrons are found in opposite hemispheres defined
by the thrust axis, and generally out of the plane, as indicated by
the cones.

FIG. 2 (color online). Illustration of dihadron fragmentation
where the final-state hadrons are depicted as red arrows, the
incoming leptons as blue arrows and the event plane—spanned
by leptons and initial quarks/thrust axis—is depicted as a light
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.

INCLUSIVE CROSS SECTIONS FOR PAIRS OF … PHYSICAL REVIEW D 92, 092007 (2015)

092007-5
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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more pronounced at large z 
(stronger flavor sensitivity)
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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entire kinematic range 

clear flavor dependence 

suppression of kaons 

suppression of like-sign pairs 

more pronounced at large z 
(stronger flavor sensitivity) 

rich but currently still mainly 
unexplored set of data on 
flavor-dependence of FFs 
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 

[PRD 101 (2020) 092004]

light-meson pair production
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inclusive hadrons - transverse momentum

quasi-inclusive hadron production gives access to 
transverse momentum in fragmentation 

transverse momentum measured with respect to  
thrust axis n 

analysis performed differential in z & PhT, in various 
slices in thrust T  (➠ 18x20x6 bins) 

correction steps similar as for PhT-integrated cross 
sections  

Gaussian fits to transverse-momentum distribution 
provided for all hadrons in (z,T)-bins
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with fractional energy z ¼ 2Eh=
ffiffiffi
s

p
, and transverse

momentum kT at the scale Q ¼
ffiffiffi
s

p
. Experimentally, the

transverse momentum of the hadron is calculated relative to
the thrust axis n̂ which maximizes the event-shape variable
thrust T [31]:

T ¼max
P

hjPCMS
h · n̂jP

hjPCMS
h j

: ð1Þ

The sum extends over all detected particles, and PCMS
h

denotes the momentum of particle h in the center-of-mass
system, CMS.
As the thrust variable describes how collimated all

particles in an event are, the results are presented in bins
of this value.
The paper is organized as follows: the detector setup and

reconstruction criteria are detailed in Sec. II, in Sec. III the
various corrections to get from the raw spectra to the final
cross sections are discussed. In Sec. IV the results are shown
and compared toMonte Carlo (MC) tunes beforewe proceed
to study the transverse-momentumbehavior viaGaussian fits
for small transverse momenta. We conclude with a summary
in Sec. V. (Note: Additional figures and data files are
available online in the Supplemental Material [32].)

II. BELLE DETECTOR AND DATA SELECTION

This single-hadron cross-sectionmeasurement is based on
a data sample of 558 fb−1 collected with the Belle detector at
the KEKB asymmetric-energy eþe− (3.5 GeV on 8 GeV)
collider [33,34] operating at theϒð4SÞ resonance (denoted as
on-resonance), as well as a smaller data set taken 60 MeV
below for comparison (denoted as continuum).
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement of
time-of-flight scintillation counters, and an electromagnetic
calorimeter comprised of CsI(Tl) crystals located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux return located outside of the coil is
instrumented to detect K0

L mesons and to identify muons.
The detector is described in detail elsewhere [35,36].
A 1.5 cm beampipe with 1 mm thickness and a four-layer
SVD and a small-cell inner drift chamber were used to
record 558 fb−1 [37].
The primary light (uds)- and charm-quark simulations

used in this analysis were generated using PYTHIA6.2 [38],
embedded into the EVTGEN [39] framework, followed by a
GEANT3 [40] simulation of the detector response. The
various MC samples were produced separately for light
(uds) and charm quarks, and on the generator level several
JETSET [41] settings were produced in order to study their
impact. For generator level MC to data comparisons, long-
lived weak decays, which normally are handled in GEANT,
were allowed in EVTGEN. In addition, we generated

charged and neutral B meson pairs from ϒð4SÞ decays
in EVTGEN, τ pair events with the KKMC [42,43] generator
and the TAUOLA [44] decay package, and other events with
either PYTHIA or dedicated generators [45] such as for two-
photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore events
are required to have a visible energy of all detected charged
tracks and neutral clusters above 7 GeV (to remove τ pair
events) and either a heavy-jet mass (the greater of the
invariant masses of all particles in a hemisphere as
generated by the plane perpendicular to the thrust axis)
above 1.8 GeV=c2 or a ratio of the heavy-jet mass to visible
energy above 0.25. Also, events need to have at least three
reconstructed charged tracks, which reduces two-photon
processes. The thrust value is calculated as described
above, where all detected particles and neutral clusters
are included. For the charged particles, the mass hypothesis
for the identified particle type is taken into account when
boosting into the CMS. The thrust axis is required to point
into the barrel part of the detector by having a z component
jn̂zj < 0.75 in order to reduce the amount of thrust-axis
smearing due to undetected particles in the forward/back-
ward regions. Tracks are required to be within 4 cm (2 cm)
of the interaction point along (perpendicular to) the
positron beam axis. Each track is required to have at least
three SVD hits and fall within the polar-angular acceptance
of −0.511 < cos θlab < 0.842 in order to have Particle
Identification (PID) information from all relevant PID
detectors. The fractional energy of each track is required
to exceed 0.1 and the transverse momentum with respect to
the thrust axis is then calculated in the CMS as illustrated in
Fig. 1. Also a minimum transverse momentum in the

FIG. 1. Illustration of transverse-momentum-dependent single
hadron fragmentation where the final-state hadron is depicted as a
red arrow, the incoming leptons as blue arrows, and the event
plane—spanned by leptons (blue lines) and initial quarks/thrust
axis n (purple line)—is depicted as a light blue plane. The
transverse momentum PhT is calculated relative to the thrust axis
and depicted by the red, dashed line.
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obtained from a 655 fb�1 data sample collected near the ⌥(4S) resonance with the Belle detector
at the KEKB asymmetric-energy e+e� collider.

Fragmentation functions allow us to understand the109

transition of asymptotically free partons into several con-110

fined hadrons. They cannot be calculated from first prin-111

ciples and thus need to be extracted experimentally. One112

of the main ways of obtaining them is via cross section113

or multiplicity measurements in electron-positron anni-114

hilation where no hadrons are present in the initial state.115

For many processes, factorization is assumed or proven116

to certain orders of the strong coupling and fragmenta-117

tion functions as well as parton distribution functions118

are considered universal. Because of this universality,119

these functions extracted in one process can be applied120

to another process. As such, the knowledge of fragmen-121

tation functions is, for example, used to extract various122

spin-dependent parton distribution functions in polarized123

semi-inclusive deep-inelastic scattering (SIDIS) and po-124

larized hadron collisions. In particular, the extraction125

of the chiral-odd transversity distribution functions [1]126

and their related tensor charges so far entirely relies on127

transverse spin dependent fragmentation functions.128

The Belle experiment was the first to provide asym-129

metries [2] related to the single-hadron Collins fragmen-130

tation function [3]. These asymmetries rely on an ex-131

plicit transverse-momentum dependence of fragmenta-132

tion functions. The Collins fragmentation function de-133

scribes a correlation between the direction of an outgoing134

transversely polarized quark, its spin orientation and the135

azimuthal distribution of final-state hadrons, and serves136

as a transverse-spin analyzer. Collins asymmetries were137

extracted for pions and kaons in several SIDIS measure-138

ments so far [4–8], where they are convolved with the139

transversity distributions of interest, as well as recently140

in proton-proton collisions for pions [9]. The correspond-141

ing Collins fragmentation measurements were obtained142

in various electron-positron annihilation experiments for143

pions [2, 10, 11] and recently also kaons [12] based on144

the description of Ref. [13]. Some of these measurements145

have already been included in global transversity extrac-146

tions [14–17].147

An alternative way of accessing quark transversity is148

via di-hadron fragmentation functions [18–20]. This has149

the advantage of being based on collinear factorization.150

Also here Belle has provided the corresponding asym-151

metries related to the polarized fragmentation functions152

[21], which were used with the SIDIS measurements153

[22, 23] in a global analysis [24] (although not yet with154

the relevant measurements from proton-proton collisions155

[25]) to extract transversity in a collinear approach.156

In both approaches of transversity extraction, several157

assumptions had to be made due to the lack of su�-158

cient measurements. In the Collins-based extractions,159

the explicit transverse-momentum dependence was until160

recently unknown and is still poorly constrained. In the161

di-hadron based extractions, the corresponding unpolar-162

ized di-hadron fragmentation functions were not avail-163

able so far and theorists used Monte Carlo (MC) simu-164

lations to estimate those. This publication provides the165

unpolarized baseline for the measurements related to the166

spin-dependent di-hadron fragmentation functions.167

In a previous publication [26] the focus was on two-168

hadron cross sections di↵erential in their individual frac-169

tional energies z1 = 2Eh1/
p
s and (likewise) z2. In170

this description, the two-hadron production can be de-171

scribed by di-hadron fragmentation functions (DiFF),172

initially introduced in Ref. [27] and based on the for-173

malism developed in Ref. [28]. DGLAP [29] evolution for174

DiFFs was also introduced previously [30, 31]. Recently175

this theoretical work has been applied also to DiFFs176

depending explicitly on the combined fractional energy177

z =
2Eh1h2p

s
and invariant mass mh1h2 of the hadons, in-178

stead of the hadron’s individual fractional energies, and179

including evolution as summarized in Ref. [32]. It is in180

this description that the SIDIS measurements and the181

Belle asymmetries were performed and, here we report182

the corresponding cross sections di↵erential in these two183

variables to provide the unpolarized baseline.184

The cross section at leading order in the strong cou-
pling can be described as

d2�(e+e� ! h1h2X)

dzdmh1h2

/
X

q

e2q

⇣
Dh1h2

1,q (z,mh1h2) +Dh1h2
1,q (z,mh1h2)

⌘
, (1)

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons de-
tected in the same hemisphere, as illustrated in Fig. 1,
originate from the same initial parton is supported by the
results of Ref. [26]. To define the hemispheres a selection
of thrust axis and thrust value is required. The thrust
axis n̂ maximizes the thrust T [33]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (2)

The sum extends over all detected particles, and PCMS
h185

denotes the three-momentum of particle h in the (e+e�)186

center-of-mass system (CMS).187

The cross sections for the inclusive production of di-188

hadrons of charged pions and kaons in the same hemi-189

sphere as a function of their fractional energy z and in-190

variant mass mh1h2 are presented in this paper. The191

cross sections are compared to various MC simulation192

tunes optimized for di↵erent collision systems and ener-193

gies. Various resonances in the mass spectra and distinct194

features from multi-body or subsequent decays of res-195

onances are identified with the help of MC simulations.196

Additionally, also the di-hadron cross sections after a MC197

based removal of all weak decays are presented.198
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thrust distribution: process contributions

large contribution from BB at lower thrust 

large thrust dominated by uds and charm fragmentation  
(at very large T significant τ contribution for pions, not visible here)
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pronounced at low thrust values and z, reaching initially
more than 80% of the yields before rapidly decreasing with
z and thrust value. For protons, the ϒð4SÞ contributions are
again less dominant. It should be noted that the large

number of decays needed by B mesons to produce the light
hadrons studied here increases their contribution at higher
transverse momenta disproportionately. Also the initial
momentum of the B mesons is small which enhances
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FIG. 2. Contributions to the thrust distributions from various processes for the reconstructed pion (left), kaon (center), and proton
(right) yields at theϒð4SÞ resonance. From bottom to top, the stacked contributions from eecc̄ (yellow), eess̄ (dark blue), eeuū (purple),
τþτ− (light green), ϒð4SÞ → BþB− (violet), ϒð4SÞ → B0B̄0 (dark green), charm (blue), and uds (red) are shown. For comparison, the
data for continuum (turquoise, denoted as “data cont”) and on-resonance (orange, denoted as “data res”) are also shown. The black
vertical lines display the thrust bin boundaries used in this analysis.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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transverse-momentum distributions

lowest T bin   
-> rather spherical events  

transverse momenta almost 
uniformly distributed in 
medium-z bins 

faster drop for heavier 
hadrons
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FIG. 14. Di↵erential cross sections for pions (black circles), kaons (blue squares) and protons (green triangles) as a function
of PhT for the indicated z bins and thrust 0.5 < T < 0.7. The error boxes represent the systematic uncertainties. Due to the
large uncertainties in them, z bins above 0.85 are not displayed.
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FIG. 15. Di↵erential cross sections for pions (black circles), kaons (blue squares) and protons (green triangles) as a function
of PhT for the indicated z bins and thrust 0.7 < T < 0.8. The error boxes represent the systematic uncertainties. Due to the
large uncertainties in them, z bins above 0.85 are not displayed.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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transverse-momentum distributions

0.95<T<1.0 

transverse momenta mostly 
Gaussian distributed 

widths very narrow as 
particles now very 
collimated
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FIG. 18. Di↵erential cross sections for pions (black circles), kaons (blue squares) and protons (green triangles) as a function of
PhT for the indicated z bins and thrust 0.95 < T < 1.0. The error boxes represent the systematic uncertainties. Due to the
large uncertainties in them, z bins above 0.85 are not displayed.
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described in the text.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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It is also interesting to study the behavior of the Gaussian
widths for the different thrust ranges. These are shown for
pions in Fig. 12. At very low thrust, any reference direction
is as good as any other, resulting in a nearly flat distribution
of transverse momenta. Consequently, the Gaussian widths
cannot be well extracted or become very large. For all other
thrust ranges, the widths show the same general behavior:
increasing toward intermediate z before decreasing again.
They are ordered according to the thrust ranges with the
lowest thrust having the largest widths and vice versa. This
correlation can be understood by the high-thrust limit,
where the event is very collimated along the thrust axis and
therefore little transverse momentum with respect to this

axis is available. The behavior of the Gaussian widths for
different thrust bin values is also shown for kaons and
protons in Figs. 13 and 14, respectively. For kaons, the
same narrowing of the widths with increasing thrust can be
seen as observed for the pions. Also for the protons, the
thrust dependence is similar but the uncertainties start to
overlap in many z bins, making the effect less pronounced.

B. MC generator comparison

One can study the behavior of various PYTHIA tunes on
the transverse-momentum dependence. It should be noted
that the overall z dependence has already been discussed in
previous publications [50,51], showing that only a few
tunes are reasonably close to the actual data, while others
either largely overshoot or undershoot them, particularly at
high z. The Gaussian widths, however, are not sensitive to
either the z behavior nor the overall normalization. In
PYTHIA they are very directly related to the variable ParJ
(21), which ranges between 0.28 and 0.4 in these tunes and
describes the Gaussian widths for primary hadrons within
the LUND string model [41]. The Gaussian widths are
partially also sensitive to the variable ParJ(42), which
ranges from 0.54 to 0.80 and describes the inverse of
the width of the transverse mass in the LUND string model.
With the exception of the old Belle tune [ParJð21Þ ¼ 0.28],
all tunes have very similar Gaussian widths and reproduce
both the small and larger fractional energies well. At
intermediate z, the PYTHIA default tune and the tunes with
larger ParJ(21) seem to get closest to the data but fail to
fully describe the maximum widths. The comparison for
intermediate thrust values can be seen in Fig. 15.
The individual pion, kaon and proton cross sections as a

function of fractional energy, thrust value and transverse
momentum as well as the extracted Gaussian widths are
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FIG. 12. Gaussian widths as a function of z for pions and thrust
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(blue squared and boxes), thrust 0.85 < T < 0.9 (green triangles
and boxes), thrust 0.9 < T < 0.95 (magenta triangles and boxes)
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represent the corresponding systematic uncertainties.
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FIG. 13. Gaussian widths as a function of z for kaons and thrust
0.7 < T < 0.8 (black circles and boxes), thrust 0.8 < T < 0.85
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and 0.95 < T < 1.0 (red circles and boxes). The error boxes
represent the corresponding systematic uncertainties.
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transverse-momentum: Gaussian widths

fit Gaussian to low-PhT data 

Gaussian widths depend on z and T 

general increase with z with turnover at 
larger values of z 

clear decrease of widths with increase of T 

particles more and more collimated
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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FIG. 9. Differential cross sections for pions (black circles), kaons (blue squares), and protons (green triangles) as a function of PhT for
the indicated z bins and thrust 0.85 < T < 0.9. The error boxes represent the systematic uncertainties. Due to the large uncertainties in
them, z bins above 0.85 are not displayed.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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despite unpolarized initial & states
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hadron pairs: angular correlations
angular correlations between nearly back-to-back hadrons used to tag transverse quark 
polarization -> Collins fragmentation functions 

RF0: one hadron as reference axis  -> cos(2#0) modulation 

RF12: thrust (or similar) axis          -> cos(#1+#2) modulation 
 
 
 
 
 
 
 

RF0 and RF12: different convolutions over transverse momenta 
debatable: MC used to “correct” thrust axis to qq axis
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RF12

RF0

Reference frames

I. Garzia, TMDe2015 - 2-4 Sep, 2015 7

Jet-like events 
- B factories (BaBar and 

Belle) 
- No useful in BESIII

The only frame used in 
BESIII 
- low center of mass energy: 

more spherical events  
- Jet-like topology ensured 

by requiring θh1h2>120°

e-

e+

Thrust 
axis

θT

hemisphere 1

hemisphere 2

e-

e+

Thrust 
axis ?

Analysis Reference Rrame (RF)

I. Garzia 5

RF12 or Thrust RF

All quantities in e+e- center of mass

θth: angle between the e+e- axis and the thrust axis;

φ1,2: azimuthal angles between pt1(t2) and the scattering plane:

RF0 or Second hadron momentum RF

θ2: angle between the e+e- axis and Ph2;

φ0: azimuthal angle between the plane spanned by Ph2  and

the e+e- axis, and the direction of Ph1 perpendicular to Ph2:

All quantities in e+e- center of mass

Two reference frames in literature:
Nucl. Phys. B 806, 23 (2009), PRD 78, 032011 (2008)

QCD-N’12

RF0 RF12

-
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compared to
ffiffiffi
s

p
ðQ2

t ≪ sÞ [28], and a safe compromise is to
require Qt < 3.5 GeV.
The same selection is applied to same-charge and

opposite-charge pion pairs. About 108 pion pairs are
selected and used in the analysis.

V. NORMALIZED AZIMUTHAL DISTRIBUTIONS

Following Eqs. (3) and (7), the azimuthal distributions of
the normalized yields Rα, defined in Sec. II, can be
parametrized as

Ri
α ¼ bα þ aα cosðβαÞ; ð13Þ

where α ¼ 0; 12 indicates the reference frame, i ¼ U;L;C
the charge combination of the pion pair, and β is the
azimuthal angle combination ϕ1 þ ϕ2 or 2ϕ0, according to
the frame used. The parameter bα should be consistent with
unity, while aα gives the amplitude of the asymmetries. The
normalized azimuthal distributions, presented in Fig. 6 for
MC and data samples, are strongly affected by detector
acceptances and show apparent modulations. This is clearly
visible in the simulated sample, for which a flat distribution
is expected since the polarizedDðzÞ are not implemented in

the MC generator. However, the RL and RU distributions
are almost coincident in the MC sample [Fig. 6(a)], while a
clear difference is observed in data [Fig. 6(b)]. This
difference is the observable effect of the azimuthal asym-
metry produced by the Collins effect.
Detector effects depend on the jet direction. When the qq

pair is created at low polar angle with respect to the beam
axis, there is a higher probability that part of the jet falls
outside the detector coverage, and the thrust can be badly
reconstructed. The result is a distortion of the distribution,
as visible in Fig. 7, which shows RU and RL in the RF0
frame for different intervals of cosðθthÞ. The same effect is
also visible in the RF12 frame. The triangles in Fig. 7 also
show the residual effects of gluon radiation to be small.
We can parameterize the acceptance effects on the nor-
malized distribution as an additional contribution to the
cosðβαÞ modulation, whose amplitude varies with θ: aϵαðθÞ.
Therefore, Eq. (13) becomes

Ri
α ¼ ð1þ aϵαðθÞ cosðβαÞÞ · ðbα þ aα cosðβαÞÞ
¼ bα þ ½aα þ aϵαðθÞbα& cosðβαÞ þ aαaϵαðθÞcos2ðβαÞ;

ð14Þ

and shows a coupling between the Collins and detector
acceptance effects proportional to cos2ðβαÞ.
In principle, it would be possible to estimate detector

acceptance effects with simulated events, and correct the
asymmetries measured in the data sample, but this pro-
cedure would introduce large uncertainties. All these
considerations suggest the possibility to form a suitable
double ratio of azimuthal distributions, in order to reduce
the effect of detector acceptance and perform a measure-
ment almost independent from simulation.

VI. DOUBLE RATIOS

Given the difficulties in separating the Collins effect
from asymmetries produced by detector acceptances and
radiative effects, we exploit the fact that most of the
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FIG. 6 (color online). Normalized azimuthal distributions for
like-sign (RL, full circles) and unlike-sign (RU, open circles) pion
pairs, for (a) MC simulation and (b) data, in RF12.
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FIG. 7 (color online). Normalized azimuthal distributions for
different intervals of cos θth measured in the RF0 frame for
unlike-sign (a) and like-sign (b) pion pairs. The cos θth intervals
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0.7 for squares, 0.3 < cos θth < 0.5 for crosses, 0 < cos θth < 0.3
for triangles.
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instrumental effects should largely cancel in ratios of
asymmetries, as for example, the ratio of unlike-sign over
like-sign asymmetries,
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where we omitted the z and pt dependence in order to
simplify the notation. The double ratio (DR) is performed
after the integration over the polar angle θth, so that
the average values of the quantity sin2 θth=ð1þ cos2 θthÞ
appear. These average values do not differ for like-, unlike-,
and all charged pion pairs. In Eq. (15) we assume that the
detector acceptance effects do not depend on the charge
combination of the pion pairs, that is aϵ;LðθthÞ ¼ aϵ;UðθthÞ.
We also neglect the extra term proportional to
cos2ðϕ1 þ ϕ2Þ, which couple the detector acceptance to
the true Collins asymmetries, and stop the series expansion
at the first order in cosðϕ1 þ ϕ2Þ. We have checked for the
presence of these and other terms in addition to the
cosðϕ1 þ ϕ2Þ modulation and found them negligible.
Also the assumption of acceptance effects independent
on the charge combination of the pion pairs seems to hold,
and noting that also the asymmetries produced by gluon
radiation do not depend on the charge combination, the
asymmetry amplitudes resulting from the double ratio
should mainly depend on a different combination of
favored and disfavored fragmentation functions (see also
discussion in Sec. IX).
Similarly, the DR of the normalized distributions of

unlike-sign and charged pion pairs is given by
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12
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The measured U=L and U=C double ratios can be used
to derive information about the relative sign and magnitude

of favored and disfavored fragmentation functions [31].
Analogous expressions can be obtained in the RF0 refer-
ence frame, with modulations in cosð2ϕ0Þ instead
of cosðϕ1 þ ϕ2Þ.
The DRs are still parametrized by a cosine function

Ri
α

Rj
α
¼ Bij

α þ Aij
α · cosðβαÞ; ð19Þ

where B and A are free parameters. The constant term B
should be consistent with unity and the parameter A,
which depends on z, pt, and the average value of
sin2 θ=ð1þ cos2 θÞ, should mainly contain the Collins
effect.
Figure 8 shows the DR of unlike- to like-sign pion pairs

for samples of simulated and data events. The distribution
for the MC sample is now essentially flat as expected;
however, a slight deviation from zero asymmetry, of the
order of 0.2%, is measured. The origin and the effect of this
bias will be discussed in Sec. IXA. A clear cosine modu-
lation is instead visible in the data sample [Fig. 8(b)], which
can be attributed to the Collins effect.
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where we omitted the z and pt dependence in order to
simplify the notation. The double ratio (DR) is performed
after the integration over the polar angle θth, so that
the average values of the quantity sin2 θth=ð1þ cos2 θthÞ
appear. These average values do not differ for like-, unlike-,
and all charged pion pairs. In Eq. (15) we assume that the
detector acceptance effects do not depend on the charge
combination of the pion pairs, that is aϵ;LðθthÞ ¼ aϵ;UðθthÞ.
We also neglect the extra term proportional to
cos2ðϕ1 þ ϕ2Þ, which couple the detector acceptance to
the true Collins asymmetries, and stop the series expansion
at the first order in cosðϕ1 þ ϕ2Þ. We have checked for the
presence of these and other terms in addition to the
cosðϕ1 þ ϕ2Þ modulation and found them negligible.
Also the assumption of acceptance effects independent
on the charge combination of the pion pairs seems to hold,
and noting that also the asymmetries produced by gluon
radiation do not depend on the charge combination, the
asymmetry amplitudes resulting from the double ratio
should mainly depend on a different combination of
favored and disfavored fragmentation functions (see also
discussion in Sec. IX).
Similarly, the DR of the normalized distributions of

unlike-sign and charged pion pairs is given by
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The measured U=L and U=C double ratios can be used
to derive information about the relative sign and magnitude

of favored and disfavored fragmentation functions [31].
Analogous expressions can be obtained in the RF0 refer-
ence frame, with modulations in cosð2ϕ0Þ instead
of cosðϕ1 þ ϕ2Þ.
The DRs are still parametrized by a cosine function

Ri
α

Rj
α
¼ Bij

α þ Aij
α · cosðβαÞ; ð19Þ

where B and A are free parameters. The constant term B
should be consistent with unity and the parameter A,
which depends on z, pt, and the average value of
sin2 θ=ð1þ cos2 θÞ, should mainly contain the Collins
effect.
Figure 8 shows the DR of unlike- to like-sign pion pairs

for samples of simulated and data events. The distribution
for the MC sample is now essentially flat as expected;
however, a slight deviation from zero asymmetry, of the
order of 0.2%, is measured. The origin and the effect of this
bias will be discussed in Sec. IXA. A clear cosine modu-
lation is instead visible in the data sample [Fig. 8(b)], which
can be attributed to the Collins effect.
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instrumental effects should largely cancel in ratios of
asymmetries, as for example, the ratio of unlike-sign over
like-sign asymmetries,
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where we omitted the z and pt dependence in order to
simplify the notation. The double ratio (DR) is performed
after the integration over the polar angle θth, so that
the average values of the quantity sin2 θth=ð1þ cos2 θthÞ
appear. These average values do not differ for like-, unlike-,
and all charged pion pairs. In Eq. (15) we assume that the
detector acceptance effects do not depend on the charge
combination of the pion pairs, that is aϵ;LðθthÞ ¼ aϵ;UðθthÞ.
We also neglect the extra term proportional to
cos2ðϕ1 þ ϕ2Þ, which couple the detector acceptance to
the true Collins asymmetries, and stop the series expansion
at the first order in cosðϕ1 þ ϕ2Þ. We have checked for the
presence of these and other terms in addition to the
cosðϕ1 þ ϕ2Þ modulation and found them negligible.
Also the assumption of acceptance effects independent
on the charge combination of the pion pairs seems to hold,
and noting that also the asymmetries produced by gluon
radiation do not depend on the charge combination, the
asymmetry amplitudes resulting from the double ratio
should mainly depend on a different combination of
favored and disfavored fragmentation functions (see also
discussion in Sec. IX).
Similarly, the DR of the normalized distributions of

unlike-sign and charged pion pairs is given by
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The measured U=L and U=C double ratios can be used
to derive information about the relative sign and magnitude

of favored and disfavored fragmentation functions [31].
Analogous expressions can be obtained in the RF0 refer-
ence frame, with modulations in cosð2ϕ0Þ instead
of cosðϕ1 þ ϕ2Þ.
The DRs are still parametrized by a cosine function

Ri
α

Rj
α
¼ Bij

α þ Aij
α · cosðβαÞ; ð19Þ

where B and A are free parameters. The constant term B
should be consistent with unity and the parameter A,
which depends on z, pt, and the average value of
sin2 θ=ð1þ cos2 θÞ, should mainly contain the Collins
effect.
Figure 8 shows the DR of unlike- to like-sign pion pairs

for samples of simulated and data events. The distribution
for the MC sample is now essentially flat as expected;
however, a slight deviation from zero asymmetry, of the
order of 0.2%, is measured. The origin and the effect of this
bias will be discussed in Sec. IXA. A clear cosine modu-
lation is instead visible in the data sample [Fig. 8(b)], which
can be attributed to the Collins effect.
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where we omitted the z and pt dependence in order to
simplify the notation. The double ratio (DR) is performed
after the integration over the polar angle θth, so that
the average values of the quantity sin2 θth=ð1þ cos2 θthÞ
appear. These average values do not differ for like-, unlike-,
and all charged pion pairs. In Eq. (15) we assume that the
detector acceptance effects do not depend on the charge
combination of the pion pairs, that is aϵ;LðθthÞ ¼ aϵ;UðθthÞ.
We also neglect the extra term proportional to
cos2ðϕ1 þ ϕ2Þ, which couple the detector acceptance to
the true Collins asymmetries, and stop the series expansion
at the first order in cosðϕ1 þ ϕ2Þ. We have checked for the
presence of these and other terms in addition to the
cosðϕ1 þ ϕ2Þ modulation and found them negligible.
Also the assumption of acceptance effects independent
on the charge combination of the pion pairs seems to hold,
and noting that also the asymmetries produced by gluon
radiation do not depend on the charge combination, the
asymmetry amplitudes resulting from the double ratio
should mainly depend on a different combination of
favored and disfavored fragmentation functions (see also
discussion in Sec. IX).
Similarly, the DR of the normalized distributions of

unlike-sign and charged pion pairs is given by
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The measured U=L and U=C double ratios can be used
to derive information about the relative sign and magnitude

of favored and disfavored fragmentation functions [31].
Analogous expressions can be obtained in the RF0 refer-
ence frame, with modulations in cosð2ϕ0Þ instead
of cosðϕ1 þ ϕ2Þ.
The DRs are still parametrized by a cosine function

Ri
α

Rj
α
¼ Bij

α þ Aij
α · cosðβαÞ; ð19Þ

where B and A are free parameters. The constant term B
should be consistent with unity and the parameter A,
which depends on z, pt, and the average value of
sin2 θ=ð1þ cos2 θÞ, should mainly contain the Collins
effect.
Figure 8 shows the DR of unlike- to like-sign pion pairs

for samples of simulated and data events. The distribution
for the MC sample is now essentially flat as expected;
however, a slight deviation from zero asymmetry, of the
order of 0.2%, is measured. The origin and the effect of this
bias will be discussed in Sec. IXA. A clear cosine modu-
lation is instead visible in the data sample [Fig. 8(b)], which
can be attributed to the Collins effect.
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FIG. 17: Light quark (uds) A0 asymmetry parameters as a func-
tion of z2 for 4 z1 bins. The UL data are represented by triangles
and the systematic error by the upper error band. The UC data
are described by the squares and their systematic uncertainty
by the lower error band.

term has been set to zero. In both cases the results are
consistent with a linear behavior. The results obtained
with the thrust axis defining the polar angle can be de-
scribed by the linear term only as the χ2 per degree of
freedom of the fit changes only slightly when allowing
the constant term to float, for example for the AUL

0 re-
sult from 2.4 to 1.67 and from 2.56 to 2.35 for the AUL

12
result. The A0 results obtained with θ2 as the polar angle
favor a nonzero constant term; when a constant term is
included the reduced χ2 of the fit decreases significantly
from 2.81 to 1.26 for the AUL

0 result and from 2.57 to
1.22 for the AUC

0 result. This can be explained by the
fact that the thrust axis describes the original quark di-
rection better than the 2nd hadron’s polar angle, which
receives some additional transverse momentum relative
to the quark axis.

3. Double ratios versus QT for high and low thrust data
samples

The dependence of the asymmetries on the virtual pho-
ton momentum in the two-hadron center-of-mass frame
is also of interest. The results are shown in Figs. 21
and 22. In addition to the charm-corrected asymmetries
the asymmetries for the reverse thrust selection T < 0.8
are displayed. The contributions of both charm quarks
and by Υ(4S) decays are quite substantial in the reverse
thrust selection sample and can add up to almost 70%
in the highest QT bin. The results of the reverse thrust
selection are displayed uncorrected for the charm and
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the Υ(4S) contributions. When comparing the reverse
thrust selection for on and off-resonance data one sees
that the Υ(4S) does give an additional contribution to
the A12 asymmetries. Nevertheless it is clearly visible
that the asymmetries are significantly lower than in the
main data selection. This is the expected behavior, since
the asymmetries due to the Collins effect are smeared out

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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sign opposite to the favored one [31], as also suggested by
the HERMES experiment [13].

B. Collins asymmetries vs transverse momenta

The Collins asymmetries measured in the two reference
frames, in bins of ðpt1; pt2Þ and pt0, are shown in Fig. 16
and Table III. The results from the two double ratios are
reported. This is the first measurement of the dependence

on the pion transverse momenta in eþe− annihilation, and
is important for a theoretical understanding of the evolution
of the Collins fragmentation function. In RF0 the measured
asymmetries are consistent with zero at very low pt0, rise
almost linearly up to about 2% for UL and 1% for UC, at
0.8 GeV, and then flat. In RF12 the asymmetries slightly
differ from zero at low transverse momenta, and exhibit
also in this case a smooth rise of the asymmetries with
ðpt1; pt2Þ up to a maximum of about 7% and 3% for UL and
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FIG. 15 (color online). Collins asymmetries for light quarks measured in bins of fractional energies ðz1; z2Þ, in RF0. Asymmetries for
the UL (up triangles) and UC (down triangles) ratios are reported, with statistical error bars and systematic uncertainties represented by
the bands around the points.
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• 4×4 bins of (pt1,pt2) in RF12 
• 9 bins of pt0 in RF0  
• asymmetry vs. sin2θth/(1+cos2θth) 

and sin2θ2/(1+cos2θ2)

Kang et al., PRD 91,071501 (2015)
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FIG. 17: Light quark (uds) A0 asymmetry parameters as a func-
tion of z2 for 4 z1 bins. The UL data are represented by triangles
and the systematic error by the upper error band. The UC data
are described by the squares and their systematic uncertainty
by the lower error band.

term has been set to zero. In both cases the results are
consistent with a linear behavior. The results obtained
with the thrust axis defining the polar angle can be de-
scribed by the linear term only as the χ2 per degree of
freedom of the fit changes only slightly when allowing
the constant term to float, for example for the AUL

0 re-
sult from 2.4 to 1.67 and from 2.56 to 2.35 for the AUL

12
result. The A0 results obtained with θ2 as the polar angle
favor a nonzero constant term; when a constant term is
included the reduced χ2 of the fit decreases significantly
from 2.81 to 1.26 for the AUL

0 result and from 2.57 to
1.22 for the AUC

0 result. This can be explained by the
fact that the thrust axis describes the original quark di-
rection better than the 2nd hadron’s polar angle, which
receives some additional transverse momentum relative
to the quark axis.

3. Double ratios versus QT for high and low thrust data
samples

The dependence of the asymmetries on the virtual pho-
ton momentum in the two-hadron center-of-mass frame
is also of interest. The results are shown in Figs. 21
and 22. In addition to the charm-corrected asymmetries
the asymmetries for the reverse thrust selection T < 0.8
are displayed. The contributions of both charm quarks
and by Υ(4S) decays are quite substantial in the reverse
thrust selection sample and can add up to almost 70%
in the highest QT bin. The results of the reverse thrust
selection are displayed uncorrected for the charm and
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the Υ(4S) contributions. When comparing the reverse
thrust selection for on and off-resonance data one sees
that the Υ(4S) does give an additional contribution to
the A12 asymmetries. Nevertheless it is clearly visible
that the asymmetries are significantly lower than in the
main data selection. This is the expected behavior, since
the asymmetries due to the Collins effect are smeared out

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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sign opposite to the favored one [31], as also suggested by
the HERMES experiment [13].

B. Collins asymmetries vs transverse momenta

The Collins asymmetries measured in the two reference
frames, in bins of ðpt1; pt2Þ and pt0, are shown in Fig. 16
and Table III. The results from the two double ratios are
reported. This is the first measurement of the dependence

on the pion transverse momenta in eþe− annihilation, and
is important for a theoretical understanding of the evolution
of the Collins fragmentation function. In RF0 the measured
asymmetries are consistent with zero at very low pt0, rise
almost linearly up to about 2% for UL and 1% for UC, at
0.8 GeV, and then flat. In RF12 the asymmetries slightly
differ from zero at low transverse momenta, and exhibit
also in this case a smooth rise of the asymmetries with
ðpt1; pt2Þ up to a maximum of about 7% and 3% for UL and
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the UL (up triangles) and UC (down triangles) ratios are reported, with statistical error bars and systematic uncertainties represented by
the bands around the points.
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• Collins asymmetry measured as 
function of  

• 6×6 bins of pion fractional energy 
(similar behavior in RF0, for both 
UL and UC) 

• 4×4 bins of (pt1,pt2) in RF12 
• 9 bins of pt0 in RF0  
• asymmetry vs. sin2θth/(1+cos2θth) 

and sin2θ2/(1+cos2θ2)
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term has been set to zero. In both cases the results are
consistent with a linear behavior. The results obtained
with the thrust axis defining the polar angle can be de-
scribed by the linear term only as the χ2 per degree of
freedom of the fit changes only slightly when allowing
the constant term to float, for example for the AUL

0 re-
sult from 2.4 to 1.67 and from 2.56 to 2.35 for the AUL

12
result. The A0 results obtained with θ2 as the polar angle
favor a nonzero constant term; when a constant term is
included the reduced χ2 of the fit decreases significantly
from 2.81 to 1.26 for the AUL

0 result and from 2.57 to
1.22 for the AUC

0 result. This can be explained by the
fact that the thrust axis describes the original quark di-
rection better than the 2nd hadron’s polar angle, which
receives some additional transverse momentum relative
to the quark axis.

3. Double ratios versus QT for high and low thrust data
samples

The dependence of the asymmetries on the virtual pho-
ton momentum in the two-hadron center-of-mass frame
is also of interest. The results are shown in Figs. 21
and 22. In addition to the charm-corrected asymmetries
the asymmetries for the reverse thrust selection T < 0.8
are displayed. The contributions of both charm quarks
and by Υ(4S) decays are quite substantial in the reverse
thrust selection sample and can add up to almost 70%
in the highest QT bin. The results of the reverse thrust
selection are displayed uncorrected for the charm and
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the Υ(4S) contributions. When comparing the reverse
thrust selection for on and off-resonance data one sees
that the Υ(4S) does give an additional contribution to
the A12 asymmetries. Nevertheless it is clearly visible
that the asymmetries are significantly lower than in the
main data selection. This is the expected behavior, since
the asymmetries due to the Collins effect are smeared out

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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the charge of the pions. Through the double ratios, charge-
independent instrumental effects cancel out, and QCD
radiative effects are negligible at the first order, while
the charge-dependent Collins asymmetries are kept. The
double ratio RU=RLðCÞ follows the expression

RU

RLðCÞ ¼ A cosð2ϕ0Þ þ B; ð3Þ

where A and B are free parameters. B should be consistent
with unity, and A mainly contains the Collins effect. The
AUL, AUC are used to denote the asymmetries for UL and
UC ratios, respectively.
The analysis is performed in bins of (z1, z2), pt, and

sin2 θ2=ð1þ cos2 θ2Þ. In (z1, z2) bins, the boundaries are
set at zi ¼ 0.2, 0.3, 0.5 and 0.9 (i ¼ 1, 2), where comple-
mentary off-diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each bin, normalized rates RU;L;C and double
ratios RU=RL;C are evaluated. In Fig. 2, the distributions of
the double ratio RU=RL are shown as an example for two
highest (z1, z2) bins with the fit results using Eq. (3). The
asymmetry values (A) obtained from the fits are shown as a
function of six symmetric (z1, z2) bins, pt, and sin2 θ2=ð1þ
cos2 θ2Þ bins in Figs. 3 and 4, respectively. The numerical
results in each (z1,z2) and pt bins are listed in Table I.
Several potential sources of systematic uncertainties are

investigated, and all systematic uncertainties are added in
quadrature finally. An important test is the extraction of
double ratios from MC samples, in which the Collins
asymmetries are not included but radiative gluon and
detector acceptance effects are taken into account. In the
MC samples, which is about 10 times of data statistics,
double ratios are found to be consistent with 0 in all bins
within statistical uncertainties. To test any potential smear-
ing effects in the reconstruction process, MC samples are
reweighted to produce generated asymmetries which vary
in (0.02, 0.15) for UL ratios and (0.01, 0.08) for UC ratios
in different bins. The reconstructed asymmetries are

basically consistent with input; the differences between
them, which range from 0.2% to 48% for UL ratios and
range from 2% to 31% forUC ratios relatively, are included
in the systematic uncertainties.
Additional possible contribution from gluon radiation

can be examined in data by subtracting the normalized
yields RU − RLðCÞ. The subtraction method will cancel all
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the charge of the pions. Through the double ratios, charge-
independent instrumental effects cancel out, and QCD
radiative effects are negligible at the first order, while
the charge-dependent Collins asymmetries are kept. The
double ratio RU=RLðCÞ follows the expression

RU

RLðCÞ ¼ A cosð2ϕ0Þ þ B; ð3Þ

where A and B are free parameters. B should be consistent
with unity, and A mainly contains the Collins effect. The
AUL, AUC are used to denote the asymmetries for UL and
UC ratios, respectively.
The analysis is performed in bins of (z1, z2), pt, and

sin2 θ2=ð1þ cos2 θ2Þ. In (z1, z2) bins, the boundaries are
set at zi ¼ 0.2, 0.3, 0.5 and 0.9 (i ¼ 1, 2), where comple-
mentary off-diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each bin, normalized rates RU;L;C and double
ratios RU=RL;C are evaluated. In Fig. 2, the distributions of
the double ratio RU=RL are shown as an example for two
highest (z1, z2) bins with the fit results using Eq. (3). The
asymmetry values (A) obtained from the fits are shown as a
function of six symmetric (z1, z2) bins, pt, and sin2 θ2=ð1þ
cos2 θ2Þ bins in Figs. 3 and 4, respectively. The numerical
results in each (z1,z2) and pt bins are listed in Table I.
Several potential sources of systematic uncertainties are

investigated, and all systematic uncertainties are added in
quadrature finally. An important test is the extraction of
double ratios from MC samples, in which the Collins
asymmetries are not included but radiative gluon and
detector acceptance effects are taken into account. In the
MC samples, which is about 10 times of data statistics,
double ratios are found to be consistent with 0 in all bins
within statistical uncertainties. To test any potential smear-
ing effects in the reconstruction process, MC samples are
reweighted to produce generated asymmetries which vary
in (0.02, 0.15) for UL ratios and (0.01, 0.08) for UC ratios
in different bins. The reconstructed asymmetries are

basically consistent with input; the differences between
them, which range from 0.2% to 48% for UL ratios and
range from 2% to 31% forUC ratios relatively, are included
in the systematic uncertainties.
Additional possible contribution from gluon radiation

can be examined in data by subtracting the normalized
yields RU − RLðCÞ. The subtraction method will cancel all
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overlaid, where the hatched areas show the predicted bands.
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FIG. 16 (color online). Collins asymmetries for light quarks measured in ðpt1; pt2Þ bins in RF12 (left plots), and in nine bins of pt0
(right plot) in RF0. Asymmetries for the UL (up triangles) and UC (down triangles) ratios are reported, with statistical error bars and
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TABLE III. Azimuthal asymmetries obtained by fitting the UL and UC double ratios in bins of pt. The upper (lower) table summarizes
the results for RF12 (RF0). The errors are statistical and systematic. The table also reports the average values of zi and pti and
sin2 θ=ð1þ cos2 θÞ in the corresponding ðpt1; pt2Þ or pt0 bin.

pt1 (GeV) hpt1i (GeV) hz1i pt2 (GeV) hpt2i (GeV) hz2i h sin2θth
1þcos2θth

i AUL
12 AUC

12

[0.,0.25] 0.163 0.258 [0.,0.25] 0.163 0.258 0.690 2.77$ 0.70$ 0.88 1.26$ 0.59$ 0.43
[0.,0.25] 0.163 0.260 [0.25,0.5] 0.370 0.263 0.700 3.18$ 0.36$ 0.37 1.44$ 0.31$ 0.18
[0.,0.25] 0.161 0.261 [0.5,0.75] 0.596 0.308 0.708 3.73$ 0.52$ 0.41 1.73$ 0.44$ 0.21
[0.,0.25] 0.161 0.263 ½> 0.75& 0.895 0.412 0.708 6.17$ 0.87$ 0.73 2.70$ 0.71$ 0.39
[0.25,0.5] 0.370 0.263 [0.,0.25] 0.163 0.260 0.700 4.28$ 0.37$ 0.53 1.95$ 0.31$ 0.23
[0.25,0.5] 0.367 0.270 [0.25,0.5] 0.366 0.270 0.711 4.40$ 0.18$ 0.47 2.01$ 0.15$ 0.22
[0.25,0.5] 0.365 0.275 [0.5,0.75] 0.596 0.322 0.720 3.90$ 0.26$ 0.41 1.77$ 0.22$ 0.19
[0.25,0.5] 0.363 0.278 ½> 0.75& 0.890 0.424 0.721 6.10$ 0.41$ 0.65 2.73$ 0.34$ 0.30
[0.5,0.75] 0.596 0.308 [0.,0.25] 0.161 0.262 0.708 3.23$ 0.51$ 0.38 1.51$ 0.43$ 0.19
[0.5,0.75] 0.596 0.321 [0.25,0.5] 0.365 0.275 0.720 4.05$ 0.27$ 0.43 1.83$ 0.22$ 0.19
[0.5,0.75] 0.595 0.324 [0.5,0.75] 0.595 0.326 0.731 4.71$ 0.53$ 0.50 2.09$ 0.35$ 0.24
[0.5,0.75] 0.595 0.330 ½> 0.75& 0.885 0.423 0.735 6.04$ 0.66$ 0.69 2.63$ 0.51$ 0.35
½> 0.75& 0.895 0.412 [0.,0.25] 0.161 0.264 0.709 5.29$ 0.84$ 0.74 2.39$ 0.70$ 0.37
½> 0.75& 0.890 0.423 [0.25,0.5] 0.363 0.279 0.721 5.27$ 0.41$ 0.55 2.40$ 0.34$ 0.26
½> 0.75& 0.885 0.422 [0.5,0.75] 0.595 0.331 0.735 5.91$ 0.67$ 0.63 2.50$ 0.51$ 0.31
½> 0.75& 0.881 0.425 ½> 0.75& 0.880 0.426 0.743 6.62$ 1.14$ 0.80 2.93$ 0.86$ 0.46

pt0 (GeV) hpt0i (GeV) hz1i hz2i h sin2 θ2
1þcos2 θ2

i AUL
0 AUC

0

[0.,0.125] 0.083 0.230 0.300 0.685 −0.20$ 0.28$ 0.08 −0.09$ 0.23$ 0.06
[0.125,0.25] 0.194 0.231 0.299 0.683 0.34$ 0.17$ 0.06 0.15$ 0.14$ 0.04
[0.25,0.375] 0.315 0.233 0.295 0.680 1.15$ 0.14$ 0.11 0.52$ 0.12$ 0.06
[0.375,0.5] 0.438 0.239 0.289 0.678 1.67$ 0.13$ 0.11 0.76$ 0.11$ 0.06
[0.5,0.625] 0.558 0.258 0.281 0.677 2.24$ 0.15$ 0.14 1.01$ 0.12$ 0.07
[0.625,0.75] 0.683 0.302 0.276 0.677 2.02$ 0.18$ 0.14 0.91$ 0.14$ 0.07
[0.75,0.9] 0.818 0.349 0.270 0.677 2.54$ 0.21$ 0.17 1.13$ 0.16$ 0.09
[0.9,1.1] 0.989 0.406 0.262 0.677 2.20$ 0.21$ 0.17 0.96$ 0.17$ 0.09
[1.1,1.5] 1.258 0.488 0.252 0.678 2.12$ 0.20$ 0.17 0.92$ 0.16$ 0.09
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BaBar results for ππ pairs
PRD 90,052003 (2014)

• Collins asymmetry measured as 
function of  

• 6×6 bins of pion fractional energy 
(similar behavior in RF0, for both 
UL and UC) 

• 4×4 bins of (pt1,pt2) in RF12 
• 9 bins of pt0 in RF0  
• asymmetry vs. sin2θth/(1+cos2θth) 

and sin2θ2/(1+cos2θ2)

Kang et al., PRD 91,071501 (2015)
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• Collins asymmetry measured as function of  
• 6 symmetric (z1,z2) bins   
• 5 bins of pt0  
• asymmetry vs. sin2θ2/(1+cos2θ2) 
• comparison with prediction reported in arXiv:

1505.05589

RF0 only
arXiv:1505.05589

arXiv:1505.05589

preliminary

preliminary

preliminary

Submitted on PRL

arXiv:1505.05589

pT dependence for charged pions from BaBar & BESIII

typical rise with pT; turnover around 0.8 GeV
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Collins asymmetries - going further 

43

the charge of the pions. Through the double ratios, charge-
independent instrumental effects cancel out, and QCD
radiative effects are negligible at the first order, while
the charge-dependent Collins asymmetries are kept. The
double ratio RU=RLðCÞ follows the expression

RU

RLðCÞ ¼ A cosð2ϕ0Þ þ B; ð3Þ

where A and B are free parameters. B should be consistent
with unity, and A mainly contains the Collins effect. The
AUL, AUC are used to denote the asymmetries for UL and
UC ratios, respectively.
The analysis is performed in bins of (z1, z2), pt, and

sin2 θ2=ð1þ cos2 θ2Þ. In (z1, z2) bins, the boundaries are
set at zi ¼ 0.2, 0.3, 0.5 and 0.9 (i ¼ 1, 2), where comple-
mentary off-diagonal bins (z1, z2) and (z2, z1) are com-
bined. In each bin, normalized rates RU;L;C and double
ratios RU=RL;C are evaluated. In Fig. 2, the distributions of
the double ratio RU=RL are shown as an example for two
highest (z1, z2) bins with the fit results using Eq. (3). The
asymmetry values (A) obtained from the fits are shown as a
function of six symmetric (z1, z2) bins, pt, and sin2 θ2=ð1þ
cos2 θ2Þ bins in Figs. 3 and 4, respectively. The numerical
results in each (z1,z2) and pt bins are listed in Table I.
Several potential sources of systematic uncertainties are

investigated, and all systematic uncertainties are added in
quadrature finally. An important test is the extraction of
double ratios from MC samples, in which the Collins
asymmetries are not included but radiative gluon and
detector acceptance effects are taken into account. In the
MC samples, which is about 10 times of data statistics,
double ratios are found to be consistent with 0 in all bins
within statistical uncertainties. To test any potential smear-
ing effects in the reconstruction process, MC samples are
reweighted to produce generated asymmetries which vary
in (0.02, 0.15) for UL ratios and (0.01, 0.08) for UC ratios
in different bins. The reconstructed asymmetries are

basically consistent with input; the differences between
them, which range from 0.2% to 48% for UL ratios and
range from 2% to 31% forUC ratios relatively, are included
in the systematic uncertainties.
Additional possible contribution from gluon radiation

can be examined in data by subtracting the normalized
yields RU − RLðCÞ. The subtraction method will cancel all
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FIG. 16 (color online). Collins asymmetries for light quarks measured in ðpt1; pt2Þ bins in RF12 (left plots), and in nine bins of pt0
(right plot) in RF0. Asymmetries for the UL (up triangles) and UC (down triangles) ratios are reported, with statistical error bars and
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TABLE III. Azimuthal asymmetries obtained by fitting the UL and UC double ratios in bins of pt. The upper (lower) table summarizes
the results for RF12 (RF0). The errors are statistical and systematic. The table also reports the average values of zi and pti and
sin2 θ=ð1þ cos2 θÞ in the corresponding ðpt1; pt2Þ or pt0 bin.

pt1 (GeV) hpt1i (GeV) hz1i pt2 (GeV) hpt2i (GeV) hz2i h sin2θth
1þcos2θth

i AUL
12 AUC

12

[0.,0.25] 0.163 0.258 [0.,0.25] 0.163 0.258 0.690 2.77$ 0.70$ 0.88 1.26$ 0.59$ 0.43
[0.,0.25] 0.163 0.260 [0.25,0.5] 0.370 0.263 0.700 3.18$ 0.36$ 0.37 1.44$ 0.31$ 0.18
[0.,0.25] 0.161 0.261 [0.5,0.75] 0.596 0.308 0.708 3.73$ 0.52$ 0.41 1.73$ 0.44$ 0.21
[0.,0.25] 0.161 0.263 ½> 0.75& 0.895 0.412 0.708 6.17$ 0.87$ 0.73 2.70$ 0.71$ 0.39
[0.25,0.5] 0.370 0.263 [0.,0.25] 0.163 0.260 0.700 4.28$ 0.37$ 0.53 1.95$ 0.31$ 0.23
[0.25,0.5] 0.367 0.270 [0.25,0.5] 0.366 0.270 0.711 4.40$ 0.18$ 0.47 2.01$ 0.15$ 0.22
[0.25,0.5] 0.365 0.275 [0.5,0.75] 0.596 0.322 0.720 3.90$ 0.26$ 0.41 1.77$ 0.22$ 0.19
[0.25,0.5] 0.363 0.278 ½> 0.75& 0.890 0.424 0.721 6.10$ 0.41$ 0.65 2.73$ 0.34$ 0.30
[0.5,0.75] 0.596 0.308 [0.,0.25] 0.161 0.262 0.708 3.23$ 0.51$ 0.38 1.51$ 0.43$ 0.19
[0.5,0.75] 0.596 0.321 [0.25,0.5] 0.365 0.275 0.720 4.05$ 0.27$ 0.43 1.83$ 0.22$ 0.19
[0.5,0.75] 0.595 0.324 [0.5,0.75] 0.595 0.326 0.731 4.71$ 0.53$ 0.50 2.09$ 0.35$ 0.24
[0.5,0.75] 0.595 0.330 ½> 0.75& 0.885 0.423 0.735 6.04$ 0.66$ 0.69 2.63$ 0.51$ 0.35
½> 0.75& 0.895 0.412 [0.,0.25] 0.161 0.264 0.709 5.29$ 0.84$ 0.74 2.39$ 0.70$ 0.37
½> 0.75& 0.890 0.423 [0.25,0.5] 0.363 0.279 0.721 5.27$ 0.41$ 0.55 2.40$ 0.34$ 0.26
½> 0.75& 0.885 0.422 [0.5,0.75] 0.595 0.331 0.735 5.91$ 0.67$ 0.63 2.50$ 0.51$ 0.31
½> 0.75& 0.881 0.425 ½> 0.75& 0.880 0.426 0.743 6.62$ 1.14$ 0.80 2.93$ 0.86$ 0.46

pt0 (GeV) hpt0i (GeV) hz1i hz2i h sin2 θ2
1þcos2 θ2

i AUL
0 AUC

0

[0.,0.125] 0.083 0.230 0.300 0.685 −0.20$ 0.28$ 0.08 −0.09$ 0.23$ 0.06
[0.125,0.25] 0.194 0.231 0.299 0.683 0.34$ 0.17$ 0.06 0.15$ 0.14$ 0.04
[0.25,0.375] 0.315 0.233 0.295 0.680 1.15$ 0.14$ 0.11 0.52$ 0.12$ 0.06
[0.375,0.5] 0.438 0.239 0.289 0.678 1.67$ 0.13$ 0.11 0.76$ 0.11$ 0.06
[0.5,0.625] 0.558 0.258 0.281 0.677 2.24$ 0.15$ 0.14 1.01$ 0.12$ 0.07
[0.625,0.75] 0.683 0.302 0.276 0.677 2.02$ 0.18$ 0.14 0.91$ 0.14$ 0.07
[0.75,0.9] 0.818 0.349 0.270 0.677 2.54$ 0.21$ 0.17 1.13$ 0.16$ 0.09
[0.9,1.1] 0.989 0.406 0.262 0.677 2.20$ 0.21$ 0.17 0.96$ 0.17$ 0.09
[1.1,1.5] 1.258 0.488 0.252 0.678 2.12$ 0.20$ 0.17 0.92$ 0.16$ 0.09
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BaBar results for ππ pairs
PRD 90,052003 (2014)

• Collins asymmetry measured as 
function of  

• 6×6 bins of pion fractional energy 
(similar behavior in RF0, for both 
UL and UC) 

• 4×4 bins of (pt1,pt2) in RF12 
• 9 bins of pt0 in RF0  
• asymmetry vs. sin2θth/(1+cos2θth) 

and sin2θ2/(1+cos2θ2)

Kang et al., PRD 91,071501 (2015)
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• Collins asymmetry measured as function of  
• 6 symmetric (z1,z2) bins   
• 5 bins of pt0  
• asymmetry vs. sin2θ2/(1+cos2θ2) 
• comparison with prediction reported in arXiv:

1505.05589

RF0 only
arXiv:1505.05589

arXiv:1505.05589

preliminary

preliminary

preliminary

Submitted on PRL

arXiv:1505.05589

pT dependence for charged pions from BaBar & BESIII

typical rise with pT; turnover around 0.8 GeV

… now also from Belle in R12 frame:

showing any indication of leveling out at larger values of
Pt1 and Pt2. In contrast, the largest asymmetry (in this
projection) of around 10% for AUL

12 is found in the last
(Pt1; Pt2) bin. This behavior is similar to what was found
by BABAR [21], which can be explained perhaps by the
limited reach in Pt. A direct quantitative comparison
of these results with those by BABAR is hampered by
the significantly different binning used here. Only in
the case of the (z1, z2) binning, a few bins at large z1
and z2 can be made out that have similar average z and Pt.
Still, the polar angular range of the thrust axis covered
by the two measurements is quite different leading to a
sin2θ=ð1þ cos2θÞ scaling of the cosine modulations
[cf. Eqs. (14)–(16)] that are in variance with each other.
However, those are simple scale factors that can be
divided out, leaving asymmetries that can be directly
compared. In the end, a discrepancy between Belle and
BABAR is apparent that cannot be explained easily by
charm contributions included here but corrected for at
BABAR. Such a discrepancy between Belle and BABAR is
not new and was observed already before for the large-z
region [38]. It is thought to be caused by differences in the
applied constraints, e.g., differences in the methodology
for removing τ contributions.
Since there are already published results from Belle for

charged-pion pairs for the ðz1; z2Þ binning, which cover
roughly the same kinematic region, a comparison between
the results presented here and those from the previous
publications [18,19] is provided. The previous results use a
smearing correction to correct back to the qq̄ axis extracted

from simulation. Since this is not an observable and can be
defined cleanly only at leading order, this correction is
replaced with a correction back to the thrust axis in the
present analysis. Therefore the comparison is performed
for asymmetries for which the smearing corrections are
removed. This corresponds to a division by the mean
smearing correction factor 1.66 for the previous analysis
whereas the available bin-by-bin correction is used for
this analysis. Further, the compared asymmetry values
have been corrected for the kinematic factor sin2ðθÞ=
ð1þ cos2ðθÞÞ bin-by-bin, which differs between the two
analyses as a result of the different fiducial constraints. The
analysis in Ref. [19] uses a constraint on the z projection of
the thrust axis of jTzj < 0.75, which corresponds to
0.72 rad < θ < 2.42 rad. Hence, for the previous analysis
the mean kinematic factor is 0.77 whereas it is 0.91 for
the presented analysis. The results after adjustments for
both the smearing and kinematic factors for the asymmetry
values and their uncertainties is the comparison shown
in Fig. 4.
There are two further noteworthy differences between

the two analyses: (i) The previous analysis does not apply
opening-angle constraints. One effect of this difference is
that the sampled Pt range is different, since high-z hadrons
tend to be closer to the thrust axis.
(ii) The previous Belle analysis corrects for the charm

contribution using a D$ sample. In this analysis, the
charm contribution was not corrected for, since using the
D$ sample can introduce a bias in phase space and
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 
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expressions (14)–(17) for the various meson combinations.

The expression for Aπ0
12 is equal to that of AUL

12 − AUC
12 as a

result of the isospin relations (11) and (12). Figure 14

displays both Aπ0
12 and the difference between A

UL
12 and AUC

12 ,
and indeed good agreement is found. The comparison is to
be taken with caution as not all potential correlations
between the three asymmetries are taken into account.
The nonvanishing asymmetries for double ratios involv-

ing π0 and η mesons do not necessarily point to non-
vanishing Collins fragmentation functions for these two. It
is plausible for nonvanishing asymmetries to arise in the
case of vanishing Collins functions for π0 and η due to the
presence of the second ratio term in Eqs. (16) and (17),

which involves only the charged pions.3 The first ratio term
can be rewritten in terms of products of only π0 fragmen-
tation functions (in the case of Aπ0

12) or of π0 and η
fragmentation functions (in the case of Aη

12); i.e., the first
ratio is governed by neutral-meson fragmentation functions
only, while the second term by charged-pion fragmentation
functions. Taking into account that the favored and dis-
favored pion Collins fragmentation functions are on aver-
age of similar magnitude but opposite in sign, thus leading
to cancellation effects in the combination relevant for
the π0, a scenario is plausible in which the π0 Collins
fragmentation is small and the observed signal is due to the
term containing the charged-pion fragmentation functions.
This is also consistent with the vanishing π0 Collins
asymmetries observed in semi-inclusive DIS [39]. The
nonvanishing results for Aπ0

12 and A
η
12 would then mainly be

a reflection of the nonvanishing azimuthal modulation in
the denominator of those double ratios.

VI. SUMMARY AND CONCLUSION

An analysis of azimuthal asymmetries related to the
Collins mechanism has been presented for pairs of back-to-
back neutral and charged pions as well as η mesons and
charged pions. The analysis substantially differs from
previous Belle analyses in that results are only presented
in the thrust-axis frame, correcting to the generated thrust
axis, not the qq̄ axis, the opening angle of the hadrons to the
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FIG. 13. Comparison of the Pt1 dependences of Aπ0
12 (open circles) and A

η
12 (full squares) for three bins in z1 (as labeled). A constraint

of z > 0.3 is applied also for Aπ0
12 to be consistent with the kinematic constraints used for the η asymmetries.
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FIG. 14. Dependence of Aπ0
12 and AUL

12 − AUC
12 on z1, integrating

within the overall limits over Pt and z2. The data points of Aπ0
12 are

offset horizontally by 0.02 for legibility and error bars represent
combined statistical and systematic uncertainties.

3As a reminder, the second term enters because of using
charged-pion pairs in the denominator of the double ratios.
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Note that in the expression for a12 above, the full dependence of the asymmetry a12 on ✓,126

zi, and P 2
ti
is kept. In the measurements presented in this work, at most two variables are127

kept di↵erential, the other ones are integrated over their accepted ranges.128

Measured azimuthal distributions can be strongly distorted due to acceptance and radia-129

tion e↵ects. To remedy those e↵ects the double ratio (DR) method can be used, in which the130

ratio of normalized distributions from di↵erent kinds of hadron pairs is calculated. Under131

the assumption that the e↵ects are quark-/hadron-flavor independent, they largely cancel in132

double ratios [14, 21]. In the previous charged-pion analysis, one double ratio was defined133

as the ratio of the normalized yield of unlike-sign (⇡+
⇡
�) to that of like-sign pairs (⇡+

⇡
+

134

and ⇡
�
⇡
�). In the current analysis this is extended to include neutral mesons:135
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pairs and the ’+’ sign between di↵erent combinations means that both pair combinations are137

considered for the yields. For charged pions, asymmetries of like-sign pairs (L), unlike-sign138

pairs (U), or pairs that are summed over both charges (C) can be considered. From these139

combinations the following two double ratios have traditionally been constructed:140
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Analogue to the definition of RL

12 for like-sign pairs, RU

12 and R
C

12 denote the normalized141

yields of the unlike-sign and charge-summed pairs. The ratio of those two yields the double142

ratio143

R
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which is interesting in the context of neutral pions as being equal to the ⇡0 double ratio R
⇡
0

12144

due to isospin symmetry [22].145

The double ratios (8)-(10) contain the fragmentation functions of interest in various146

combinations. To simplify expressions, fragmentation functions are often categorized into147

favored and disfavored, depending on whether or not the fragmenting-quark flavor is part148

7

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 

https://journals.aps.org/prd/pdf/10.1103/PhysRevD.100.092008


IWHSS & CPHI 2024Gunar Schnell 

Collins asymmetries - going further 

45

and in particular158
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Using Eq. (13) results in the following expression for the ⌘ double ratio:159
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In the measurement presented here, a parametrization of the form 1 + A12 cos(�12) is160

fitted to the double ratios. The amplitude A12 of the cos(�12) modulation is the azimuthal161

asymmetry that is presented for various meson combinations and binnings in z and Pt.162

III. Experiment163

The Belle experiment [24] at the KEKB storage ring [25] recorded about 1 ab�1 of e+e�164

annihilation data. The data were taken mainly at the ⌥(4S) resonance at
p
s = 10.58 GeV,165

but also at other ⌥(1S) to ⌥(5S) resonances and at a continuum setting of
p
s = 10.52 GeV.166

This analysis used data from all these sources for a total integrated luminosity of 980.4 fb
�1.167

The Belle instrumentation used in this analysis includes a central drift chamber (CDC) and168

a silicon vertex detector, which provide precision tracking for tracks in 0.30 < ✓Lab < 2.62,169

and electromagnetic calorimeters (ECL) [26] covering the same region. The complete ECL170

consists of 8736 CsI(Tl) counters, which are subdivided into the barrel region (0.56 < ✓Lab <171

2.25) and the endcaps. This analysis uses the barrel ECL for the recontruction of ⇡0 and172

⌘ mesons. Particle identification is performed using information on dE/dx in the CDC, a173

time-of-flight system in the barrel, aerogel Cherenkov counters in the barrel and the forward174

endcap, as well as a muon and KL identification system embedded in the return steel outside175

the superconducting solenoid coils. The magnet provides a 1.5 T magnetic field. Using these176
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Using Eq. (13) results in the following expression for the ⌘ double ratio:159
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In the measurement presented here, a parametrization of the form 1 + A12 cos(�12) is160

fitted to the double ratios. The amplitude A12 of the cos(�12) modulation is the azimuthal161

asymmetry that is presented for various meson combinations and binnings in z and Pt.162

III. Experiment163

The Belle experiment [24] at the KEKB storage ring [25] recorded about 1 ab�1 of e+e�164

annihilation data. The data were taken mainly at the ⌥(4S) resonance at
p
s = 10.58 GeV,165

but also at other ⌥(1S) to ⌥(5S) resonances and at a continuum setting of
p
s = 10.52 GeV.166

This analysis used data from all these sources for a total integrated luminosity of 980.4 fb
�1.167

The Belle instrumentation used in this analysis includes a central drift chamber (CDC) and168

a silicon vertex detector, which provide precision tracking for tracks in 0.30 < ✓Lab < 2.62,169

and electromagnetic calorimeters (ECL) [26] covering the same region. The complete ECL170

consists of 8736 CsI(Tl) counters, which are subdivided into the barrel region (0.56 < ✓Lab <171

2.25) and the endcaps. This analysis uses the barrel ECL for the recontruction of ⇡0 and172

⌘ mesons. Particle identification is performed using information on dE/dx in the CDC, a173

time-of-flight system in the barrel, aerogel Cherenkov counters in the barrel and the forward174

endcap, as well as a muon and KL identification system embedded in the return steel outside175

the superconducting solenoid coils. The magnet provides a 1.5 T magnetic field. Using these176
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expressions (14)–(17) for the various meson combinations.

The expression for Aπ0
12 is equal to that of AUL

12 − AUC
12 as a

result of the isospin relations (11) and (12). Figure 14

displays both Aπ0
12 and the difference between A

UL
12 and AUC

12 ,
and indeed good agreement is found. The comparison is to
be taken with caution as not all potential correlations
between the three asymmetries are taken into account.
The nonvanishing asymmetries for double ratios involv-

ing π0 and η mesons do not necessarily point to non-
vanishing Collins fragmentation functions for these two. It
is plausible for nonvanishing asymmetries to arise in the
case of vanishing Collins functions for π0 and η due to the
presence of the second ratio term in Eqs. (16) and (17),

which involves only the charged pions.3 The first ratio term
can be rewritten in terms of products of only π0 fragmen-
tation functions (in the case of Aπ0

12) or of π0 and η
fragmentation functions (in the case of Aη

12); i.e., the first
ratio is governed by neutral-meson fragmentation functions
only, while the second term by charged-pion fragmentation
functions. Taking into account that the favored and dis-
favored pion Collins fragmentation functions are on aver-
age of similar magnitude but opposite in sign, thus leading
to cancellation effects in the combination relevant for
the π0, a scenario is plausible in which the π0 Collins
fragmentation is small and the observed signal is due to the
term containing the charged-pion fragmentation functions.
This is also consistent with the vanishing π0 Collins
asymmetries observed in semi-inclusive DIS [39]. The
nonvanishing results for Aπ0

12 and A
η
12 would then mainly be

a reflection of the nonvanishing azimuthal modulation in
the denominator of those double ratios.

VI. SUMMARY AND CONCLUSION

An analysis of azimuthal asymmetries related to the
Collins mechanism has been presented for pairs of back-to-
back neutral and charged pions as well as η mesons and
charged pions. The analysis substantially differs from
previous Belle analyses in that results are only presented
in the thrust-axis frame, correcting to the generated thrust
axis, not the qq̄ axis, the opening angle of the hadrons to the
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FIG. 13. Comparison of the Pt1 dependences of Aπ0
12 (open circles) and A

η
12 (full squares) for three bins in z1 (as labeled). A constraint

of z > 0.3 is applied also for Aπ0
12 to be consistent with the kinematic constraints used for the η asymmetries.
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FIG. 14. Dependence of Aπ0
12 and AUL

12 − AUC
12 on z1, integrating

within the overall limits over Pt and z2. The data points of Aπ0
12 are

offset horizontally by 0.02 for legibility and error bars represent
combined statistical and systematic uncertainties.

3As a reminder, the second term enters because of using
charged-pion pairs in the denominator of the double ratios.
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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R
⌘

12 =
R

⌘±
12

R
L

12

⇡ 1 + cos(�12)
sin2(✓)

1 + cos2(✓)

⇥
⇢
5(H?,fav⌘

1 +H
?,dis⌘

1 )⌦ (H?,dis

1 +H
?,fav

1 ) + 4H?,dis

1,s!⌘
⌦H

?,dis

1,s!⇡

5(D?,fav⌘

1 +D
?,dis⌘

1 )⌦ (D?,dis

1 +D
?,fav

1 ) + 4Ddis

1,s!⌘
⌦D

dis

1,s!⇡
)

�
5(H?,fav

1 ⌦H
?,dis

1 +H
?,dis

1 ⌦H
?,fav

1 ) + 2H?,dis

1,s!⇡
⌦H

?,dis

1,s!⇡

5(D?,fav

1 ⌦D
?,dis

1 +D
?,dis

1 ⌦D
?,fav

1 ) + 2Ddis

1,s!⇡
⌦D

dis

1,s!⇡

�
.

(17)

In the measurement presented here, a parametrization of the form 1 + A12 cos(�12) is160

fitted to the double ratios. The amplitude A12 of the cos(�12) modulation is the azimuthal161

asymmetry that is presented for various meson combinations and binnings in z and Pt.162

III. Experiment163
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annihilation data. The data were taken mainly at the ⌥(4S) resonance at
p
s = 10.58 GeV,165

but also at other ⌥(1S) to ⌥(5S) resonances and at a continuum setting of
p
s = 10.52 GeV.166

This analysis used data from all these sources for a total integrated luminosity of 980.4 fb
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The Belle instrumentation used in this analysis includes a central drift chamber (CDC) and168

a silicon vertex detector, which provide precision tracking for tracks in 0.30 < ✓Lab < 2.62,169

and electromagnetic calorimeters (ECL) [26] covering the same region. The complete ECL170

consists of 8736 CsI(Tl) counters, which are subdivided into the barrel region (0.56 < ✓Lab <171

2.25) and the endcaps. This analysis uses the barrel ECL for the recontruction of ⇡0 and172

⌘ mesons. Particle identification is performed using information on dE/dx in the CDC, a173

time-of-flight system in the barrel, aerogel Cherenkov counters in the barrel and the forward174
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Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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In the measurement presented here, a parametrization of the form 1 + A12 cos(�12) is160

fitted to the double ratios. The amplitude A12 of the cos(�12) modulation is the azimuthal161

asymmetry that is presented for various meson combinations and binnings in z and Pt.162

III. Experiment163

The Belle experiment [24] at the KEKB storage ring [25] recorded about 1 ab�1 of e+e�164

annihilation data. The data were taken mainly at the ⌥(4S) resonance at
p
s = 10.58 GeV,165

but also at other ⌥(1S) to ⌥(5S) resonances and at a continuum setting of
p
s = 10.52 GeV.166

This analysis used data from all these sources for a total integrated luminosity of 980.4 fb
�1.167

The Belle instrumentation used in this analysis includes a central drift chamber (CDC) and168

a silicon vertex detector, which provide precision tracking for tracks in 0.30 < ✓Lab < 2.62,169

and electromagnetic calorimeters (ECL) [26] covering the same region. The complete ECL170

consists of 8736 CsI(Tl) counters, which are subdivided into the barrel region (0.56 < ✓Lab <171

2.25) and the endcaps. This analysis uses the barrel ECL for the recontruction of ⇡0 and172

⌘ mesons. Particle identification is performed using information on dE/dx in the CDC, a173

time-of-flight system in the barrel, aerogel Cherenkov counters in the barrel and the forward174

endcap, as well as a muon and KL identification system embedded in the return steel outside175

the superconducting solenoid coils. The magnet provides a 1.5 T magnetic field. Using these176
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asymmetry that is presented for various meson combinations and binnings in z and Pt.162
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The Belle experiment [24] at the KEKB storage ring [25] recorded about 1 ab�1 of e+e�164

annihilation data. The data were taken mainly at the ⌥(4S) resonance at
p
s = 10.58 GeV,165

but also at other ⌥(1S) to ⌥(5S) resonances and at a continuum setting of
p
s = 10.52 GeV.166

This analysis used data from all these sources for a total integrated luminosity of 980.4 fb
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The Belle instrumentation used in this analysis includes a central drift chamber (CDC) and168

a silicon vertex detector, which provide precision tracking for tracks in 0.30 < ✓Lab < 2.62,169

and electromagnetic calorimeters (ECL) [26] covering the same region. The complete ECL170

consists of 8736 CsI(Tl) counters, which are subdivided into the barrel region (0.56 < ✓Lab <171

2.25) and the endcaps. This analysis uses the barrel ECL for the recontruction of ⇡0 and172

⌘ mesons. Particle identification is performed using information on dE/dx in the CDC, a173

time-of-flight system in the barrel, aerogel Cherenkov counters in the barrel and the forward174
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annihilation data. The data were taken mainly at the ⌥(4S) resonance at
p
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but also at other ⌥(1S) to ⌥(5S) resonances and at a continuum setting of
p
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This analysis used data from all these sources for a total integrated luminosity of 980.4 fb
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The Belle instrumentation used in this analysis includes a central drift chamber (CDC) and168

a silicon vertex detector, which provide precision tracking for tracks in 0.30 < ✓Lab < 2.62,169

and electromagnetic calorimeters (ECL) [26] covering the same region. The complete ECL170

consists of 8736 CsI(Tl) counters, which are subdivided into the barrel region (0.56 < ✓Lab <171

2.25) and the endcaps. This analysis uses the barrel ECL for the recontruction of ⇡0 and172

⌘ mesons. Particle identification is performed using information on dE/dx in the CDC, a173

time-of-flight system in the barrel, aerogel Cherenkov counters in the barrel and the forward174
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a likely future
several analyses still in the pipeline, e.g., 

kT-dependent D1 FFs (back-to-back hadrons) 
(Belle, BESIII & possibly BaBar) 

Collins asymmetries:  

pion update w/ increased statistics (BESIII) 

kaon & pion-kaon pairs; kT dependence of 
Collins asymmetries (Belle, BESIII) 

Collins asymmetries w/o double ratios (BaBar) 

single-hadron production 

short-lived mesons and resonances (Belle) 

charged pions and kaon at lower s (BESIII)
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Figure 1: Kinematic coverage in the (z,Q) plane of the data set included in this analysis. Data points
are from SIA (red) and SIDIS (blue); gray points are excluded by kinematic cuts.

data points in each experiment. If the degree of correlation of systematic uncertainties is not
known, we sum them in quadrature with the statistical uncertainties. Finally, we symmetrise
the systematic uncertainties reported by the BELLE experiment as described in Ref. [36].

3 Theoretical setup

In this section we discuss the theoretical setup used to compute the theoretical predictions
for the SIDIS multiplicities corresponding to the measurements performed by COMPASS and
HERMES. The computation of SIA cross sections and the evolution of FFs closely follow Refs. [4,
37] and are therefore not discussed here.

We consider the inclusive production of a charged pion, ⇡±, in lepton-nucleon scattering:

`(k) +N(p) ! `(k0) + ⇡
±(p⇡) +X . (1)

The four-momenta involved in this process, along with the definition q = k � k
0, allow one to

define the following Lorentz invariants that, under the assumption of a massless target, admit a
partonic interpretation:

Q
2 = �q

2 : (negative) invariant mass of the virtual vector boson,

x =
Q

2

2p · q
: momentum fraction of the nucleon carried by the incoming parton,

z =
p · p⇡

p · q
: momentum fraction of the outgoing parton carried by the pion,

y =
Q

2

xs
: energy transfer (inelasticity) ,

(2)

with
p
s being the centre-of-mass energy of the collision. Under the assumption Q ⌧ MZ (as is

the case for all the SIDIS data considered here) only the exchange of a virtual photon can be
considered and the triple-di↵erential cross section for the reaction in Eq. (1) can be written as

d
3
�

dxdQdz
=

4⇡↵2

xQ3

⇥�
1 + (1 � y)2

�
F2(x, z,Q

2) � y
2
FL(x, z,Q

2)
⇤
, (3)
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data points in each experiment. If the degree of correlation of systematic uncertainties is not
known, we sum them in quadrature with the statistical uncertainties. Finally, we symmetrise
the systematic uncertainties reported by the BELLE experiment as described in Ref. [36].

3 Theoretical setup

In this section we discuss the theoretical setup used to compute the theoretical predictions
for the SIDIS multiplicities corresponding to the measurements performed by COMPASS and
HERMES. The computation of SIA cross sections and the evolution of FFs closely follow Refs. [4,
37] and are therefore not discussed here.

We consider the inclusive production of a charged pion, ⇡±, in lepton-nucleon scattering:

`(k) +N(p) ! `(k0) + ⇡
±(p⇡) +X . (1)

The four-momenta involved in this process, along with the definition q = k � k
0, allow one to

define the following Lorentz invariants that, under the assumption of a massless target, admit a
partonic interpretation:

Q
2 = �q

2 : (negative) invariant mass of the virtual vector boson,

x =
Q

2

2p · q
: momentum fraction of the nucleon carried by the incoming parton,

z =
p · p⇡

p · q
: momentum fraction of the outgoing parton carried by the pion,

y =
Q

2

xs
: energy transfer (inelasticity) ,

(2)

with
p
s being the centre-of-mass energy of the collision. Under the assumption Q ⌧ MZ (as is

the case for all the SIDIS data considered here) only the exchange of a virtual photon can be
considered and the triple-di↵erential cross section for the reaction in Eq. (1) can be written as

d
3
�

dxdQdz
=

4⇡↵2

xQ3

⇥�
1 + (1 � y)2

�
F2(x, z,Q

2) � y
2
FL(x, z,Q

2)
⇤
, (3)

5

[PRD 104 (2021) 034007]

BESIII region 

~62pb-1 @3.52 GeV used for Collins asym's 

aim at 250pb-1 data set

https://doi.org/10.1103/PhysRevD.104.034007
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Belle II data taking
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➡ similar data sample as at 1st-generation 
B-factories “soonish”
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Collins asymmetries - differences w.r.t. old analysis

qualitative changes in 2019 Belle analysis 
w.r.t. previous Belle analyses: 

no correction to qq axis;  
➟ rather to thrust axis, which is observable 

upper limit on opening angle imposed 

no correction for charm contribution;  
➟ provide charm fraction

51

[PRD 100 (2019) 92008]

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  

REF2015, Nov 2, 2015 51 R.Seidl: Fragmentation measurements 
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polarizing fragmentation

large hyperon polarization in unpolarized hadron collision observed 
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Generic p p data - xF and pT dependence

P� turns out to be negative

For pT above 1 GeV/c P� becomes flat

(measured up to pT � 4 GeV/c)

DIS 2010, Florence, April 21, 2010 3

p p

�

�

caused by polarizing FF?

q

�

�

agree within their statistical uncertainties. The average
value for Hþ D is hPΛ

n ðHþ DÞi ¼ 0.056% 0.005ðstatÞ%
0.020ðsysÞ, with the average value for all nuclei being
hPΛ

n ðallAÞi ¼ 0.044% 0.011.
The transverse polarization for neon is above this value

by more than one standard deviation, while the results for
krypton and xenon are compatible with zero within the
statistical uncertainties of the data. The average value
of PΛ

n for the combined krypton and xenon data
is hPΛ

n ðKr þ XeÞi ¼ 0.000% 0.014ðstatÞ % 0.020ðsysÞ.
Despite the rather large value for neon there is an

indication of a decrease of PΛ
n with the atomic-mass

number A of the target nuclei. However, the statistical
accuracy of the measurements does not allow for a
precise determination of the functional form of this A
dependence.
The Λ polarizations for the combined Hþ D and the

combined Kr þ Xe data are shown as a function of
ζ in Fig. 4. The H+D data (closed symbols) decrease
continuously from a value of ∼0.08 at low ζ to ∼ 0.02
at ζ ≃ 0.45, while the Kr þ Xe data (open symbols)
fluctuate around zero. For each point in ζ the average
value of pT is different, as shown in the lower panel of the
figure.
In Fig. 5 the polarizations are shown as a function of pT .

The Hþ D data are presented for two intervals in the
variable ζ. The pT dependence in these two intervals is
rather different. In the region ζ < 0.2, where the produced
Λ hyperons mainly stem from the backward region, the
polarization increases linearly with pT up to a value of
∼0.12 at pT ≃ 0.75 GeV (closed circles), while in the
region ζ > 0.3 (closed squares) the polarization is sub-
stantially smaller with very little dependence on pT . The
statistical uncertainties of the Kr þ Xe data prevent a firm
conclusion about the pT dependences in the two ζ regions.
The polarization is compatible with zero over the whole pT
range although the average polarization in the region

ζ < 0.2 is 0.059% 0.024ðstatÞ, while it is −0.012%
0.027ðstatÞ in the region ζ > 0.3. It should be noted that
the measured ratio of Λ yields for (Kr þ Xe) and D
decreases with ζ and increases at large pT . This behavior
is rather similar to the ratio of hadron multiplicities for
heavy nuclear targets and deuterium as a function of z and
pt in semi-inclusive deep-inelastic scattering [23,24],
where z ¼ Eh=ν is the fractional hadron energy and pt
is the transverse hadron momentum with respect to the
virtual-photon direction.

atomic-mass number A

0

100

Λ

-0.05

 0.05

 0.15

 0.10

101

FIG. 3 (color online). Dependence of the transverse polariza-
tion PΛ

n on the atomic-mass number A of the target nuclei. The
inner error bars represent the statistical uncertainties; the full error
bars represent the total uncertainties, evaluated as the sum in
quadrature of statistical and systematic uncertainties. FIG. 4. Dependence of the transverse polarization PΛ

n for the
combined hydrogen and deuterium data (closed symbols) and the
combined krypton and xenon data (open symbols) on the variable
ζ. The error bars represent statistical uncertainties only; the
systematic uncertainties are not shown, since they are strongly
correlated for the kinematic dependences. The values of hpTi for
each ζ bin are shown in the lower panel.

H+D,     

H+D,  
Kr+Xe,  

pT [GeV]
0 0.2 0.4 0.6 0.8 1 1.2

-0.05

0

0.1

0.20
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0.4

1.4

 0.05

0.15

FIG. 5. Dependence of the transverse polarization PΛ
n on the

transverse Λ momentum pT . Closed circles (squares) represent
the combined hydrogen and deuterium data for the region ζ < 0.2
(ζ > 0.3). The combined krypton and xenon data (open triangles)
are shown for the full ζ range. The error bars represent the
statistical uncertainty. The values of hζi for each pT bin are
shown in the lower panel.

TRANSVERSE POLARIZATION OF Λ HYPERONS … PHYSICAL REVIEW D 90, 072007 (2014)

072007-5

… as well as in inclusive lepto-production
[HERMES, PRD 90 (2014) 072007]

https://link.aps.org/doi/10.1103/PhysRevLett.122.042001


IWHSS & CPHI 2024Gunar Schnell 

polarizing fragmentation function

polarization measured normal to production plane, i.e. ϥ
”Pq” × PΛ��

�
�
�
�
�
�

reference axis to define transverse momentum: 

“hadron frame” - use momentum direction of “back-to-back” hadron 

“thrust frame” - use thrust axis 

 exploit self-analyzing weak decay of Λ to determine polarization 
53
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might cancel the s quark contribution and cause the
reversed pt dependence. However, it should also be noted
that there is a larger charm contribution in the two
intermediate zΛ bins [28].
Considering associated production of a light hadron on

the opposite side, four zh bins with boundaries at zh ¼
½0.2; 0.3; 0.4; 0.5; 0.9# are adopted, where zh ¼ 2Eh=

ffiffiffi
s

p
.

In the hadron frame, the detector smearing effects are found
to be negligible because of the much better resolution of
−p̂h compared to that of T̂. Also, less than 5% of events are
falsely reconstructed in the wrong zΛ or zh bins. Thus, svd
unfolding is not applied here. The efficiency-corrected
cos θ distributions are fit in the same way as those in the
thrust frame. Because of particle misidentifications, the
purity of the πþ (π−) is about 91.8% (94.8%) and that of
Kþ (K−) is 87.4% (69.8%), based on MC simulations.
The contributions from misidentified h% are included in the
results without further correction. The amplitudes of the
transverse polarization of Λ hyperons as a function of zΛ
and zh calculated in the hadron frame are shown in Fig. 2.
These results can give additional insight into the quark
flavor fragmenting into the Λ. In particular, in the low zΛ
region, the polarization in ΛhþX and Λh−X is significantly
different, even showing opposite sign and a magnitude that
increases with higher zh. In contrast, in the region zΛ > 0.5,
the differences between ΛhþX and Λh−X are modest,
although deviations can still be seen.
We investigate the flavor of the (anti-)quark going into

the same hemisphere with the Λ particles using MC
simulations. We find that the flavor tag of the light hadron
depends on zh and zΛ [28]. At low zΛ [29], the contribu-
tions of the various quark flavors for Λ are nearly charge
symmetric in processes ΛhþX and Λh−X. In general,
the results suggest that the Λ polarization from s quark

fragmentation is negative because, in ΛKþX at high zΛ,
where s to Λ fragmentation absolutely dominates, the
observed asymmetries are negative. In Λπ−X and ΛK−X
at low zΛ, u toΛ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmentation
to Λ is positive. In Λπ−X and ΛK−X at high zΛ, there is a
larger contribution from s compared to low zΛ, resulting in
negative polarizations. For ΛπþX at low zΛ, ū fragmenting
into a Λ dominates, and the observed polarizations are
negative. At high zΛ, s fragmenting into Λ is dominant,
resulting in negative polarization. The sign of the Λ polari-
zation fragmenting from d quarks is not well determined.
The results presented in Figs. 1 and 2 show the transverse

polarization for inclusive Λ particles, including those
directly produced from qq̄ fragmentations and those
indirectly produced from decays. Based on MC simula-
tions, about 30% of Λ candidates come from charm, mainly
via c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We note
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ%X (a),
ΛK%X (b), Λ̄π%X (c), and Λ̄K%X (d), as a function of zΛ and zh
in the hadron frame. The different panels show the different zΛ
regions as labeled on the plots. Error bars indicate the sum of
statistical and systematic uncertainties added in quadrature. The
shaded areas show the uncertainties from α.
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FIG. 1. Transverse polarization amplitudes of inclusive Λ’s as a
function of zΛ and pt in the thrust frame. The top (a) and bottom
(b) plots display the results for Λ and Λ̄, respectively. The sum of
statistical and systematic uncertainties are indicated by the error
bars and the shaded areas show the uncertainties from α.
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might cancel the s quark contribution and cause the
reversed pt dependence. However, it should also be noted
that there is a larger charm contribution in the two
intermediate zΛ bins [28].
Considering associated production of a light hadron on

the opposite side, four zh bins with boundaries at zh ¼
½0.2; 0.3; 0.4; 0.5; 0.9# are adopted, where zh ¼ 2Eh=

ffiffiffi
s

p
.

In the hadron frame, the detector smearing effects are found
to be negligible because of the much better resolution of
−p̂h compared to that of T̂. Also, less than 5% of events are
falsely reconstructed in the wrong zΛ or zh bins. Thus, svd
unfolding is not applied here. The efficiency-corrected
cos θ distributions are fit in the same way as those in the
thrust frame. Because of particle misidentifications, the
purity of the πþ (π−) is about 91.8% (94.8%) and that of
Kþ (K−) is 87.4% (69.8%), based on MC simulations.
The contributions from misidentified h% are included in the
results without further correction. The amplitudes of the
transverse polarization of Λ hyperons as a function of zΛ
and zh calculated in the hadron frame are shown in Fig. 2.
These results can give additional insight into the quark
flavor fragmenting into the Λ. In particular, in the low zΛ
region, the polarization in ΛhþX and Λh−X is significantly
different, even showing opposite sign and a magnitude that
increases with higher zh. In contrast, in the region zΛ > 0.5,
the differences between ΛhþX and Λh−X are modest,
although deviations can still be seen.
We investigate the flavor of the (anti-)quark going into

the same hemisphere with the Λ particles using MC
simulations. We find that the flavor tag of the light hadron
depends on zh and zΛ [28]. At low zΛ [29], the contribu-
tions of the various quark flavors for Λ are nearly charge
symmetric in processes ΛhþX and Λh−X. In general,
the results suggest that the Λ polarization from s quark

fragmentation is negative because, in ΛKþX at high zΛ,
where s to Λ fragmentation absolutely dominates, the
observed asymmetries are negative. In Λπ−X and ΛK−X
at low zΛ, u toΛ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmentation
to Λ is positive. In Λπ−X and ΛK−X at high zΛ, there is a
larger contribution from s compared to low zΛ, resulting in
negative polarizations. For ΛπþX at low zΛ, ū fragmenting
into a Λ dominates, and the observed polarizations are
negative. At high zΛ, s fragmenting into Λ is dominant,
resulting in negative polarization. The sign of the Λ polari-
zation fragmenting from d quarks is not well determined.
The results presented in Figs. 1 and 2 show the transverse

polarization for inclusive Λ particles, including those
directly produced from qq̄ fragmentations and those
indirectly produced from decays. Based on MC simula-
tions, about 30% of Λ candidates come from charm, mainly
via c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We note
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ%X (a),
ΛK%X (b), Λ̄π%X (c), and Λ̄K%X (d), as a function of zΛ and zh
in the hadron frame. The different panels show the different zΛ
regions as labeled on the plots. Error bars indicate the sum of
statistical and systematic uncertainties added in quadrature. The
shaded areas show the uncertainties from α.
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FIG. 1. Transverse polarization amplitudes of inclusive Λ’s as a
function of zΛ and pt in the thrust frame. The top (a) and bottom
(b) plots display the results for Λ and Λ̄, respectively. The sum of
statistical and systematic uncertainties are indicated by the error
bars and the shaded areas show the uncertainties from α.
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polarizing fragmentation function

flavor tagging through hadrons 
in opposite hemisphere: 

54

large-zh hadrons tag quark 
flavor more efficiently 

➡ enlarges differences between 
oppositely charged hadrons 

[Belle, PRL 122 (2019) 042001]
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zh =
Ehp
s/2

Cuts 
y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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y |Z| vertex < 4cm , r vertex < 2cm, Pt>100MeV, 
y Eid, muid, then hadron id: 

y kpi(3,1,0,3,2); kpr(3,1,0,3,4); pipr(3,1,0,2,4); 
y Always two hadron ids cut on, should be similar to Martin’s analysis 

y Hadronb>0.5 
y NSVD hits>=3 
y Evisible>7 GeV 
y z1,z2>0.1 (or 0.2) 
y cosqlab >-0.511 && cosqlab<0.842 (matching Martin’s PID studies 

and full PID acceptance) 
y If thrust cut (same/opposite hemispheres) : thrust>0.8 and 

|thrustz|<0.75 
y Opening angle between thrust axis and track >0.8  
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