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Parton densities and splitting functions

@ Quark parton density
dr . _
futon) = [ ot et (N(P)| (W] (1) (W) O)IN(P)
@ Quark collinear Wilson line

0
W(x) =Pexp (- igs/ dsA-A(x+sA)),A*=0

e Splitting functions (SFs) govern the DGLAP evolutions of PDFs

dfyn

dlnp

=2 Py ®fyn
k
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Splitting functions & Anomalous dimensions (A.D.)

@ Mellin transformation

1
—/ dzz”’lfq(z), vii(n /dzz” 1Pl] (2)
0

@ DGLAP evolution in n-space
d 2 Z 2

@ PDFs in n-space are hadronic operator matrix elements (OMEs)

fa(n) ~(N(P)| b A(A - D)"" ' [N(P)) = (N(P)| Oq IN(P))
fo(n) ~ (N(P)|A,,, GLl (A - D)3 * A, Gy IN(P)) = (N(P)| Og [N(P))

e Twist-two operators, twist = [mass] - spin

Oq — Ogl---ﬂn A [QZ),YMIDMZ e D/‘nw] [AHI o Aun]
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Motivation: Required by high-precision physics

@ (HL-)LHC and EIC will generate precise experimental data
@ Several matching coefficients are available at N3LO — N3LO PDFs
@ The effect of N3LO PDFs can be large [talk by T. Neumann from LL2024]
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@ The fields in fitting N3LO PDFs are active

» MSHT20 aN3LO[McGowana,Cridgea,Harland-Langb, Thorne, 2022]
» NNPDF aN3LOJR. D. Ball et al. 2024]
» CTEQ is planning talk by P. Nadolsky from DIS2024

° Plgjs) is a crucial ingredient in N*LL resummation talk by T. Becher
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Motivation: Theoretical interest

@ Universal A.D. in planar N' = 4 to seven loops[Marboe, Velizhanin, 2016]
@ Reciprocity relation between space-like and time-like A.D.
> In CFT: 275(11) = 27T(n + Zys(n))[Basso, Korchemsky, 2006]
» Non-singlet in QCD 275(n) = 2yT(n + 2v5(n))[Dokshitzer,
Marchesini,Salam, 2006;Basso, Korchemsky, 2006; Mitov,Moch,Vogt,2006]
» Singlet in QCD: 2+§ (n) = 27X (n+ 273 (n)) with v+ being
eigenvalues[Chen, TZY, Zhu, Zhu, 2020]
@ Simple mathematical structures
» Only HPLs[Remiddi and Vermaseren,1999] or Harmonic Sums[Vermaseren
1998,Blumlein and Kurth,1998] up to three loops in QCD
» Non-planar universal anomalous dimensions in A/ = 4, only Harmonic
Sums[B.A. Kniehl, V.N. Velizhanin, 2021 ]
» Strong hints: only Harmonic Sums in four-loop QCD
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Splitting functions to three loops

@ One-loop[Gross, Wilczek, 1973, 1974]

@ Two-loop[Curci,Furmanski,Petronzio,1980ab]

@ Three-loop

>

>

DIS[Moch,Vermaseren, Vogt,2004,2004]

Massive OMES[Ainnger,Behring,BIumeIein, Freitas,Klein, Manteuffel, Schneider,
Schénwald, Wissbrock,2010, 2014abc, 2017]

Hadronic cross sections[Anastasiou,Duhr,
DuIat,Herzog,Mistlberger,2015;Duhr,DuIat,Mistlberger,2020]

Beam functions|Luo, TZY,Zhu,Zhu,2019, 2020; Ebert,Mistlberger,Vita,2020ab;
Baranowski,Behring,Melnikov, Tancredi, Wever,2022]

Non-singlet from off-shell OMEs|[Bliimlein,Marquard,Schneider,Schénwald,
2021]

Singlet from off-shell OMEs This talk
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Towards four-loop splitting functions

@ Timeline of the calculation of splitting functions
1-loop  2-loop 3-loop Partial 4-loop Full 4-loop???

| | | |
1974 1980 2004 2017

@ Fixed moments

» Non-singlet Vr(é) with 1 < 16[Moch,Ruijl,Ueda,Vermaseren,Vogt,2017]
» Singlet ’ygg), Wéz,)and ’)/ég) with 77 < 20[Falcioni,Herzog,Moch,Pelloni,A.
Vogt,2023, 2024]

> ’yé? with 7 < 10[Moch,Ruijl,Ueda,Vermaseren,Vogt,2023]

@ Exact results with all-n dependence
» All 'yl(jg) in the Iarge—Nf limit[Gracey 1994,1996; Davies,Vogt,
Ruijl,Ueda,Vermaseren,2016]
> ’Yﬁ? with leading color[Moch,Ruijl,Ueda,Vermaseren,Vogt,2017]
> Nj% term for %(,2,)[Falcioni,Moch,RuijI,Ueda,Vermaseren,Vogt,2023]
> Nﬁ term for 'yé? and Nng term for yﬁf) This talk
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OME method

@ Partonic off-shell OME
fai(m) ~ ((p) I A(A - D) lj(p)), with p* <0
/di;n} é;a} {dh:grams ()/'Ej::grams qﬁiiagrams
@ OME method contains non-redundant information to extract SFs
o Off-shell OMEs are not gauge invariant, physical operators mix with

gauge-variant (GV) operators
@ Main goal: find all GV operators or their Feynman rules
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Computation of off-shell OMEs with all-n dependence

@ Non-standard terms appearing in the Feynman rules

e Example: Feynman rules for Oy at lowest order
P1, i1 ® D2, %2

@ How to retain all-n dependence?

— A(A-p) "

» Sum non-standard term into a linear propagator using a tracing
parameter t[Ainnger,BIuemIein,Hasselhuhn,Klein,Schneiderm,Wissbrock,2012]

Nt t
X n—1 n X n—1 _
(A-p) %nz::lt(A L

» Parameter-t space in HPLs — n-space in Harmonic Sums

H(1,1;1) = i t" (—nlz + S(lr’l”)>

n=1
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Significant efforts in deriving GV operators

[Gross, Wilczek, 1974] pointed out mixing with GV operators

[Dixon and Taylor, 1974] constructed order g GV operators, not clear how
to generalize to higher order
» Used by [R. Hamberg and W. L. van Neerven, 1992] to extract 2-loop singlet
splitting functions All flaws from omitting GV operators resolved

[Joglekar and Lee, 1975] gave a general theorem about the renormalization
of gauge invariant operators No explicit results were given
@ [G. Falcioni and F. Herzog, 2022] constructed the GV operators for fixed n
» Applied to compute fixed moments to n < 20 talk by S. Moch
» Leading GV all-n F.R to five legs[Falcioni, Herzog, Moch, Thurenhout, 24]
@ This talk: A systematic framework to derive all-n GV counterterm
Feynman rules (C.F.R) to any loop orders[Gehrmann, Manteuffel, Yang, 23]
» Applied to extract 3-loop splitting functions
» Applied to extract the exact result of Nf2 term for ﬂ/éf)
» Leading GV all-n F.R to five legs[Gehrmann, Manteuffel, Yang, 24]

LTy TR TS (VI BVETSAVRG ATl e ) Bl Towards QCD splitting functions at four-loo 7, Oct. 2024 10/26



A new framework of deriving GV operators

Generalize the 2 x 2 mixing matrix

Og qu Zgg Og

o, \" Zag Zag Zan o, \* (20"
Og = | Zgg Zg I Og +| [zog"
Oupc 0 0 Zua Ousc [ZO

Ja

to

<

Zga = O(ay), Zgs = O(a?), [Z0)5\, = Za oRAa
1=2,3

@ Oppc = Oa+ Op + Oc¢, Ox(gluon fields only), Op(quark+gluon
fields), Oc (ghost + gluon fields)

° [ZO]g\;’(l): collection of counterterms
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Derive Feynman rules from off-shell OMEs

@ ldea: derive Feynman rules instead of GV operators themselves
o Consider all-off-shell OMEs with 2j 4+ m-gluon external states

M1 Hm

Gl1OF1j+ mg)ip " = (1(ZgOF + Zgg OF)|j + mg) p,
+ (j1Zea Oftuclj + mg)yp, " + (I (201" i+ mg), " j=aq.gorc
@ Expand OMEs order by order in loops and legs
oty (D), (M) ( QsNT m
G104+ mgy = 5 [0l + meg)" | ()l

™
=1

@ Left: UV renormalized and IR finite — no poles in ¢
o Right: Each term is UV divergent, but the sum is finite

@ Requirement of finiteness — counterterm Feynman rules order by
order in g
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Example: determine Feynman rules for Oxpc

@ As an example, consider two ghosts + m-gluon external states and
expand to one-loop order

. 1 .
(elOcle -+ mgihy (" = — 5 [{clOgle -+ mg) gy 7]

1/e
o /

° Zé(,;) is a m-independent constant and can be determined from m =0

Sample digrams to extract Feynman rules for Oapc with m =3
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OMEs required to derive four-loop splitting functions

Legs 2 3 4 5 6
Loops
0 A.D. 120" 9 | 120)" @ | Oasc | 04, Oy
1 12z0)g" ¥ | 120" | Oasc O,
2 1201,"® | Ousc Og
3 Onsc O,
4 Oy, Oy
@ 3-loop splitting functions (done)
@ 1-loop five-point OMEs to extract Feynman rules of Oypc (done)
@ 3-loop 2-point OMEs with Oypc insertion (in progress)
°
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2-loop 4-point OMEs to extract two-loop C.F.R (in progress)
4-loop two-point OMEs: focus on (q\Oq\q)(4)
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Complexities from multi-loop multi-leg OMEs
@ Besides the parameter t, there are many scales
» 9 for four-point OMEs
6 Mandelstam variables+ A - p1, A - p2, A - p3
» 14 for five-point OMEs
10 Mandelstam variables + A - p1, A - pa, A-p3, A-py

@ Many Lorentz structures for pure gluon OMEs
» 5 for two-gluon OMEs:

AVAY, Np”, pUAY, gt ptp

» 36 for three-gluon OMEs
» 353 for four-gluon OMEs
> 4400 for five-gluon OMEs
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Evaluations of multi-loop multi-point OMEs

@ Constrain Lorentz structures of F.R. based on dimensional analysis
» Feynman rules involving quarks or ghosts has one structure only

(jlolj + mgylg.l..um’(O),(m) = [cm(A - pi)] A - AFmowith j= g, ¢

» 31 Lorentz structures for 5-gluon F.R, instead of naively expected 4400
> au AP - — @y is linear in or has no dependence on pl?, pi- pj

@ One-loop: only two types of integrals are needed, others are finite

I _/ a’l 1 I _/ a’l 1
Y mar (g P ) 2 (=g 2B — A (I+ o))

@ Two-loop: difficult to evaluate the master integrals analytically

> Derive differential equation (DE)[Gehrmann,Remiddi,1999] in ¢
» Solve DE in t — 0 limit — fixed moments for the OMEs
» Reconstruct the all-n counterterm Feynman rules
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Two-loop C.F.R from two-loop three-leg OMEs

e Set all Mandelstam variables p?, p3 - - -
to numerical numbers and

A-pp=1Ap=2z

@ Derive DE with respect to t

@ Solve DE in t — 0 limit with boundary conditions[Birthwright,Glover,
Marquard, 2004]

@ Determine two-loop counterterm Feynman rules to n = 100

@ For a fixed n, the result is a polynomial in z;

@ Reconstruct the all-n two-loop C.F.R
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Sample results: Feynman rules for Op

1+( ].)n n—3

— 2 A3 A H4 a3y ag as

— —— o g AN (TUTY ST A 0:(
n=

3(A-(pr+p2) (A p) !t = (—A )]

—(=Ap) (A ) *’”"73>

3, p3, a3 P4, pa, Qa

extracted from

o
Z t"(all-n Feynman rules) — linear propagator in t-space
n
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Feynman rules for Oxpc with five legs

[Falcioni, Herzog, Moch, Thurenhout, 24; Gehrmann, Manteuffel, Yang, 24]

N 1+ (2_1)n igssA’“ AF2 AH3 AP Pfs [CiAfml ap dZa3a4a5{

n—4 j1 jo

337 SN =Ap) T A (4 ) R

1=0 jo=0 j3=0

P1, M1, Q1 P2, p2, a2

P3, [3, a3 D5, Hs, Qs

P4, Ha, s X (A (pa+ ps)2B(A - ps)B + - }

+ 11 color structures} + 30 Lorentz Structures

extracted from

oo
Z t"(all-n Feynman rules) — linear propagator in t-space
n
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Complexities from two-loop counterterm Feynman rules

000000000 1 + (_l)n (A A pl)n72

P1, 1, a1 P2, 2, G2 . 2 pa) ayaz 12 A M3 H1 .
— 2igCf 3enn-1) A p (A ABPIA - py
oo a3 4. Fo20(§, 21, n) n Foi0(,21,n) - Ap
€2 € ANE: p1

extracted from

e F_j contains generalized harmonic sums[Moch,Uwer,Weinzierl,2002]

n
(1+2z)™ z? 3

Ln)=Y 2 1;2) = 2L 427 4+ 2
Sl(zl+ 7n) X asl(zl+ ) ) 2 + Z1+2

X1:l

oo
Z t"(all-n Feynman rules) — polylogarithms in t-space

n

@ IBP reductions with polylogarithms? (not feasible) Need new idea
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Two-point OMEs with two-loop counterterm insertions
@ Consider insertions of two-loop counterterms with 3-gluon vertex
l'gfﬂlﬂzﬂs CZAM AM2 AH3 pf

><ZamnA pl A p)”Ser“'

m=0

QAmp is rational number for any fixed m, n

o New idea: replace a;,, by another tracing parameter 1}

tS

h(t,0) =3 1" Y (A p)" (A p)" " = A —tud - p)(1—tA-p)

Insert K into two-point diagrams: (g|h(x, t)|g) = > -3 t”Zm o 1" Cmn

(81Xt @mn(A - p1)™(A - p2)" 37| g) = 32170 @mn Con
Evaluate OMEs to any fixed n efficiently

Compute OMEs to 7 = 500 and reconstruct the all-7 result to ¢’
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Computations of the four-loop two-point OMEs

@ Focus on specific color structures of four-loop (q|O§|q)
» Non-singlet: Nf‘?’, Nfz, N;C%
» Pure-singlet: N3, Nf?
@ Working in Feynman gauge with £ =1
@ IBP reductions and derivation of DEs in parameter-t space

» Syzygy + finite-field sampling + denominator guessing + function
reconstruction implemented in Finred
» Reconstruct the rational number for the coefficient of HPLs

@ All DEs can be turned into canonical form[J. Henn, 2013] by CANONICA
and Libra
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Sample Feynman diagrams for N]? contributions

o OMEs with physical operator insertions

3
(9108 q)"" (q10B|q)"

@ OMEs with GV operator or counterterm insertion

Op

(q108q)"”

LTy TR TS (VEBVETSYRG 4TI ) Bl Towards QCD splitting functions at four-loo| 7, Oct. 2024 23/26



Results for N]? pure-singlet contributions

@ First exact result, agree with the 1 < 20 results[G. Falcioni et al. 2023]
@ Extract small-xg result

log(xp)° log(xs)
P (x. = ———— x 04+ ———=(New results) + - - -
ps ( B)|Nj% X5 Xz ( )
oF
Approximation
Exact
. 500+
o Approximation: fitted from =
& L
n < 20 results and o
previously known limits 1500
e Large xp-region: agree well ol
with the exact result % oo
= 085
o x ~ 107*, derivation ~15% = o
0.75
070 l(]l"’Y l()l" U.(;Ul ().l}lH) 0. ll(ll] i
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Nf C}, contributions to 4-loop P

@ No mixture with non-physical operators

@ Sample Feynman diagrams

(0101010/0]0]0)
(010101010/0]0]0]0/0]00[0[0)
Q0000000 ‘ (0101010/0/0/0)0)

IBP reduction: 54 thousand integrals — 658 master integrals

Solve the master integrals by DE method analytically
First exact resut, agree with 1 < 16 results from([S. Moch et al. 2017]

The results are written in terms of HPLs only

xp — 1 limit — a new analytic result for 4-loop rapidity A.D. 7§|Nfcg
F
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Summary

@ For off-shell OMEs, renormalization of physical operators mix with
unidentified GV operators
Developed a systematic framework to infer splitting functions

» Two-point OMEs are used to extract splitting functions
» Multi-point OMEs are required to determine C.F.R of the GV operators

Proof of concept: get exact results for 7,,5 |N2 and vns) ‘N a

Feynman rules for Ogpc with 5 legs (done)
3-loop 2-point OMEs with Oxpc insertion (in progress)

2-loop 4-point OMEs to extract two-loop C.F.R (in progress)

Thanks for your attention!
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Why 4-loop SFs for the evolutions of N3LO PDFs?

e Expand PDFs and SFs with a5 = ag/(47)
0 1 3
S = iy + s -+ fias + -
Pj=Plag+ -+ Pl al+ ...
@ Evolution of ag

das
dinp

—2(aiBo+ alpr+ )

@ A consistent evolution of N3LO PDFs requires 4-loop SFs

(3) _ (3) 4 (0)
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Decomposition of splitting functions

@ The general structure of quark splitting functions,

14 S % s
Pyiq. = 0ikPaq + Pag, Py = 0ikPq + Py

@ Non-singlet and singlet splitting functions Ps.
—_—
Non-singlet: PZ = Pc‘i/q + P(‘]/g], Pl =P + nf(qu - sz;)
Singlet: Pgq = P + nf(qu + szi), Pgg; Pgq, Pgg
——
Pps
@ Evolution of PDFs

+ ny —
dT‘l — zp:t ® T:t de:l qk
dlnp ns " dlnp

4

ng
zngfs@Zq,;, i=3,8,n}—1
k=1

Ty = u* —d* Ty = u* +d* - 255, G = g+ Gk,

ny
d Y Pyq qu) <E> S at
= ® 5 E:
dln pu ( g ) < Pgq  Pgg g kZqu
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Determin Feynman rules for [ZO]EV, (2)

@ As an example, consider two ghosts + m-gluon external states and
expand to two-loop order

e pm, (0), (m) o pems (2), (m),
(el [20)SV @ e+ mg)" " =f{[<c|og|c+mg>g;,| s (2 (). 8

mz{V m+2
(204 T +Zg<g1>_ﬂo(2+ ))<c\0g\c+mg>;‘,;, s (1), (), B
€
M
Z
w0, Loy By o i, 0), (m), B
+(Zc 2 + mzz) - = +ZgA)<C|OC\c+ mg)h,

+ Zgg) (c|Oaclc + mg)fpl»luﬂm’ ), (m),8 .. } }
div

Sample digrams to extract Feynman rules for [ZO];’V’ @ with m =1

LTy TR TS (VEBVETSYRG 4TI ) Bl Towards QCD splitting functions at four-loo| 7, Oct. 2024 3/7



Renormalization of Oy to four loops in g — g channel

@ Renormalization of two-point OMEs

(q10519) = Zaq (9105 |4) + Zag (41 Og4)
+ Zga (qOscla) + (9] (2015 |a),
Zgg =0(as), Zgp = 0(a?), [20]5" = O(a3)

o (q|(20" 1q) = O(a})
©

1
» Only (q| [ZO]GV gy~ and {q| [ZO]gV’ ® |q>( ) are relevant
» Other operators (O, Oy, Oa, Op) give all possible Lorentz structures of
q4, 88, 998 vertex Feynman rules
(0)

> — (q][20]5" Ic/> '—o, (gl[zo)g" |g> =0,

(@120 1ag)"” =0
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Lorentz structures of a twist-two operator

@ Based on the following two properties

» A twist-two operator has spin-n and mass dimension 1 + 2

» Propagator-type Feynman rules like 1/p? can not appear in a vertex
@ A twist-2 operator involving quarks or ghosts has one Lorentz structure only

(|Olq + mg)iy " = At A

@ A twist-two operator involving only gluons
» Only 1+ 3/2m(m — 1) Lorentz structures for m-gluon Feynman rules
» m=3: AP ARAN + G AP AP DS - agg AP giie
» 19 for m =4 and 31 for m=5
@ Count the mass dimension of a;: [a;] = x;[A - pj] + yi[p; - pr](yi > 0)
[a]l=n-3+npj -pl=n+2-3—=y =1(Linearin pZ, p1 - po---)
@]+ [pl=n—-2+wp-pl+1=n+2-3-»=0
@ Why not a;; A" p{l'zpém

[an]+2+3>n—1+yulpj - p] +2+3=n+4(if yu =0)

where 3 is mass dimension of the external 3 gluons. Twist-4 operators
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Computations of single pole for one-loop multi-leg OMEs

e Set all Mandelstam variables p?, p3 - -
to numerical numbers and reconstruct
their linear dependence

@ Only two types of integrals are needed, other integrals are finite
[ [ dl 1 L [ 4l 1
YT a2 (=g P ) w2 (1= 21— xA - (L+ g2))
@ At most x-dependent logarithms appear in the single pole

1 ln(l—xA-ql—xA~q2)—ln(1—xA~q2)
€ —)CA~q1

L =

+ O(")

@ Logarithms in x-space — n-space

00
-1
hl(l _xA.pl _xA.pz) = an |:n(A -1 + A - pz)n:l
n=1
o Factoring out the overall factor Z\}) = —Ca__1
g e n(n—1)
Towards QCD splitting functions at four-loo 7, Oct. 2024
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Reconstruct two-loop counterterm Feynman rules

@ Obtain two-loop three-leg OMEs to x% or n = 96
@ For a fixed n, the result is a polynomial in z;

@ Construct full-x or full-7 results from data to n = 76 based on ansatz

@ Polylogarithms to weight-3, generalized Harmonic sums to weight-2
. o > n Sl(Zl+1;TZ) Sz(Zl-‘rl;n)
G111+ 20 =3« [Alatlin, b
751,1 (1,21 +1; I’l) _ (Zl + 1) "
n nd
here Si1 (1,21 + 1;1) = Y0 5y dtak
where 1,1 ) 21 ’ nh=1 tl Hh=1 23
@ Due to the generalized Harmonic sums, impossible to disentangle

» renormalization constants (no z; dependence)
» operator Feynman rules (no high-weight (> 1) functions)

A counterterm Feynman rule & infinite operator Feynman rules (N, = 00)
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