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Outline

• Introduction and motivation

• Example 1: Dilaton EFT application to SU(3) lattice data (brief)

• Example 2: Dilaton in gauge-gravity dualities (brief)

• Example 3: Goldstone/Higgs from the lattice—Sp(2N) theories (long, and see other 
talks)

• Outlook



General message

• We are living in a golden age of numerical studies of non-perturbative field theories

• Effective Field Theory

• Gauge-gravity dualities

• Lattice field theory

• Broad range of applications

• Composite Higgs Models (Higgs as PNGB or Dilaton)

• Top Partial Compositeness

• Strongly Interacting Dark Matter

• Gravitational Waves



Statement of the Problem
• Weakly-coupled models of EWSB affected by BIG HIERARCHY PROBLEM 

• Strong-coupling solution: replace Higgs sector with new interactions and fields, 
that UV-complete the theory (technicolor, composite Higgs, little Higgs…) 

• NON-PERTURBATIVE INSTRUMENTS gauge-gravity dualities, lattice studies 
and applications of EFT 

• LITTLE HIERARCHY PROBLEM  

arXiv:1703.09205
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Three Examples
• Example I: Dilaton EFT description of SU(3) lattice data—application to 

Goldstone-Higgs models 

• Example II: Dilaton and Goldstone-Higgs from top-down gauge-gravity 
dualities— maximal sugra in D=7 dimensions as example, SO(5)/SO(4). 

• Example III: Goldstone-Higgs on the lattice—Sp(2N) theories 



Dilaton EFT description of 
SU(3) lattice data—

application to Goldstone-
Higgs models



Lattice data on near conformal 
dynamics

• SU(3) theory, with either 8 fundamental (LatKMI, LSD Collaboration) or 2 symmetric 
(Dirac) fermions (Fodor et al.).

• Both theories expected to be close to edge of conformal window.

• Spectroscopy studied in some details, as a function of the quark mass, over large range of 
masses.

• Anomalously light scalar singlet bound state present.

• What can it be? Could this be a light dilaton, and what can we learn about it?
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Figure 1. Lattice data from the LSD collaboration for the SU(3) theory with Nf = 8 funda-
mentals [2]. Red circles represent the pseudoscalar data and their uncertainties are discussed in
section 3.2.1. Pink diamonds represent the scalar data with uncertainties discussed in section 3.3.
The lattice spacing is denoted by a.
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Figure 2. Lattice data extracted from plots in Refs. [5–7] for the SU(3) theory with Nf = 2
sextets. Red circles represent the pseudoscalar data and pink diamonds represent the scalar. The
lattice spacing is denoted by a. The errors are discussed in section 3.2.2.

Eq. (3.1) in a 2-parameter fit. We then make use of Eq. (3.2) to constrain the form of

V (χ) for large χ. This form, together with the scaling relation Eq. (2.5), determines the

relation between F 2
π and M2

π . The near linearity of both NGB data sets in Fig. 1 and Fig. 2

implies that they are (approximately) linearly related to each other. Using Eq. (3.2), it can

therefore be seen that for large χ, V (χ) behaves approximately like χ4.

We have kept open the form of V (χ), noting only that various proposals have appeared

in the literature. The large-χ behavior in these proposals, which attempt to describe the

scalar as a dilaton, typically include the power behavior χ4. This form is modulated by

the factor log χ if the underlying conformal symmetry is broken by a marginal deformation

[17]. Here, we explore the constraint of the lattice data alone on the large-χ behavior of

V (χ), by employing the simple phenomenological ansatz V ∝ χp. This form, while not in

general theoretically based, is adequate to quantify the large-χ behavior of the potential,

in particular its closeness to χ4. We obtain

M2
π = BF

p−2

π , (3.4)

where B depends on the coefficient of χp in the potential. The potential will be well
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Very different  
from QCD

Lattice data on near conformal 
dynamics



Dilaton EFT
• Weakly-coupled field theory, extends chiral Lagrangian by adding one scalar field.

• Minimum of  V at      .  If mass present,  minimum: 

• Scaling relations, by varying quark mass one is exploring properties of the EFT.

• One can measure scaling dimension y of chiral condensate.

• Possibly shape of the scalar potential, and possibly extrapolate towards massless limit. 

physical states. In the limit m → 0, the pseudoscalar mass is expected to extrapolate to

zero while the scalar mass should extrapolate to a small but finite value. We here use the

term NGB’s to refer only to the pseudoscalars.

The relative lightness of the scalar and NGB’s in the lattice simulations suggests that

they be treated via an effective field theory (EFT) with only these degrees of freedom.

Several authors have begun this program [8–11] building on early investigations [12, 13].

In Ref. [14], we noted that the lattice data for Nf = 8 Dirac fermions in the fundamental

representation [2–4] can be fit employing such an EFT at only the classical level. In this

paper, we extend our treatment of this EFT, exploring its features at both the classical and

quantum levels and extending the comparison with lattice data to include Nf = 2 Dirac

fermions in the 2-index symmetric (sextet) representation [5–7]. It is notable that a rather

simple EFT employed at the classical level accurately captures the essential features of a

large set of lattice data.

In Section 2, we describe the ingredients of the EFT including the small explicit break-

ing of scale invariance through a weak dilaton potential, and discuss features of the EFT

at the classical level. In Section 3, we compare the classical (tree-level) EFT to the lattice

data, determining certain parameters of the theory and constraining the shape of the dilaton

potential at large field strength. In Section 4, we discuss corrections to the tree-level EFT

arising from the heavy states present in the lattice data and from quantum loop corrections

computed within the EFT. In Section 5, we summarize our results, comment briefly on

possible phenomenological applications and discuss open problems.

2 Classical EFT

2.1 Ingredients

To describe the light states appearing in lattice simulations, we employ an EFT consisting of

the NGB’s along with a description of a light singlet scalar consistent with its interpretation

as a dilaton. The Lagrangian density takes the form

L =
1

2
∂µχ∂

µχ + Lπ + LM − V (χ) , (2.1)

where χ is the real, scalar dilaton field.

The term Lπ is given by

Lπ =
f2
π

4

(

χ

fd

)2

Tr
[

∂µΣ(∂
µΣ)†

]

, (2.2)

where the Σ field describes the NGB’s arising from the spontaneous breaking of chiral

symmetry. It transforms as Σ → ULΣU
†
R, with UL and UR the matrices of SU(Nf )L

and SU(Nf )R transformations, and satisfies the nonlinear constraint ΣΣ† = I. It can be

written as Σ = exp [2iπ/fπ] where π =
∑

a π
aT a. The dilaton field acts here as a conformal

compensator. The parameter fπ is the NGB decay constant describing the spontaneous

breaking of chiral symmetry and fd is the vacuum value of the dilaton field describing the

spontaneous breaking of dilatation symmetry. These are independent parameters, since in
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the underlying theory there can be condensates that break scale symmetry but not chiral

symmetry. Still, we expect them to be similar in magnitude, set by the confinement scale

of the underlying gauge theory.

For lattice-simulation purposes, chiral symmetry must be broken explicitly by the in-

troduction of a fermion mass term of the form mψ̄ψ, with subsequent extrapolation to

m = 0. The effect of this mass can be captured by supplementing the EFT with the term

LM =
m2

πf
2
π

4

(

χ

fd

)y

Tr
[

Σ+ Σ†
]

, (2.3)

where m2
π = 2mBπ, and Bπ is a constant. The form of LM is such that it breaks scale

and chiral symmetries in the same way as the fermion-bilinear mass term in the underlying

gauge theory [13], with y taken to be the scaling dimension of ψ̄ψ. This is an RG-scale

dependent quantity; in the present context it should be taken to be defined at scales above

the confinement scale, where the gauge coupling varies slowly. It has been suggested that

y ≈ 2 at this scale [15, 16]. We take y to be a constant, but keep it as a free parameter to

be fit to the lattice data.

Finally, a dilaton potential V (χ) describes the explicit breaking of conformal symmetry

even in the limit m2
π → 0. It has a minimum at some value fd > 0, and we anticipate it to

be shallow satisfying m2
d # (4πfd)2. Several proposed forms of the dilaton potential have

appeared in the literature, for example [8, 17]. However we do not adopt an explicit form,

instead observing that some predictions of the EFT are form independent. We allow the

lattice data to determine certain features of the potential.

2.2 Scaling Features

The term LM generates a mass for the NGB’s and contains a new scalar self-interaction.

The full dilaton potential becomes

W (χ) = V (χ)−
Nfm2

πf
2
π

2

(

χ

fd

)y

. (2.4)

This potential is minimized at some field strength χ = Fd (≥ fd), depending on the magni-

tude of the chiral-symmetry breaking term, which is not restricted to being a small contri-

bution to W (χ). Fd is finite under the assumption that V (χ) increases more rapidly than

χy at large χ.

For any non-zero m2
π, it is convenient to express the EFT in terms of y and a set

of quantities Fd, M2
d , Fπ, and M2

π , which extrapolate to their corresponding lower-case

parameters in the m2
π → 0 limit. The mass M2

d is determined by the curvature of the full

potential at its minimum. The other two quantities, Fπ and M2
π , are identified from Lπ

and LM by taking χ = Fd and properly normalizing the NGB kinetic term. They are given

in general by simple scaling formulae [8, 14]:

F 2
π

f2
π

=
F 2
d

f2
d

, (2.5)

M2
π

m2
π

=

(

F 2
d

f2
d

)y/2−1

. (2.6)
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The quantity Fπ, defined using the conventions of Ref. [2], is obtained from lattice

calculations of the two point correlation function of axial-vector currents. The quantity Fd

(the VEV of the χ field) has not yet been obtained from a lattice calculation of a gauge

theory correlation function. The issue of how Fd can be determined directly from such a

correlation function requires more study. However, we do not need to have lattice data for

Fd in order to apply our analysis. We first use only the data for Fπ and M2
π as they have

the smallest uncertainties, and afterwards we add the data for M2
d .

While the determination of the parameters fπ, fd, and md requires extrapolation to the

m2
π → 0 limit, the parameter y enters through the chiral symmetry breaking term LM , and

can be extracted directly from the finite-m2
π data. The two scaling relations in Eqs. (2.5)

and (2.6) can be combined to give

M2
πF

2−y
π = Cm , (3.1)

where C = 2Bπf
2−y
π , independently of the dilaton potential. Lattice data for M2

π and Fπ

alone can determine y accurately.

The finite-m2
π data can also be used to constrain the large-χ behavior of the dilaton

potential V (χ). From Eq. (2.4) and the scaling relations Eqs. (2.5) and (2.6), we have

∂V

∂χ

∣

∣

∣

∣

χ=Fd

=
yNfm2

πf
2
π

2f y
d

F y−1

d =
yNffπ
2fd

M2
πFπ . (3.2)

This shows that lattice data for M2
π and Fπ can be used to determine the gradient of V (χ)

at the field value χ = Fd up to a constant of proportionality. Noting that Fd ∝ Fπ, it can

be seen that data for M2
π and Fπ alone can fix the functional form of the potential. We

make use of this result to constrain the large-χ behavior of V (χ).

Lattice data for the dilaton mass M2
d can also be included. Doing so provides an

independent determination of the second derivative of the potential V (χ). A simple exercise

leads to [14]:

∂2V

∂χ2

∣

∣

∣

∣

χ=Fd

= M2
d +

y(y − 1)Nff2
π

2f2
d

M2
π . (3.3)

The errors on M2
d are currently large. Nevertheless, we will make use of this relation in

Section 3.3 to obtain a determination of the ratio f2
π/f

2
d .

We take the Nf = 8 data from Ref. [2], and the sextet data from Refs. [5–7], referring

the reader to the original publications for technical details. We use lattice data at finite

lattice spacing a, without continuum extrapolation. The mass and decay constant of the

NGB’s, and the mass of the dilaton for the Nf = 8 theory are reported in Fig. 1. The

same quantities are reported for the sextet theory in Fig. 2. We see that M2
π , M

2
d $ 1/a2

throughout the range of the data for both theories, indicating that lattice discretization

effects are small.

3.2 Analysis Using Only Data for the NGB’s

We first utilize only the NGB data (F 2
π and M2

π), since it is currently more accurate than

the M2
d data. We extract extracting from these two data sets values for y and C using
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d # (4πfd)2. Several proposed forms of the dilaton potential have

appeared in the literature, for example [8, 17]. However we do not adopt an explicit form,

instead observing that some predictions of the EFT are form independent. We allow the

lattice data to determine certain features of the potential.

2.2 Scaling Features

The term LM generates a mass for the NGB’s and contains a new scalar self-interaction.

The full dilaton potential becomes

W (χ) = V (χ)−
Nfm2

πf
2
π

2

(

χ

fd

)y

. (2.4)

This potential is minimized at some field strength χ = Fd (≥ fd), depending on the magni-

tude of the chiral-symmetry breaking term, which is not restricted to being a small contri-

bution to W (χ). Fd is finite under the assumption that V (χ) increases more rapidly than

χy at large χ.

For any non-zero m2
π, it is convenient to express the EFT in terms of y and a set

of quantities Fd, M2
d , Fπ, and M2

π , which extrapolate to their corresponding lower-case

parameters in the m2
π → 0 limit. The mass M2

d is determined by the curvature of the full

potential at its minimum. The other two quantities, Fπ and M2
π , are identified from Lπ

and LM by taking χ = Fd and properly normalizing the NGB kinetic term. They are given

in general by simple scaling formulae [8, 14]:

F 2
π

f2
π

=
F 2
d

f2
d

, (2.5)

M2
π

m2
π

=

(

F 2
d

f2
d

)y/2−1

. (2.6)
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the underlying theory there can be condensates that break scale symmetry but not chiral

symmetry. Still, we expect them to be similar in magnitude, set by the confinement scale

of the underlying gauge theory.

For lattice-simulation purposes, chiral symmetry must be broken explicitly by the in-

troduction of a fermion mass term of the form mψ̄ψ, with subsequent extrapolation to

m = 0. The effect of this mass can be captured by supplementing the EFT with the term

LM =
m2

πf
2
π

4

(

χ

fd

)y

Tr
[

Σ+ Σ†
]

, (2.3)

where m2
π = 2mBπ, and Bπ is a constant. The form of LM is such that it breaks scale
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the confinement scale, where the gauge coupling varies slowly. It has been suggested that

y ≈ 2 at this scale [15, 16]. We take y to be a constant, but keep it as a free parameter to

be fit to the lattice data.

Finally, a dilaton potential V (χ) describes the explicit breaking of conformal symmetry

even in the limit m2
π → 0. It has a minimum at some value fd > 0, and we anticipate it to

be shallow satisfying m2
d # (4πfd)2. Several proposed forms of the dilaton potential have

appeared in the literature, for example [8, 17]. However we do not adopt an explicit form,

instead observing that some predictions of the EFT are form independent. We allow the

lattice data to determine certain features of the potential.

2.2 Scaling Features

The term LM generates a mass for the NGB’s and contains a new scalar self-interaction.

The full dilaton potential becomes

W (χ) = V (χ)−
Nfm2
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(
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)y

. (2.4)

This potential is minimized at some field strength χ = Fd (≥ fd), depending on the magni-

tude of the chiral-symmetry breaking term, which is not restricted to being a small contri-

bution to W (χ). Fd is finite under the assumption that V (χ) increases more rapidly than

χy at large χ.

For any non-zero m2
π, it is convenient to express the EFT in terms of y and a set

of quantities Fd, M2
d , Fπ, and M2

π , which extrapolate to their corresponding lower-case

parameters in the m2
π → 0 limit. The mass M2

d is determined by the curvature of the full

potential at its minimum. The other two quantities, Fπ and M2
π , are identified from Lπ

and LM by taking χ = Fd and properly normalizing the NGB kinetic term. They are given

in general by simple scaling formulae [8, 14]:
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=
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physical states. In the limit m → 0, the pseudoscalar mass is expected to extrapolate to

zero while the scalar mass should extrapolate to a small but finite value. We here use the

term NGB’s to refer only to the pseudoscalars.

The relative lightness of the scalar and NGB’s in the lattice simulations suggests that

they be treated via an effective field theory (EFT) with only these degrees of freedom.

Several authors have begun this program [8–11] building on early investigations [12, 13].

In Ref. [14], we noted that the lattice data for Nf = 8 Dirac fermions in the fundamental

representation [2–4] can be fit employing such an EFT at only the classical level. In this

paper, we extend our treatment of this EFT, exploring its features at both the classical and

quantum levels and extending the comparison with lattice data to include Nf = 2 Dirac

fermions in the 2-index symmetric (sextet) representation [5–7]. It is notable that a rather

simple EFT employed at the classical level accurately captures the essential features of a

large set of lattice data.

In Section 2, we describe the ingredients of the EFT including the small explicit break-

ing of scale invariance through a weak dilaton potential, and discuss features of the EFT

at the classical level. In Section 3, we compare the classical (tree-level) EFT to the lattice

data, determining certain parameters of the theory and constraining the shape of the dilaton

potential at large field strength. In Section 4, we discuss corrections to the tree-level EFT

arising from the heavy states present in the lattice data and from quantum loop corrections

computed within the EFT. In Section 5, we summarize our results, comment briefly on

possible phenomenological applications and discuss open problems.

2 Classical EFT

2.1 Ingredients

To describe the light states appearing in lattice simulations, we employ an EFT consisting of

the NGB’s along with a description of a light singlet scalar consistent with its interpretation

as a dilaton. The Lagrangian density takes the form

L =
1

2
∂µχ∂

µχ + Lπ + LM − V (χ) , (2.1)

where χ is the real, scalar dilaton field.

The term Lπ is given by

Lπ =
f2
π

4

(

χ

fd

)2

Tr
[

∂µΣ(∂
µΣ)†

]

, (2.2)

where the Σ field describes the NGB’s arising from the spontaneous breaking of chiral

symmetry. It transforms as Σ → ULΣU
†
R, with UL and UR the matrices of SU(Nf )L

and SU(Nf )R transformations, and satisfies the nonlinear constraint ΣΣ† = I. It can be

written as Σ = exp [2iπ/fπ] where π =
∑

a π
aT a. The dilaton field acts here as a conformal

compensator. The parameter fπ is the NGB decay constant describing the spontaneous

breaking of chiral symmetry and fd is the vacuum value of the dilaton field describing the

spontaneous breaking of dilatation symmetry. These are independent parameters, since in
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Figure 1. Lattice data from the LSD collaboration for the SU(3) theory with Nf = 8 funda-
mentals [2]. Red circles represent the pseudoscalar data and their uncertainties are discussed in
section 3.2.1. Pink diamonds represent the scalar data with uncertainties discussed in section 3.3.
The lattice spacing is denoted by a.
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Figure 2. Lattice data extracted from plots in Refs. [5–7] for the SU(3) theory with Nf = 2
sextets. Red circles represent the pseudoscalar data and pink diamonds represent the scalar. The
lattice spacing is denoted by a. The errors are discussed in section 3.2.2.

Eq. (3.1) in a 2-parameter fit. We then make use of Eq. (3.2) to constrain the form of

V (χ) for large χ. This form, together with the scaling relation Eq. (2.5), determines the

relation between F 2
π and M2

π . The near linearity of both NGB data sets in Fig. 1 and Fig. 2

implies that they are (approximately) linearly related to each other. Using Eq. (3.2), it can

therefore be seen that for large χ, V (χ) behaves approximately like χ4.

We have kept open the form of V (χ), noting only that various proposals have appeared

in the literature. The large-χ behavior in these proposals, which attempt to describe the

scalar as a dilaton, typically include the power behavior χ4. This form is modulated by

the factor log χ if the underlying conformal symmetry is broken by a marginal deformation

[17]. Here, we explore the constraint of the lattice data alone on the large-χ behavior of

V (χ), by employing the simple phenomenological ansatz V ∝ χp. This form, while not in

general theoretically based, is adequate to quantify the large-χ behavior of the potential,

in particular its closeness to χ4. We obtain

M2
π = BF

p−2

π , (3.4)

where B depends on the coefficient of χp in the potential. The potential will be well
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Figure 2. Lattice data extracted from plots in Refs. [5–7] for the SU(3) theory with Nf = 2
sextets. Red circles represent the pseudoscalar data and pink diamonds represent the scalar. The
lattice spacing is denoted by a. The errors are discussed in section 3.2.2.

Eq. (3.1) in a 2-parameter fit. We then make use of Eq. (3.2) to constrain the form of

V (χ) for large χ. This form, together with the scaling relation Eq. (2.5), determines the

relation between F 2
π and M2

π . The near linearity of both NGB data sets in Fig. 1 and Fig. 2

implies that they are (approximately) linearly related to each other. Using Eq. (3.2), it can

therefore be seen that for large χ, V (χ) behaves approximately like χ4.

We have kept open the form of V (χ), noting only that various proposals have appeared

in the literature. The large-χ behavior in these proposals, which attempt to describe the

scalar as a dilaton, typically include the power behavior χ4. This form is modulated by

the factor log χ if the underlying conformal symmetry is broken by a marginal deformation

[17]. Here, we explore the constraint of the lattice data alone on the large-χ behavior of

V (χ), by employing the simple phenomenological ansatz V ∝ χp. This form, while not in

general theoretically based, is adequate to quantify the large-χ behavior of the potential,

in particular its closeness to χ4. We obtain

M2
π = BF

p−2

π , (3.4)

where B depends on the coefficient of χp in the potential. The potential will be well
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approximated by χp only at larger field strength, where the VEV satisfies Fd ! fd and

therefore Fπ ! fπ.

3.2.1 SU(3) with Nf = 8

We first determine the parameters y and C from a fit of Eq. (3.1) to the LSD data. We

use this fit equation in the form (Mπa)2(Fπa)2−y = C(ma) where a is the lattice spacing,

so that C becomes a dimensionless number. The data can be obtained from the publicly

available sources of Ref. [2], the graphical displays there being reproduced in our Fig. 1.

For F 2
π and M2

π , the small error bars shown there are purely statistical. They can be seen

to be smaller than 1%. Information about the correlation of these errors is not yet available

publicly, and we do not take this into account. Since these quantities have been calculated

without continuum extrapolation, there are larger, associated systematic errors. Drawing

on the estimates in Ref. [2], we therefore assign an overall, uncorrelated 2% error to each

of the F 2
π and M2

π data points. The fit result is depicted in Fig. 3. The best-fit parameters

are

y = 2.1± 0.1 , (3.5)

and C = 7.2, with χ2/Ndof = 0.34. As noted in Ref. [14], this result is consistent with y = 2.

Here and in the following, we take as a conservative indication of the global uncertainty the

99.73% confidence level ranges obtained from our χ2 analysis by ignoring correlations (the

extent of which are visible for example in Fig. 3).
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Figure 3. Contour plot from a 2-parameter fit based on Eq. (3.1) for the LSD data (left panel)
and on Eq. (3.4), also for the LSD data (right panel). Contours correspond to 68.17% c.l. (blue),
95.45% c.l. (green) and 99.73% c.l., obtained for ∆χ2 = {2.30 , 6.18 , 11.83} respectively. The black
crosses indicate the central values of the fit parameters.

We next perform the 2-parameter fit based on Eq. (3.4) to determine the exponent p.

We use this fit equation in the form (Mπa)2 = B(Fπa)p−2 so that B becomes dimensionless.

The best-fit parameters are

p = 4.3± 0.2 , (3.6)

– 7 –

and B = 43 with χ2/Ndof = 0.50. The result of this fit is also shown in Fig. 3. An

additional systematic error can be assigned to this estimate stemming from the inclusion

of the lowest mass points in the fit. These can be sensitive to the form of V (χ) for smaller

χ where deviations from the simple form χp set in as the minimum of the potential is

approached. There is some evidence in the lattice data for a deviation of this sort [2].

We have therefore carried out the fit also by eliminating one or two of the lowest mass

points; in each case the central value of p drops somewhat and the quoted statistical error

grows somewhat. Because of this, we interpret our fit as being consistent with the behavior

V (χ) ∝ χ4 at large χ.

3.2.2 SU(3) with Sextets

We next repeat the above exercise for the sextet theory. We draw on publicly available

data, presented in graphical form in Refs. [5–7] and reproduced in our Fig. 2. For a2M2
π ,

we estimate the error on the lightest seven points to be approximately 0.0005. The errors

for the heavier four points, presented graphically in Ref. [5] are larger. We conservatively

take them to be 0.001. Similarly, we estimate the error in aFπ for each point to be 0.001.

We do not include systematic error estimates as they are not available in Refs. [5–7]. We

note, though, that the errors we do include are of the same order as the systematic errors

we included for the Nf = 8 data.

We again use the fit equation (Mπa)2(Fπa)2−y = C(ma) and determine the best-fit

parameters to be

y = 1.9± 0.1 , (3.7)

and C = 4.7 with χ2/Ndof = 0.19. The result is depicted in Fig. 4.
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Figure 4. Contour plot from the 2-parameter fit based on Eq. (3.1) for the sextet data (left panel)
and on Eq. (3.4) also for the sextet data (right panel). We show the contours corresponding to
68.17% c.l. (blue), 95.45% c.l. (green) and 99.73% c.l., obtained for ∆χ2 = {2.30 , 6.18 , 11.83}
respectively. The black crosses indicate the central values of the fit parameters.

The result of the 2-parameter fit to the equation (Mπa)2 = B(Fπa)p−2 is also shown

in Fig. 4. The best-fit parameters are

p = 4.4± 0.3 , (3.8)
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The quantity Fπ, defined using the conventions of Ref. [2], is obtained from lattice

calculations of the two point correlation function of axial-vector currents. The quantity Fd

(the VEV of the χ field) has not yet been obtained from a lattice calculation of a gauge

theory correlation function. The issue of how Fd can be determined directly from such a

correlation function requires more study. However, we do not need to have lattice data for

Fd in order to apply our analysis. We first use only the data for Fπ and M2
π as they have

the smallest uncertainties, and afterwards we add the data for M2
d .

While the determination of the parameters fπ, fd, and md requires extrapolation to the

m2
π → 0 limit, the parameter y enters through the chiral symmetry breaking term LM , and

can be extracted directly from the finite-m2
π data. The two scaling relations in Eqs. (2.5)

and (2.6) can be combined to give

M2
πF

2−y
π = Cm , (3.1)

where C = 2Bπf
2−y
π , independently of the dilaton potential. Lattice data for M2

π and Fπ

alone can determine y accurately.

The finite-m2
π data can also be used to constrain the large-χ behavior of the dilaton

potential V (χ). From Eq. (2.4) and the scaling relations Eqs. (2.5) and (2.6), we have

∂V

∂χ

∣

∣

∣

∣

χ=Fd

=
yNfm2

πf
2
π

2f y
d

F y−1

d =
yNffπ
2fd

M2
πFπ . (3.2)

This shows that lattice data for M2
π and Fπ can be used to determine the gradient of V (χ)

at the field value χ = Fd up to a constant of proportionality. Noting that Fd ∝ Fπ, it can

be seen that data for M2
π and Fπ alone can fix the functional form of the potential. We

make use of this result to constrain the large-χ behavior of V (χ).

Lattice data for the dilaton mass M2
d can also be included. Doing so provides an

independent determination of the second derivative of the potential V (χ). A simple exercise

leads to [14]:

∂2V

∂χ2

∣

∣

∣

∣

χ=Fd

= M2
d +

y(y − 1)Nff2
π

2f2
d

M2
π . (3.3)

The errors on M2
d are currently large. Nevertheless, we will make use of this relation in

Section 3.3 to obtain a determination of the ratio f2
π/f

2
d .

We take the Nf = 8 data from Ref. [2], and the sextet data from Refs. [5–7], referring

the reader to the original publications for technical details. We use lattice data at finite

lattice spacing a, without continuum extrapolation. The mass and decay constant of the

NGB’s, and the mass of the dilaton for the Nf = 8 theory are reported in Fig. 1. The

same quantities are reported for the sextet theory in Fig. 2. We see that M2
π , M

2
d $ 1/a2

throughout the range of the data for both theories, indicating that lattice discretization

effects are small.

3.2 Analysis Using Only Data for the NGB’s

We first utilize only the NGB data (F 2
π and M2

π), since it is currently more accurate than

the M2
d data. We extract extracting from these two data sets values for y and C using
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A Near-Conformal Composite 
Higgs Model

• Same SU(3) lattice theory can also be used to build a Nambu-Goldstone Composite Higgs 
Model, with coset SU(8)xSU(8)/SU(8)

• Field content in terms of SM and new SU(3) gauge theory:

• Several special features: additional scalar singlet state in the spectrum, large anomalous 
dimensions,  ordinary baryons act as composite top partners.

• Spectrum: one light scalar (Higgs boson) is admixture of a Goldstone mode and the scalar 
singlet, while all other scalars can be made heavier that 4 TeV (some are coloured, some 
have  fractional charges).

• Highly non-trivial spectral information already available from lattice: masses of mesons and 
baryons for various values of mass term (explicit symmetry breaking), and anomalous 
dimensions—as seen.
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We analyze a composite Higgs model based on the confining SU(3) gauge theory with Nf = 8
Dirac fermions in the fundamental representation. This gauge theory has been studied on the lattice
and shown to be well described by a dilaton e↵ective field theory (EFT). Here we modify the EFT
by assigning standard-model quantum numbers such that four of the composite pseudo-Nambu-
Goldstone boson (pNGB) fields form the standard-model Higgs doublet, by coupling it to the top
quark, and by adding to the potential a term that triggers electroweak symmetry breaking. The
model contains a pNGB Higgs boson, a set of heavier pNGBs, and an approximate dilaton in the
same mass range. We study the phenomenology of the model, and discuss the amount of tuning
required to insure consistency with current direct and indirect bounds on new physics, highlighting
the role of the dilaton field.

I. INTRODUCTION

Lattice studies of the SU(3) gauge theory with Nf = 8
Dirac fermions in the fundamental representation show
evidence of a light scalar singlet [1–5]. (Similar results
hold with Nf = 2 fermions in the symmetric represen-
tation [6–11].) The suggestion that this state might be
a dilaton has fueled a revival of interest in the dilaton
e↵ective field theory (EFT). Its history dates back to dy-
namical symmetry breaking [12–14], well before this re-
cent lattice-driven activity [15–26]. Existing lattice data,
analyzed via the dilaton EFT [20, 21] yielded the first
measurement of a key, large anomalous dimension related
to the fermion bilinear condensate [27]. The results are
consistent with earlier expectations [28] and with recent
high-loop perturbative studies [29, 30].

This theory, with a global SU(8) ⇥ SU(8) symmetry,
broken to the diagonal SU(8), is a natural candidate
to build a composite Higgs model (CHM) [31–33], (see
also [34–40] and references therein). Lattice studies of
SU(2) [41–47], SU(4) [48–52], and Sp(4) [53–55] gauge
theories have explored the possible origin of CHMs. The
SU(3) gauge theory has distinctive features: the presence
of a light scalar singlet which modifies the EFT descrip-
tion of the CHM (see also Ref. [56]), and the presence
of large anomalous dimensions. Furthermore, ordinary
baryons can give rise to top compositeness [34].

In this paper, we show that the presence of the dilaton
field in the EFT allows us to construct an appealing CHM
based upon the SU(8)⇥SU(8)/SU(8) coset. We demon-
strate that observables such as the ratio of the mass of the
Higgs boson, mh ' 126 GeV, to the electroweak vacuum
expectation value (VEV), v ' 246 GeV, and to the mass
of the additional heavy scalars, are substantially altered
with respect to generic CHM expectations. We highlight
how current lattice studies might already be exploring
phenomenologically relevant regions of parameter space.
These statements depend on the value of a (currently)
unknown scaling dimension w, which in principle can be
measured on the lattice.

Fermion SU(2)L U(1)Y SU(3)c SU(3)

L↵ 2 0 1 3

R1,2 1

 
1/2

�1/2

!
1 3

T 1 2/3 3 3

S 1 0 1 3

TABLE I. Quantum number assignments of the Dirac
fermions. SU(3)c ⇥ SU(2)L ⇥ U(1)Y is the SM gauge group,
while SU(3) is the strongly coupled gauge symmetry. We
denote with ↵ = 1, 2 the SU(2)L index. The fermions de-
noted by R1,2 form a fundamental representation of the global
SU(2)R custodial symmetry. A model with similar assign-
ments has been considered in Ref. [34].

II. THE MODEL

We assign to the eight Dirac fermions the quantum
numbers indicated in Table I. The global SU(8)⇥SU(8)
symmetry group is broken both explicitly (by a diagonal
mass term) and spontaneously (by the strong dynam-
ics) to its diagonal SU(8) subgroup. The gauge group of
the standard model (SM) is a subgroup of the unbroken
SU(8). The EFT description contains 63 pseudo-Nambu-
Goldstone Bosons (pNGBs) denoted as ⇡a, and one ad-
ditional SU(8) singlet, the dilaton, which we denote as
�. We ignore the U(1)A meson, which is a singlet and
has a large mass, due to the anomaly.

The CHM construction starts from the observation
that 8 of the pNGBs have the correct quantum numbers
to form two copies of the Higgs doublet of the standard
model. We further modify the dilaton EFT of Refs. [20–
22] by adding two terms: a coupling of one of these two
doublets to the top quark, and a related potential term
for the pNGBs. In this paper, we ignore all SM fermions
other than the top; the generalization to include other
SM fermions within the EFT framework is straightfor-
ward.
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• Big questions: can one demonstrate that dilaton emerges from strong coupling models? Can one 
study microscopic dynamics of minimal SO(5)/SO(4) model?  

• In both cases, essential to be able to describe confinement reliably—-top-down 
holography may help. 

• Basic idea borrowed from Witten: consider known AdS solution in a known supergravity, compactify 
one dimension on a circle and find new closely related background solution with smooth geometry 
in which one circle shrinks to zero size. 

• Various realisations in the literature: smooth, stable solutions known, for theories that contain 
interplay of non-trivial flows in higher-dimensional field theory (dual scalars coupled to gravity) and 
confinement. Known examples both in half-maximal sugra in D=6 (Romans) and maximal sugra in 
D=7, smooth and regular (with caveats). 

• We found new solutions in both systems that are smooth and regular (with same caveats), that can 
be interpreted as dual to confining theories generalising the mechanism above, but that approach a 
classical instability—generalisation of suggestion by Kaplan et al. that physics in proximity of BZ 
bound is special. 
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• 1-parameter family of solutions in D=7 maximal sugra, dual to four-dimensional, confining theory.  

• Spectrum of fluctuation interpreted as bound states. Blue: spin-0, red: spin-2,  

• black: again spin-0, but in probe approximation. 

• Lightest scalar becomes massless, then tachyonic in a region of 1-parameter class of solutions 

• Probe approximation fails when lighest scalar near massless—-state is an approximate dilaton 

• But… 

Modelling Confinement in 
holography (dilaton)

4

where in all these expressions the quantities A, �
a
, and V are evaluated on the background, and

X a
c ⌘ @c


Gab @V

@�b

�
+

4

3@⇢A


@⇢�

a @V
@�c

+Gab @V
@�b

@⇢�
dGdc

�
+

16V
9(@⇢A)2

@⇢�
a@⇢�

bGbc . (26)

The gauge invariant spin-2 tensor fluctuations obey the

linearised equation

0 =
⇥
@2
⇢ + (4@⇢A� @⇢�)@⇢ + e2��2AM2

⇤
eµ⌫ , (27)

and Neumann boundary conditions @⇢eµ⌫ |⇢i
= 0.

The probe approximation for the scalars is defined by

ignoring the term proportional to h in Eq. (24). Accord-

ing to the dictionary of gauge-gravity dualities, h is the

bulk field associated with the trace of the stress-energy

tensor, which is the field theory operator associated with

dilatation, and sourcing the dilaton. Hence, this approx-

imation holds for scalar bound states that decouple from

the dilatation operator, and cannot be interpreted as a

dilaton. The equations for the scalar fluctuations greatly

simplify, as only the first term in Eq. (26) survives, and

the boundary conditions reduce to Dirichlet.

In Fig. 2, we show the spectra of tensors and scalars,

compared to the probe approximation, normalised to the

lightest spin-2 fluctuation. For �I < 0 the scalars agree

with Ref. [70]. The new results for �I > 0 show that one

of the scalars becomes parametrically light, and eventu-

ally tachyonic, for positive �I . When this state is light,

or tachyonic, the probe approximation does not capture

it correctly, indicating that the state has a non-trivial

component along h, and hence is sourced by the trace of

the stress-energy tensor, as expected by a dilaton. We

also notice that several of the heavy scalar states are not

well captured by the probe approximation, showing that

mixing e↵ects with the dilaton are not restricted to the

lightest states.

V. FREE ENERGY

To compute the free energy, we write explicitly the

boundary terms of the theory in D = 7 dimensions:

S = S7 +

X

i=1,2

(�)
i

Z
d
4xd⇣d⌘

q
�˜̂g


K

2
+ �i

�

⇢=⇢i

,(28)

where ˜̂g denotes the determinant of the pullback of the

induced metric, K is the Gibbons-Hawking-York (GHY)

term and �i are localised boundary potentials.

The potential terms are chosen according to the same

prescription as in Ref. [55]: in the UV we replace

�2 = W2, which allows one to cancel all the divergences

and perform the programme of holographic renormalisa-

tion [80–82], while in the IR we impose �1 = � 3
2@⇢A(⇢),

in such a way that the variational problem be well de-

fined in the presence of the IR boundary at ⇢ = ⇢1. The
free energy density F is defined in terms of the complete

on-shell action to be

Z
d
4xd⇣d⌘F ⌘ � lim

⇢2!1
lim

⇢1!⇢o

Son�shell . (29)

By making use of the equations of motion we arrive at

F = � lim
⇢2!1

e4A��

✓
3

2
@⇢A+W2

◆����
⇢2

, (30)

which is identical to Eq. (5.22) of Ref. [55].

We make use of the UV expansions of the background

solutions of interest. By replacing the UV expansions in

Eqs. (7)-(10) into the form of the free energy density in

Eq. (30), supplemented by the specific form of the super-

potential W2 in Eq. (17), we arrive at the expression:

0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

M2/|M |

�I

FIG. 2: The spectra of scalar masses M as a function of the
parameter �I along the confining branch of solutions, nor-
malised in units of the lightest tensor mass, and using reg-
ulators ⇢1 = 10�4 and ⇢2 = 12. The (red) squares repre-
sent the spin-2 tensor modes, the (blue) disks are the scalar,
gauge invariant fluctuations originating from �, �, and !. The
(black) triangles do not represent an additional set of states:
they denote the same scalars, but computed in the probe
approximation—neglecting the fluctuation of the background
metric. The shading denotes the stable (white), metastable
(grey), and unstable (pink) backgrounds.

D.Elander, MP and J. Roughley, arXiv:2011.07049



• Free energy as a function of sources shows that a phase transition is taking place. 

• The massless state emerges only “past” the phase transition. In physical region, lightest scalar not 
parameterically light. 

• Open question: is this generic? 

• Open question: can the phase transition be weak, in some special case?

5

F = �e4AU��U

120

✓
20�2�4 � 135�6 + 60!6 + 12

p
5�3

2

✓
�2 +

3

2
log

✓
�2
2



◆◆◆
. (31)
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-60
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-40
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0

10

F̂

�̂2

FIG. 3: The free energy density F̂ = F⇤�6 as a function
of the deformation parameter �̂2 = �2⇤

�2. The black, grey
and red lines represent the stable, metastable and unstable
portions of the confining branch of solutions. In blue we show
the singular DW solutions. The susy solutions are represented
by the grey disk at the origin of the plot.

The divergence of the contribution to the free energy pro-

portional to �2
2 is cancelled by W2. This implies that, as

for the circle reduction of the Romans supergravity [55],

the concavity theorems do not apply to F . This expres-

sion still contains a residual scheme-dependence, in the

logarithmic term. We set  = e�4/3�2
2, and hence our

final expression for the free energy density is

F = �e4AU��U

120
(20�2�4 � 135�6 + 60!6) , (32)

We also remind the reader that �6 = 0 in the background

solutions of interest.

In Fig. 3 we show the free energy of the three classes of

solutions, as a function of the deforming parameter �̂2 ⌘
�2⇤

�2
, and setting AU = 0 = �U . The SUSY solutions

have F = 0. We verified explicitly that regulating the

free energy with  = ⇤
2
yields results that are almost

identical to those in Fig. 3.

The figure shows evidence of the existence of a first-

order phase transition. The confining solutions minimise

F̂ for negative �I . For �I > �c
I , with �c

I ' 0.039 the crit-

ical value (corresponding to �̂c
2 ' 0.281, �c

5 ' 33.55 and

F̂ ' �25.55), the singular DW solutions have lower, fi-

nite free energy density F̂ , so that the solutions along the

confining branch are at best metastable when �I > �c
I ,

and eventually become unstable, with one of their fluctu-

ations becoming tachyonic when �I
>⇠ 0.447. Most inter-

estingly, along the metastable branch, the lightest state

becomes parametrically light, before becoming tachyonic

(see Fig. 2). The probe approximation fails to capture

correctly its mass squared when it is either small or nega-

tive. This eigenstate of the system is hence an admixture

containing a significant contribution from the trace of the

fluctuation of the metric—we interpret this finding as ev-

idence that the state is approximately a dilaton.

VI. OUTLOOK

We presented evidence of the emergence of a paramet-

rically light dilatonic state along the metastable portion

of a branch of regular backgrounds of the supergravity

system in D = 7 dimensions that yields also the Wit-

ten model, the first known holographic description of a

four-dimensional confining theory [66]. Furthermore, the

results of our analysis confirm, in the rigorous context

of top-down holography, the expectations from Ref. [59]

that along the stable portion of the regular branch a dila-

tonic state persists, but it is not parametrically light.

The metastable vacua, and the accompanying para-

metrically light dilatonic state, are new findings. Com-

parison with Ref. [55] indicates that this is a generic fea-

ture, which emerges in a broad class of theories. It would

be interesting to discover examples in which the phase

transition is weaker, and the spectrum along the stable

branch exhibits a light approximate dilaton. It would

also be useful to identify the requirements a supergravity

theory must fulfil for such features to emerge.
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• Same D=7 theory has SO(5) gauge symmetry, broken to SO(4). 

• Same solutions (torus compactification) admit interpretation as four-dimensional confining 
theories, with global SO(5) broken to SO(4). 

• This is a possible top-down completion for the minimal composite Goldstone-Higgs models, the 
SO(5)/SO(4) coset leads to 4 PNGBs interpreted as the SM Higgs doublet.  

• Extensive literature within bottom-up holography exists.  

• We computed the spectrum of bound states along the 1-parameter family. 

• Considered all bosonic fluctuations of the regular backgrounds. 

• In a region of parameter space, pseudo-Goldstone bosons spanning SO(5)/SO(4) coset are 
parametrically light.
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sÃ

�µ, !µ, S67µ 5, Bµ⌫ 5, Xµ 5

Aµ
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Figure 7. Detail of the combined mass spectrum M2 = �q2 of all the bosons, as a function of
the parameter �I , normalised to the lightest tensor mode, and restricted to the low-mass region. In
red we depict the spin-2 particles, in black the spin-1, in blue the spin-0. The markers are chosen
to match the representations under SO(4), while the legend refers back to the notation in Table 1.
Numerical calculations use ⇢1 = 10�10 and ⇢2 = 10.
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Â, A7
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Ā

gµ⌫

Figure 7. Detail of the combined mass spectrum M2 = �q2 of all the bosons, as a function of
the parameter �I , normalised to the lightest tensor mode, and restricted to the low-mass region. In
red we depict the spin-2 particles, in black the spin-1, in blue the spin-0. The markers are chosen
to match the representations under SO(4), while the legend refers back to the notation in Table 1.
Numerical calculations use ⇢1 = 10�10 and ⇢2 = 10.
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Composite Higgs 
Models

• Consider strong-coupling dynamics of a new gauge theory. 

• Dynamics leads to breaking of global symmetry G to subgroup H. 

• Spectrum: massless pions in G/H coset, towers of massive states. 

• Low-energy Effective Theory: describe pions by means of weakly-
coupled scalar fields. 

• Step 1: interpret four of the scalar/pion fields as the Higgs fields of the 
Standard Model. 

• Step 2: embed the SM gauge symmetries into G, so that the Higgs/pions 
have correct quantum numbers. 

• Step 3: top compositeness? Look for exotic fermion bound states. 
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5

bounds on the singlet pNGBs in Section IV. We o↵er our conclusions in Section V.

II. UNDERLYING MODELS FOR A COMPOSITE HIGGS WITH TOP PARTIAL

COMPOSITENESS

Coset HC  � �q�/q Baryon Name Lattice

SU(5)

SO(5)
⇥ SU(6)

SO(6)

SO(7)
5⇥ F 6⇥ Sp

5/6
 ��

M1

SO(9) 5/12 M2

SO(7)
5⇥ Sp 6⇥ F

5/6
  �

M3

SO(9) 5/3 M4

SU(5)

SO(5)
⇥ SU(6)

Sp(6)
Sp(4) 5⇥A2 6⇥ F 5/3  �� M5

p

SU(5)

SO(5)
⇥ SU(3)2

SU(3)

SU(4) 5⇥A2 3⇥ (F,F) 5/3
 ��

M6
p

SO(10) 5⇥ F 3⇥ (Sp,Sp) 5/12 M7

SU(4)

Sp(4)
⇥ SU(6)

SO(6)

Sp(4) 4⇥ F 6⇥A2 1/3
  �

M8
p

SO(11) 4⇥ Sp 6⇥ F 8/3 M9

SU(4)2

SU(4)
⇥ SU(6)

SO(6)

SO(10) 4⇥ (Sp,Sp) 6⇥ F 8/3
  �

M10

SU(4) 4⇥ (F,F) 6⇥A2 2/3 M11
p

SU(4)2

SU(4)
⇥ SU(3)2

SU(3)
SU(5) 4⇥ (F,F) 3⇥ (A2,A2) 4/9   � M12

TABLE I. Model details. The first column shows the EW and QCD colour cosets, respectively, followed

by the representations under the confining hypercolour (HC) gauge group of the EW sector fermions

 and the QCD coloured ones �. The �q�/q column indicates the ratio of charges of the fermions

under the non-anomalous U(1) combination, while “Baryon” indicate the typical top partner structure.

The column “Name” contains the model nomenclature from Ref. [27], while the last column marks

the models that are currently being considered on the lattice. Note that Sp indicates the spinorial

representation of SO(N), while F and A2 stand for the fundamental and two-index anti-symmetric

representations.

In this work we are interested in the underlying models for composite Higgs with top partial

compositeness defined in Ref. [24]. These models characterise the underlying dynamics below

the condensation scale ⇤ ⇡ 4⇡f , f being the decay constant of the pNGBs. As such, the need to

be outside of the conformal window: this leaves only 12 models [36], listed in Table I. They are

defined in terms of a confining gauge interaction, that we call hypercolour (HC), and two species

of fermions in two di↵erent irreducible representations of the HC. The two species of fermions

play di↵erent roles: the EW charged  generate the Higgs and the EW symmetry breaking

G. Cacciapaglia, G. Ferretti, T. Flacke,  H. Serodio 

arXiv:1902.06890 

see also 
G. Ferretti and D. Karateev. arXiv1312.5330 

and references therein 
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Sp(2N) on the lattice
Fields Sp(4) SU(4) SU(6)

Vµ 10 1 1

q 4 4 1

ψ 6 1 6

Σ6 1 6 1

M6 1 6̄ ∼ 6 1

Σ21 1 1 21

M21 1 1 21

Table 1. Field content of the fundamental theory (Vµ, q, ψ) and of the low-energy EFT describing
the PNGB’s (Σ6,21, M6,21). Sp(4) is the gauge group, while SU(4) and SU(6) are the global
symmetries. The elementary fields Vµ are gauge bosons, while q and ψ are 2-component spinors.
Σ6 and Σ21 are composite scalar fields. They capture the long-distance dynamics of operators that
are bi-linear in q and ψ, the VEV’s of which are responsible for the breaking SU(4) → Sp(4) and
SU(6) → SO(6), respectively. The mass matrices M6 and M21 are treated as a scalar spurions,
formally transforming as ∼ 6̄ ∼ 6 of SU(4), and ∼ 21 of SU(6), respectively.

the global symmetries become manifest:

L = −
1

2
TrVµνV

µν +
1

2

(

i(qj)†aσ̄
µ
(

Dµq
j
)a − i(Dµq

j)†aσ̄
µqj a

)

+

−
1

2
MΩjk

(

qj a TΩabC̃qk b − (qj)†aΩ
abC̃(qk ∗)b

)

+

+
1

2

(

i(ψk)†abσ̄
µ
(

Dµψ
k
)ab

− i(Dµψ
k)†abσ̄

µψk ab

)

+

−
1

2
mωjk

(

ψj ab TΩacΩbdC̃ψ
k cd − (ψj)†abΩ

acΩbdC̃ψk ∗)cd
)

. (2.7)

Of the 15 generators TA of the global SU(4), and 35 generators tB of SU(6), we denote

as TA, with A = 1 , · · · , 5 and tB , with B = 1 , · · · , 20 the broken ones, which obey

ΩTA − TATΩ = 0 , ωtB − tB Tω = 0 , (2.8)

while the unbroken generators TA with A = 6 , · · · , 15 and tB with B = 21 , · · · , 35 satisfy

ΩTA + TATΩ = 0 , ωtB + tB Tω = 0 . (2.9)

As described in Appendix B, the SU(2)L×SU(2)R ∼ SO(4) symmetry of the SM Higgs

potential is a subgroup of the unbroken global Sp(4), the SU(3)c gauge group of QCD is

a subgroup of the unbroken global SO(6), and finally the generator Y of the hypercharge

U(1)Y is a linear combination of one of the generator of SU(2)R and an additional U(1)X
unbroken subgroup of SO(6).

2.2 The pion fields.

At low energies, the gauge theory based on Sp(4) group is best described in terms of an EFT

that contains only the fields corresponding to the PNGBs parametrising the SU(4)×SU(6)
Sp(4)×SO(6)

– 4 –

• Sp(4) lattice gauge theory on the lattice. 

• Wilson fermions: 2 Dirac fundamental and 3 Dirac 2-index Antisymmetric 

• SU(4)/Sp(4) coset leads to Higgs Composite Model,  SU(6)/SO(6) plays 
role in top compositeness.

J. Barnard, T. Gherghetta, and T. S. Ray, arXiv:1311.6562 

see also 
G. Ferretti and D. Karateev. arXiv1312.5330



Sp(2N) theory
programme

• Higgs Compositeness: Sp(2N) origin of SU(4)/Sp(4) and SU(6)/SO(6) cosets. 

• Lattice formulation for general Sp(2N), and general matter content. 

• BSM spectroscopy: glueballs, mesons, (chimera) baryons, excited states. 

• Effective Field Theory study of low energy data. 

• Applications: Composite Higgs, top partial compositeness, dark matter, gravitational 
waves. 

• Theory: new arena to test field theory ideas (large-N, topological susceptibility, effective 
string, gauge-gravity correspondences), and analysis techniques (e.g., spectral densities) 



Sp(2N) theory
progress

• Glueballs: uses variational approach and complete basis of states, continuum limit, extension 
from Sp(4) to Sp(2N), large-N extrapolation, comparison with other approaches… 

• Flavored mesons, quenched: extensive studies of Sp(2N) with quenched matter (fundamental, 
antisymmetric, symmetric), including extrapolations to massless, continuum and large-N limits 

• Flavored mesons, dynamical: results available for Sp(4) with fundamental fermions, in medium-
to-large mass range, preliminary results for antisymmetric fermions, and for multiple 
representation fermions, work on spectral densities ongoing. 

• Singlet mesons: study of singlet mesons using subtraction/smearing for SU(2) and Sp(4) 
available, multiple representations in progress 

• Chimera baryons: proof of concept published (few lattice ensembles), systematic study and 
extrapolations for quenched Sp(4) completed, multiple representations in progress 

• Topology: systematic study in Sp(2N), and extrapolations to large-N, for topology and 
topological susceptibility 

• Phase transitions: Sp(4) at finite T, with LLR proof of concept complete, large volume in 
progress (Fugaku) 



Sp(2N) theory
scorecard

• Glueballs: ground states ok, compares well with SU(N) literature, excited states large error, 
topological freezing in large-N 

• Flavored mesons, quenched: complete and extensive, some heavy states and excitations large 
error, massless extrapolation not rigorous, no anomalous dimensions (of course…) 

• Flavored mesons, dynamical: fundamental fermions high statistics, preliminary results on 
multiple representations robust. Wilson fermions: no result below threshold 

• Singlet mesons: (subtraction and) smearing+GEVP work, continuum massless extrapolation 
non trivial, especially for positive parity 

• Chimera baryons: interesting results for Sp(4), more to come on dynamical multiple 
representations, low mass, and anomalous dimensions challenging 

• Topology: topological susceptibility at large-N, topological freezing problematic 

• Phase transitions: Sp(4) at finite T with LLR works, scalability under investigation 



E. Bennett, D.K. Hong, J.W. Lee, C.J.D. Lin, B.Lucini, MP and D. Vadacchino, arXiv:1712.04220  
E. Bennett, J. Holligan, D.K. Hong, J.W. Lee, C.J.D. Lin, B.Lucini, MP and D. Vadacchino, arXiv:2004.11063 

E. Bennett, J. Holligan, D.K. Hong, J.W. Lee, C.J.D. Lin, B.Lucini, MP and D. Vadacchino,  arXiv:2010.15781 
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FIG. 1: Numerical and analytical results for the ratio R de-
fined in Eq. (1). Di↵erent shaped markers denote the lattice
measurements with continuum extrapolations in D = 3 + 1
dimensions for Sp(Nc) and for SU(Nc) [6], as well as in
D = 2 + 1 dimensions for SO(Nc) [7] and SU(Nc) [8]. Ex-
trapolations to the Nc ! 1 limit are also included. Dif-
ferently rendered lines at R =

p
2, 1.46, 1.57, 1.61, 1.74, are

the holographic calculations in the GPPZ model [15], the cir-
cle reduction of AdS5 ⇥ S

5 [21, 22], the holographic model
Bconf

8 in Ref. [37], the Witten model [21, 32], and the cir-
cle reduction of Romans supergravity [32, 34], respectively.
With R =

p
2, 1.64 we report the field theoretical results from

Refs. [19] and [43], for YM theories in D = 3+1 and D = 2+1
dimensions, respectively. More details can be found in the
main text.

The spectrum of YM glueballs in D = 3 + 1 dimen-
sions with SU(Nc) group (denoted SU(Nc)4) was stud-
ied in Refs. [5, 6]. In the former, the authors use a single
value of the lattice parameters for each value of Nc, with-
out studying the approach to the continuum limit. Con-
versely, Ref. [6] reports continuum limits for the glueball
masses expressed in units of the string tension �, but the
variational method uses a smaller basis of operators of
the octahedral group in respect to our work, and the T2

channel is not measured. As long as we restrict attention
to the lightest states in the spectrum (the 0++ and 2++

ground states), at the same lattice spacing the results of
the two approaches are in good agreement, and hence we
compare the Sp(Nc) sequence of measurements, as well
as their extrapolation to large Nc, to those of Ref. [6].
As visible in Fig. 1, the agreement in the ratio R across
the gauge groups is excellent.

We also summarise the lattice measurements for
SO(Nc) in D = 2+1 dimensions (SO(Nc)3), taken from
Tables 28, 29 and 31 of Ref. [7] (see also Fig. 26 therein).
We include only continuum limit results, and two di↵er-
ent types of large-Nc extrapolations. Finally, we collect

results for SU(Nc) theories in D = 2 + 1 dimensions
(SU(Nc)3) from Tables B3-B11 of Ref. [8]. The extrapo-
lation to SU(1) has been performed by including 1/N2

c
as well as 1/N4

c corrections.
Lattice results on R show the emergence of a regular

pattern, that depends only on the dimensionality D of
the system. The group sequence (SU(Nc), Sp(Nc) or
SO(Nc)) and the number of colors Nc do not appear to
a↵ect R, within current uncertainties—with some devia-
tion from this pattern in D = 2+1 dimensions for SU(3),
SO(3) and SU(2). We have at our disposal preliminary
results for excited states and states with di↵erent quan-
tum numbers in Sp(Nc) theories (to appear in Ref. [4]),
and we did not find significant evidence of similar regular
patterns, reinforcing the notion that the lightest 0++ and
2++ glueballs play a special role in YM theories.

IV. GLUEBALL MASSES: A BRIEF SURVEY

OF ANALYTICAL RESULTS

In Fig. 1, we compare the result of lattice measure-
ments of the ratio R to two classes of semi-analytical
calculations, performed either via gauge-gravity dualities
arising in the context of supergravity, or via alternative
field-theory methods. In all these models, the ratio R is
known only in the strict large-Nc limit, as 1/Nc correc-
tions are ignored.
The GPPZ model was proposed in Ref. [11] (see also

Refs. [12–14]) as a simple, classical supergravity dual
of mass-deformed, large-Nc, N = 4 Super-Yang-Mills.
The geometry is singular and asymptotically approaches
AdS5. The spectrum of fluctuations yields R =

p
2 [15]

(see also Refs. [16–18]). This result happens to be in
exact agreement with that of the large-Nc field-theory
study in Ref. [19] (see Table 1 therein), which in Fig. 1
we denote as YM4. A closely related model is stud-
ied in Ref. [21], that reports a holographic calculation
based upon the circle reduction of the system yielding
the AdS5 ⇥ S

5 background (see also Ref. [22]). The re-
sult in this case is R = 1.46. The close proximity between
the results of these two holographic calculations (both
of which use geometries that are asymptotically AdS5),
Bochicchio’s field-theoretical approach [19, 20], and lat-
tice calculations in Sp(Nc) and SU(Nc) is remarkable.
Witten’s holographic model of confinement [23] is

based upon S
1
⇥S

1
⇥S

4 reduction of eleven-dimensional
supergravity [24–27]. In the asymptotically AdS7 back-
ground geometry, one S

1 shrinks to zero size. The
static quark-antiquark potential is computed holographi-
cally [28, 29], and yields linear confinement. Adaptations
to model quenched QCD were proposed in Refs. [30, 31].
The spectrum of glueballs yields R = 1.74 [21] (see also
Ref. [32]). An alternative model, based on circle reduc-
tion of Romans supergravity [33], has geometry that is
asymptotically AdS6, and again the circle shrinks. In this
case, R = 1.61 [34] (see also Refs. [32, 35, 36]). For both
celebrated models, Fig. 1 shows that R is not compatible
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We report the masses of the lightest spin-0 and spin-2 glueballs obtained in an extensive lattice
study of the continuum and infinite volume limits of Sp(Nc) gauge theories for Nc = 2, 4, 6, 8.
We also extrapolate the combined results towards the large-Nc limit. We compute the ratio of
scalar and tensor masses, and observe evidence that this ratio is independent of Nc. Other lattice
studies of Yang-Mills theories at the same space-time dimension provide a compatible ratio. We
further compare these results to various analytical ones and discuss them in view of symmetry-based
arguments related to the breaking of scale invariance in the underlying dynamics, showing that a
constant ratio might emerge in a scenario in which the 0++ glueball is interpreted as a dilaton state.

I. INTRODUCTION

In D = 3+1 space-time dimensions, Yang-Mills (YM)
theories are classically scale-invariant. At high energies
the theory is perturbative, and governed by a trivial fixed
point—this is the essence of asymptotic freedom. Scale
symmetry is anomalous though, broken by quantum ef-
fects that make the theory flow away from its trivial fixed
point, and introduce an intrinsic scale ⇤, via dimensional
transmutation.

At high energy, the massless gluons, carrying color
charges, are the natural choice of degrees of freedom
to describe small perturbations around the trivial fixed
point. Yang-Mills theories are believed to confine at low
energies O(⇤). Low-energy excitations are color singlets,
called glueballs, and their spectrum is gapped. The phe-
nomena associated with the transition to the confined
phase are intrinsically non-perturbative and di�cult to
study.

In Ref. [1], some of us started an extensive study of
Sp(Nc) gauge theories, which includes calculating the
masses of the glueballs in the YM theory. The spectrum
of Sp(4) glueballs was one of the most robust results of
that exploratory and agenda setting paper. We update
the measurements for the Sp(4) group, by doubling the
size of the combined statistical ensemble, and then pro-
ceed to the next step of this programme, by performing
detailed studies of the YM theory (with no matter con-
tent) with gauge groups Sp(2), Sp(6), and Sp(8) (see
also preliminary results in Ref. [2]). We report here our

results for the lightest scalar and tensor glueballs.
Understanding the glueball spectrum is tantamount to

solving the YM theory, and uncovering the mechanism of
confinement. Reference [3] suggested that the quantity

R ⌘
m2++

m0++

, (1)

defined as the ratio of masses of the glueballs with quan-
tum number JPC = 2++ and J

PC = 0++, captures some
universal, intrinsic properties of YM theories, in the sense
that it depends only on the dimensionality of the space-
time and of the operators of the field theory. We devote
this paper to these specific observables. A comprehen-
sive report on the physics of Sp(Nc) YM theories, which
details the results for excited states and for extended ob-
jects, is in preparation [4].

II. GLUEBALL MASSES: NEW LATTICE

RESULTS

We report at the top of Table I our new lattice mea-
surements of glueball masses in D = 3 + 1 dimensions
for Sp(Nc) YM theories. The algorithm employed in our
lattice calculations adopts the Wilson action, and the lo-
cal updates are based upon a combination of Heat Bath
and Over Relaxation, by supplementing the Cabibbo-
Marinari update with a simple re-symplectisation pro-
cedure, as described in Ref. [1].
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Figure 18: Meson masses squared from quenched (blue) and dynamical (red) calculations,
in the continuum limit obtained by considering all the ensembles with m̂

2

PS
<
⇠ 0.6, as in

Section 4.3. The coloured bands illustrate the fit of the measurements used in the massless
extrapolations, with the width of the bands representing the statistical error in the fit.

details and results of this quenched calculations are presented in Ref. [83].

In Figs. 18 and 19, we show together the continuum extrapolated data both for quenched
and dynamical fermions, restricted to the linear-mass regime—to m̂

2

PS
<
⇠ 0.4 for the pseu-

doscalar decay constant and to m̂
2

PS
<
⇠ 0.6 for masses and decay constants of all other

mesons. As seen in the figures, f̂
2

PS
and m̂

2

S
are significantly affected by quenching, and

the differences become more substantial as the fermion mass decreases. We estimate the
discrepancies to be �f̂2

PS
/f̂

2

PS
⇠ 20% and �m̂2

S
/m̂

2

S
⇠ 25%, in the massless limit. The mass of

the V meson shows a somewhat milder discrepancy, at the level of ⇠ 10%. For other quan-
tities, quenching effects are not visible: the corresponding discrepancies are smaller than
the uncertainties associated with the fits. Interestingly, the resulting values of m̂V/

p
2f̂PS

for the dynamical and quenched simulations, which may be used to estimate the coupling
gVPP via the second KSRF relation, are found to be consistent with each other in the
massless limit [83]. The general conclusion of the comparison with the quenched results
is quite encouraging, although at present we do not know whether this conclusion is an
indication that the quenched approximation adequately captures the information encoded
in the two-point functions—possibly because of the proximity to large-N—or whether it is
just a trivial consequence of the large fermion masses we studied.

– 41 –

• Sp(4) spectra computed both 
quenched and with 2 dynamical 
fundamental fermions 

• Quenched approximation 
works well. 

• But with caveats: large mass 
range, dependence of channel



Highlight 3: Multiple Representations

• Mixed representation 
calculations with dynamical 
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• Quenched (flavored) spectrum 
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as antisymmetric matter 

• Glueballs in all channels 

• Chimera baryons 

• Units:  Wilson flow scale w
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FIG. 20: Masses am, in lattice units, of the lightest composite states in the Sp(4) gauge theory coupled to Nf = 2 fundamental
and nf = 3 antisymmetric fermions. The blue and red colors denote the mesons for which the fermion constituents are in the
fundamental and antisymmetric representations, respectively. The magenta color denotes the chimera baryon (CB), for which
the constituents are two fermions in the fundamental and one in the antisymmetric reresentation. The lattice parameters used
are � = 6.5, amas

0 = �1.01, amf
0 = �0.71, while the lattice volume is Nt ⇥N3

s = 54⇥ 283.

VI. DISCUSSION AND OUTLOOK

This paper reports on a major step in the development of the extensive programme of exploration of the dynamics of
Sp(2N) gauge theories on the lattice [86, 88–91, 154]. We considered the lattice field theory with gauge group Sp(4),
with matter field content consisting of two Wilson-Dirac fermions transforming in the fundamental representation,
together with three transforming in the 2-index antisymmetric representation. Due to the odd number of fermions,
the contribution of matter fields to the non-perturbative dynamics is included by implementing a combination of HMC
and RHMC algorithms, both of which are supported by the HiRep code [137], which we adapted to the treatment of
Sp(2N) groups and to the simultaneous handling of fermions in multiple representations. The continuum limit is the
minimal theory—amenable to lattice numerical studies [3]—that provides a UV completion for the strongly-coupled
sector of extensions of the standard model which combine composite Higgs and partial top compositeness.

We performed the first scan of the 3-dimensional parameter space of the lattice theory, finding evidence of the
existence of a surface with boundaries separating the strong and weak phases. The theory admits first- as well as
second-order (bulk) phase-transitions, and we identified values of the lattice parameter space (the coupling � and the
masses of the two species of fermions amf

0 and amas
0 ) that safely ensure that the lattice theory is connected to the

correct continuum one. We tested our algorithms, verifying explicitly that spectrum of the Dirac operator reproduces
the expectations for the chiral symmetry breaking pattern predicted by (chiral) random matrix theory, as done in
Ref. [73] for a SU(4) theory. We assessed the size of finite-volume e↵ects in low-lying composite state masses, and
identified criteria that can be imposed to ensure that such lattice artefacts are negligibly small, in comparison with
statistical uncertainties. For one choice of lattice parameters, we computed the mass spectra of the lightest mesons
with di↵erent quantum numbers, as well as those of chimera baryons—see Fig. 20.

The combination of all of the above demonstrates that our lattice programme is now ready to start an intensive
process of numerical studies focused on the spectra of mesons and chimera baryons in this theory, making contact
with the model-building literature. While for the purposes of this publication we used point-like and stochastic Z2

wall sources for the measurements of the 2-point correlation functions, to improve the signal to noise ratio in the
numerical studies we will use smearing techniques, both for the sources and for the dynamical configurations, and
both of which have been tested successfully on this model [119, 120]. By further combining these techniques with
the implementation of an appropriate basis for the variational problem, and of a scale-setting process based on the
Wilson flow, such studies will provide access also to some of the excited states in the theory, and we will be able,
by varying the lattice parameters, to extrapolate our spectroscopy results towards the continuum limit, in the large
region of parameter space with intermediate fermion masses that is of direct interest for models of composite Higgs
and partial top compositeness.
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FIG. 12: Quenched spectrum of the Sp(4) gauge theory in the continuum and massless-hyperquark limit. The glue-
ball states are labelled using the J

P notation, while PS (ps), V (v), T(t), AV (av), AT (at) and S (s) denote the
pseudoscalar, vector, tensor, axial-vector, axial-tensor and scalar mesons composed of fundamental (antisymmetric)
hyperquarks. The results of mesons and glueballs are taken from our previous works in Ref. [45, 109]. The results
for the chimera baryons are original to this work.

The main focus of this study is the hyperquark-mass dependence of the chimera baryon masses. As we use
the Wilson-Dirac formulation for hyperquark fields, we find it convenient to express this dependence in terms of the
mass of the pseudoscalar mesons, which we denote as m̂PS and m̂ps, respectively, for mesons built of (f)-type and
(as)-type hyperquarks. As is expected, the three chimera baryon masses approach one another when increasing m̂PS

and m̂ps. Working under the assumption that the hyperquark masses are su�ciently light to make it viable, we use
an e↵ective description inspired by baryon chiral EFT [105, 118]. We include only polynomial terms in the continuum
and massless-hyperquark extrapolations. In the range of hyperquark masses probed in this work, we find the mass
hierarchy m

⇤
⌃CB

> m⇤CB & m⌃CB . Our measurements show that the ratio m⇤CB/m⌃CB decreases when mps increases,
and that, for the heaviest available values of mps, this ratio is compatible with unity. These findings suggest that the
hierarchy may not hold true in other regimes of hyperquark masses, which warrants further, more extensive future
investigations.

The use of EFT-inspired relations also enables the extrapolation to the continuum limit, by including e↵ects of
lattice-artifact that break the global symmetries of the system explicitly [107]. As explained in detail in Section III C,
we implement various ansatze for this simultaneous continuum and massless-hyperquark extrapolation. Leveraging
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• Yang-Mills Sp(4) 

• LLR algorithm 

• Phase transition confinement/
deconfinement 

• One choice of lattice, varying 
Nt and Ns in progress
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Density of states in (?(2#) gauge theories David Mason

(a) (b)

Figure 2: The reconstructed plaquette distribution at the critical point (left) and the free-energy (right) for
(?(4) pure gauge theory on a lattice of size 4 ⇥ 203, found using the LLR method with 48 intervals between
plaquette values of (D?)1 = 0.58 and (D?)48 = 0.565, with �⇢04/6+̃ = 0.0006. The critical coupling in the
left plot was found by tuning V until the two peaks of the distribution have equal height. The plaquette values
corresponding to the peaks of the distribution are shown by the green dashed line. The height of the maxima,
%<0G , and minima, %<8=, are shown by the orange dashed line. On the right panel the red, blue and black
lines show the unstable, metastable and stable regions, respectively. The points in the inset match those of
the main plot, showing the corresponding values of 0= and D? . The critical coupling is shown by the dashed
cyan line, the orange dashed line shows the free energy values when C = C2 and the green dashed line on the
inset show the plaquette values when 0= = 1/C2.

Table 1: The values of the critical coupling, V2, the plaquette jump, �hD?iV2 , and the change in the free
energy divided by the critical temperature, �� (C2)/C2, are shown for SU(3) and (?(4) pure gauge theories
on 4⇥ 203 lattices. The (?(4) results were found using the LLR method with 48 intervals between plaquette
values of (D?)1 = 0.58 and (D?)48 = 0.565, with �⇢04/6+̃ = 0.0006. The SU(3) values were computed
using the results of previous work presented in Ref. [6] with �⇢04/6+̃ = 0.0007. The second column notes
whether the value was calculated from the free energy,� (C), or from the plaquette distribution, %V2 (D?).

V2 = 1/C2 �hD?iV2 �� (C2)/C2 = � ln(%<8=/%<0G)
SU(3) � (C) 5.69189(4) 0.00257(3) 0.0919(83)
(?(4) %V2 (D?) 7.34009(3) 0.00203(2) 0.0714(43)
(?(4) � (C) 7.34010(3) 0.00205(3) 0.0708(48)
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Outlook
• Compositeness plays role in many new physics applications (CHM, TPC, 

SIMP, GW, …) 

• Many possible proposals: illustrative examples in this talk, many more exist. 

• Calculability always the main challenge: state of the art non-perturbative 
calculations needed. 

• Complementarity/interplay of lattice studies, effective field theory and 
gauge-gravity dualities. 

• Sp(2N) lattice programme reached a mature stage: spectroscopy, topology, 
large-N… 

• Sp(2N), lattice programme: what next? Light masses, conformal window, 
anomalous dimensions, off-shell physics… more advanced techniques. 



General message

• We are living in a golden age of numerical studies of non-perturbative field theories

• Effective Field Theory

• Gauge-gravity dualities

• Lattice field theory

• Broad range of applications

• Composite Higgs Models (Higgs as PNGB or Dilaton)

• Top Partial Compositeness

• Strongly Interacting Dark Matter

• Gravitational Waves


