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- Borel resummation ‘ All the concepts are here!!
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- Massive case (w>0) €@ Today’s goal

- Massless case (w=0) (If time is left)



Model and our claim
- PT symmetric QM
- The Ai-Bender-Sakar (ABS) conjecture



PT symmetric QM

PT symmetric QM (Non Hermitian)

Vor (@) = w?a® + ga(iz)",

PT transform

P

r — —

€L,

[C. M. Bender et al. 1999]

(UJ S REU: g,€ € R)Ua S C)

T: x—x, it — —i,

* The domain of x is deformed from the real axis to satisfy the PT invariance.

Real and bounded energy spectrum for positive g and epsilon

PT Symmetry
in Quantum and

_..3-*;;/.'('.‘]:1551{:;1] Nk,

-+
P

Carl M. Bcndcr...

N wors seiensne

Table 2.1 Numerical values of the first five eigenvalues, £y, £y, Eq, E3,
and Ey, of the Hamiltonian H = §? + #2(i&)® for various values of .

Eq Ey Ea Eq Ey
e=0 1 3 5] T 9
e=1/2 | 1.048956 3.434539 6.051737 8.791012 | 11.620695
e=1 1.156267 4.109229 7.562274 | 11.314422 | 15.291554
e=3/2 | 1.301514 4.969791 9.480030 | 14.530476 | 19.997745
g=2 1.477150 6.003386 | 11.802434 | 18.458819 | 25.791792
e=5/2 | 1.679907 7.208428 | 14.540831 | 23.134243 | 32.741996
£=3 1.908265 8.5087221 | 17.710809 | 28.595103 | 40.918891
e=7/2 | 2.161511 | 10.143518 | 21.328941 | 34.879469 | 50.390825
g=4 2439346 | 11.881565 | 25.411553 | 42.023722 | 61.222419

[C. M. Bender et al. 1998,

P. Dorey et al. 2001,

H. F. Jones et al. 2006,
Y. Emery et al. 2020,
etc ...]



The ABS COnjeCture [W.-Y. Ai et. al. 2022]

PT symmetric theory vs. Analytic continuation of the Hermitian theory

Conjectured relation with a negative coupling theory (¢ = 2)
(motivated by formulating non-Hermitian field theory, e.g. Beyond the SM)

Vu(z) =w?s® + Az?,  (w€Rxo,A €R)

,‘ A= A =etTg with g€ Ry

Vac(z) = w?a? — ga®, (w € Rx>p, g, € Ryp, 2 € C)
P:x— —ux, T: x—x, i — —i,
arg(A)=—m
arg(\)=-+m arg(A\)=—m
’}’Ag( ) - 'YAS( )
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The ABS COnjECture [W.-Y. Ai et. al. 2022]

PT symmetric theory vs. Analytic continuation of the Hermitian theory

Conjectured relation with a negative coupling theory (¢ = 2)
(motivated by formulating non-Hermitian field theory, e.g. Beyond the SM)

Vay(z) = w?a® + \a?, (w € R>p, A € R)
,‘ A= A =etTg with g€ Ry

Vac(z) = wiz? — gzt (w € R>p, g, € Ryg, z € C)

PT potential form = AC potential form
Domain of x(PT) # Domain of x(AC)



The ABS COnjeCture [W.-Y. Ai et. al. 2022]

PT symmetric theory vs. Analytic continuation of the Hermitian theory

Conjectured relation with a negative coupling theory (¢ = 2)
(motivated by formulating non-Hermitian field theory, e.g. Beyond the SM)

For D=0, Zp7(g) = ReZy(A=—g+i01), gecR,, €@ NS’

exact.

The ABS conjecture ‘

For D>0, logZp7(g) = Relog Zy(A = —g+ i04), g € Ryy.

* W.-Y. Ai, C. M. Bender, and S. Sarkar [2022]
Based on a semiclassical analysis, Lefschetz thimble

* S. Lawrence, R. Weller, C. Peterson, and P. Romatschke [2023]
Contradiction for =0 ... 0 dim toy model, QM., N-comp. scalar

* S.K. [2024]
The ABS conjecture has to be modified for all non-negative w>0.
The ABS conjecture is not satisfied for w=0.



Reformulation of the ABS conjecture

[S.K. 2024]

Exact WKB analysis .... Beyond-semiclassical analysis
(Including all pert. and nonpert. orders)
A kind of Borel resummation theroy

Claim for QM (D = 1)
The situation is different between w>0 and »w=0:

> If >0, then the ABS conjecture is violated when exceeding a
semiclassical level of the 1% NP order, i.e. from the 2" NP
sectors. However, an alternative form can be formulated by

Borel resummation theory.

- If w=0, then the ABS conjecture is completely violated.
No alternative form can be constructed by Borel resummation

theory.

We investigate the energy spectrum. 7 Z exp [—BEx]
The partition function holds the same result. k



Mathematical tools

- Borel resummation
- Exact WKB analysis (EWKB)



- Notation:
* Borel resummation .
f(R) ... analytic function
F(h) ~ Z coh” as h— 0-. (cn € C) f(R) ... asymptotic expansion
neN
cn ~AST"n! as n — oo, lim |- | = 0. (A, S €C)
n—oo Cn+1

Gevrey-1 class

Borel resummation Sy := Ly0B
Borel transform Laplace integral
BUIE) = Y st = ole),  Lalfsli= [ dge i pn(e)

neN Analytic function

(at least, formally)

Solfl(h) — f(h) as h — 04 Always True??

Analytic function
(at least, formally) Not always... ‘




Notation:

* Borel summability

Borel non-summable:

~

f(R) ... analytic function

The Laplace integration along the real axis is ill-defined. f(h) ... asymptotic expansion
When Borel non-summable, ‘ [£
we can avoid the singularities by
introducing a complex phase to the St : =Ly, oB
integration ray: Qe
—{—DC-EJH S o )C
_ = Lp_ DB
L — Lg:= / deet/m |
0

However, since the singularities give discontinuity between S, and S_,
one obtains a result as

-~

Stlfl(r) # S-[f](r) # f(h).

Question : R
How to obtain f(#) via S+ when f(#) is Borel non-summable?



Notation:

* Borel summabilit
Y f(R) ... analytic function

Borel non-summable:

The Laplace integration along the real axis is ill-defined. f(h) ... asymptotic expansion
When Borel non-summable, ‘ [£
we can avoid the singularities by
introducing a complex phase to the Sy =Ly, 0B
integration ray: Qe
—{—DC-EJH S o )C
_ = Lp_ DB
L — Lg:= / deet/m |
0

Answer R
We construct f+ (%) from f(R) to satisfy Si[f+ (k)] = f(h) via Stokes automorphism.

GUE]R?.
er=2  f1+(h) ;

iy < [se=>

x>/+03



* Alien derivative Sor0, = Spro_ 0 Gg.

. Stokes automorphism
Alien derivative A, : Transseries — Transseries

0 S, 25, 35, - I'={nS, eRy|neN,S, € Ry}
S-[/]
0
- < o —

5_ 0 Ags, ] et e—r » — >

Collection of all of éwgr = Stokes automorphism G = exp {Zwer Aw]

* In order to obtain, e.g., the 2" sector from the 0" sector,

. 1 o th _, ond
AQSb —|_ §(A8b)2 [f] g;‘; gth — 125t — 2nd
(1) (2)




* One-parameter Stokes automorphism

Stokes automorphism can be extended to a one-parameter group

o = €XD [VAQI ; A@ = Z Aw, (v € R)

wel(0) A set of singular points along 0
(We normally take 6=0.)

Complex conjugation (

CoSy, =Sy 0C, CoBY=6;"0C, ColAg=—NAgoC

Median resummation|  Syeq.0 := Sp, © 6;=_1/2 — S, o GS:_H/Q

Co ‘S‘med?(} — Smedjo oC No dependence on the discontinuity!!

So.|f](h) = f(h) as h — 04 Always True?? po

‘ Med resum gives “Yes”
Smed.o[f](R) = f(h) as h— 0,  (Butgenerallydepending on

its underlying math structure)



* Borel resummation as morphism
Smed

Transseries
(formal expansions,
commutative ring)

(uonouny anApeue)

WI0j pawwnsal 3109



. [A. Voros, E. Delabaere, H. Dillinger,
Exact WKB an alySlS H. J. Silverstone, F. Pham, T. Aoki, T. Kawai,
Y. Takei, K. Iwaki,T. Nakanishi, ....]
A basic methodology is the same to the (standard) WKB.
But the important differences are ...

1) A wavefunction contains all order of 7

2) Gluing wavefunctions at the potential wall is performed
through Borel resummation V(z)
¢I(x < xy) wn(x > Ty)

Sp[(xs +0_)] = Sp[tf' (x4 +04)]. -
Wz, +02) = M7y (2, +0.), :

> U

T
3) The resulting quantization condition (QC) and E spectrum contains
all pert. and nonpert. corrections (but for Borel resummed form).

4) Voros symbol (Cycle)-representation
... QCs are expressed by periodic cycles

ﬂ{ In order to consider the ABS conjecture, we find E spectrum as transseries.
(Finding the Borel resummed form is too tough in practice.)



[A. Voros, E. Delabaere, H. Dillinger,

Exact WKB analysis e tmies

Procedure

1) Prepare ansatz for the wavefunction and draw its Stokes graph.

2) Perform analytic continuation on the complex x-plane as taking
the connection formula (matrix) to obtain the QC.

So. et = So MOV My =0 = DH(E) =0
3) Eliminate the discontinuity in the transseries by the DDP formula.
S0, [0%] =8 [0°] = D° =670

4) Solve the quantization condition to find the energy spectrum



* Ansatz of the wavefunction
A standard WKB ansatz » All order quantum corrections
L=—-R02+V(z)—E,  Lyx)=0, (xr €C, E,h€Rsp)

Ya(z, ) = a(h) exp U da' S(a, h)} . (reQ)

S(x,h) = Z Sp_1(x)A" ! as h— 0y, ‘ Include all orders
n€Ng

Riccati eq.l

S(z,h)* + 0,S(z,h) = h2Q(x), Q(x):=V(zx) - E.

Solving order-by-order...

. S-1(z) = £vQ(z),  So(x) = R IOiQ(m)j
n(@) =+ o6 g Q(z) !



° StOkES graph The Stokes graph contains all information of

> / da’ Sod1_1(3:’)
Label: 4

+_ ‘+1’ 5_1- -

Borel summability of the wavefunction and is

drawn by its classical part.
1 111 Iv VIV C

The complex phase has to be

introduced into % to resolve the I \2! I VI
degeneracy of the Stokes lines.

Otherwise, the wave function is

Borel non-summable. - -

a) arg(h) =04 (b) arg(h) = 0—
Turning points ... kinetlc energy = 0 for a fixed E in the Sch eq.

TP := {2z € C|Q(z) = 0}.
Stokes lines ... on which the wavefunction becomes Borel nonsummable

1 €T
I —
m[h/a_

J

di}i" Sod,l(:‘c’)] - 01 a; € TP. Label: Re [ﬁ/ dﬂ:’ Sod,—l(:r’) — +00

‘+1’ £ y

Branch cuts



Airy-type Stokes graph

» Stokes graph

o Va+
. (ﬂ)

Guiding principle for connection matrix
Solt! (e + 0-)] = Syl (. +04)], -
T,t{JI(:E* 4 U_|_} = ﬂf]—ﬂ]ﬂ}ﬂ(m* + D_|_}j TP := {x € C|Q(x) = 0}.

Im [ﬁ / dz’ Sod’l(ﬂﬁ’)] =0, aj € TP.

aj

Connection formula (Airy-type)

o= (20 = (1Y) =0 )
0 1 1 1 —1 0

Normalization matrix

ot Jai dz Soa(x,h) B
Mo = o S daSua(apy ) T Nawap 05 ok € TP



 Example: Double-well potential

+ —

TN N

a) arg(h) = 0+ (b) arg(h) = 0-

Analytic continuation along ———»
[ Uil] _ [MDi¢DiVI]
MD+ = My Nay,ay My Nagas My M_Ngg a0y M_Naya;.
MU_ — M_I_Na'l:«a'Z M-I_M_NG'Q}G'S M_Na'3aa4 M_Na'4aa17



 Example: Double-well potential

| /\5\\\;{

(a) arg(h) = 04 (b) arg(h) = 0-

S0, [9°4] = So_ [0

Quantization Condition (QC)  A’f = 90+ — 0,

r =
Boundary condition j
(Normalizability) (1,1) i 0% (—o0) — 4% (+00) —0 €@ The above cases
G = ] @2 epz_f(—oo) - epz_iiuoo) =0
(2,1) if ¢+i_ (—o0) = ¢+i_ (+00) =0
((2,2) i i (—00) = Y (+00) = 0

D 2% x(1+A)(1+C)+AB, D° o (1+A4)(1+C)+CB



N A ERAE

a) arg(h) = 0+ (b) arg(h) = 0-
DDP formula ... PertINonpert relations among cycles [E. Delabaere et. al. 1997]
Sovo, [Aj] = Sovo_[4;]  [] (1 +Soro [B]) P, Sy Al =4; [ (14 Be) P,

BreCnp.o ‘ BreCnp.o

So+0.. [ Br] = So+o_ [Bx), By, € Cxpo, S, =" [Bx] = B, By € Cnp,o,

: A set of NP cycles
Intersection number

<_>:T> — <<_;~L>:+1: <_>:~L> — <<_:T>:_1 (A,B>:—<C,B> =—1

One-parameter Stokes automorphism (A, Bk) = (A, Br) X v



 Example: Double-well potential

+ —

AL

a) arg(h) = 0+ (b) arg(h) = 0-

S0, [0°4] = So_[0°]]

Median resummation
v=—1/2 vr=+1/2

D x (1+A)(1+C)+AB, D’ x(1+A)(1+C)+CB
&g[Al=A(1+B)™", &g[C]=C(1+B)"™, &g[B]=B.

» D0 = 6D x 1 + AC + (A+ CO)W1 + B
Smed?(][fgo] — Soi[fg(]i]




Application of EWKB to
a negative coupling potential

- Massive case (w>0) €@

- Massless case (w=0)

V(z) =wz? — ga*



* Analytic continuation

(b) arg(g) = 0—

Figure 8: Stokes graph of the P7T symmetric potential with a quadratic term. The
paths for the analytic continuation are denoted by colored lines, y3—1 (red), y2—4 (green),
and 73,4 (blue).

MOAE(gﬁ»l) = Nayas My Nay as My M_Ngg a,,

M1y = Mo Nayas My Nay 0y My M_Noy 0, M7 Ny, a,,
Mibosay = MI'Nay ay MMy Nup 0y My Nug a, My No, a,
MOA?:(zﬁ»cl) = Nay,aa MMy Nay,ay My Naja,y

Mg = Nuy as My Nuy as My Nug 0u M Ny s

My = My Nay ay My Nag 0 My Nog a,



Figure 8: Stokes graph of the P7T symmetric potential with a quadratic term. The
paths for the analytic continuation are denoted by colored lines, y3—1 (red), y2—4 (green),
and 73,4 (blue).

0 0_ A
DAE(S—H) o1+ 4, QAC(%—H) 1+ (1 + B)Q

0 2 0_
DAE(Q_}4)0<1+A(1+B) : Dacon x1+A

0 0_



e DDP formula

Qg}m%) x 1+ A(1+ B)?,

D o 1+ A(1L + B),

DDP formula &j[A] = A(1 + B)™,

A
(1+ B)?’
0_
9A0(2—>4) x 14 A,

90_

AC@Eo1) X1 T

&¢[B] = B.

. Eliminate a discontinuity

A ... Perturbative part

Do X 1+ A+ B),

B ... Non-perturbative part

= PT and AC have the same perturbative part, but
Borel nonsummable (the DDP formula is nontrivial)



* Energy solutions E=E/h (Ww=g=1)

Solvingthe PTQC ... Dp7rx1+A4=0

\ 4

3(¢*+1) , 4 (17¢* + 67) pa 3 (125¢"* + 1138¢* + 513)

BO — g
8 64 1024

h 4+ O(hY),
(4.58)
with ¢ € 2Ny + 1. Since Dp7 does not contain non-perturbative contributions, Eq.(4.58) is

the transseries solution of the P7T energy. Hence, the perturbative part of the AC energy
equals to the PT energy:

mo_ m0) _ 7(0)
Lpr = EAC(3—>1) — EAC(2—>4) € R>o.

* Perturbative parts are the same
 Borel nonsummable
* Real value



* Energy solutions E=E/h (Ww=g=1)

q (17¢° +67) 3 (125¢* + 1138¢* + 513)

EO = 4 — h— B — i+ O(hY),
d 8 64 1024 (%),
~1) o q(q + 6) gt 4+ ¢® —102¢% — 43¢ — 134, ‘ Pure imadinar
EAC(S—)l) = o [1 — 3 h+ 123 h ginary
> — 15¢% — 184¢> + 4371¢° + 2400q + 20484
(g~ 15¢ q° + 4371¢” + 2400¢ + )h3+0(h4)
3072
~ (2) 5 [¢ 2¢+3 q(q + 3) ‘ Including both Re and Im parts,
Ercpon) = 5 g h — g C+h i.e. violation of the ABS conjecture.
8¢° +3¢> — 1029 — 43 5 2¢* +¢® —51¢®> —43¢—67 _ _,
Bl 128 ot 128 Ceh
12¢° — 75¢* — 368¢> + 2988¢2 + 2400qg + 5121 4
+ R
1536
2¢° — 15¢* — 92¢> + 996¢2 + 1200q + 5121
q(2q q q L q q )C+h,3+0(h,4) |

where o and (+ are defined as

2 g
2 e 3 (h) 2 +1 h
N n — 0 (4 i :
o= WF(‘?H) (2) : (= ( 5 ) + log (2) + 7.

2




* Reformulation of the ABS conjecture

The ABS conjecture is violated, but there is an alternative form...

One-parameter

v —2v v
Stokes automorphism SplA] = A(1+ B)™, Sy B] = B.

The QCs are continuously connected to each other by one-parameter!!

A

0
Pace-) X1+ 15

Do X 1+ AL+ B),

‘ Dp1 = GEW Dac@o1)] = Goﬂﬁ2 Dacz—a)]-

In the QCs, E is a free parameter, but the above Eqs. implies
that the energy solutions have the same relations such that:

—1/2 1/2
Epr = 6, / Eaci—1)] = 6; / Eac—a)-

Eacis1) = 6§ [Eacoa)



* Reformulation of the ABS conjecture

Keep D(E) = 0 under | G5 [D(E)] =0,  &~°[D(E)] = Dp7(E),

the v-evolution . 2 e 5 ;
S"=14+vA+ —(A)*"+0(’),

2
.« 4 3 _ 2 _ _ ; ;
AlBpr] = —2i0 [1 Sdar9),  CHae 10— B3 Pure imaginary
5 —15q¢* — 184> + 4371¢* + 2400q + 20484
q(¢° — 15 q q q )53_'_0(54) |
3072
mio? |1 — q(q + 3)5 N 2¢* + ¢3 — 51¢% — 43¢ — fj?h2
4 64
2¢° — 15¢* — 92¢> + 99642 + 1200q + 5121
_4(29° — 154" — 92 1 1 Vo o oY) | + 0(a%),
768
(A2[Epr] = 02[4C + (2¢ + 3) i — q(q + 3)Ch Pure real
8¢ +3¢° —102¢ — 43, 2¢* 4+ ¢* — 51¢*> — 43¢ — 67 __, L
N 16 e+ 16 ¢h ¢ := Re[(+]
N 12¢° — 75¢* — 368¢> + 2988¢% + 2400q + 5121 3
192

2¢° — 15¢* — 92¢3 + 996¢2 + 1200q + 5121
_ (247 = 15¢" = 92 . 1 1 ) e+ o] + 0(0%),




* Reformulation of the ABS conjecture

2

& =1+ vA+ %(A)Q + 0P,

Using the previous results, one finds that

_ [ . WA)2 _
SglEpT] = \1 +vAg + ( 20) +O(V3)) [EPT]
_ EAC(3—>1) for v=+3

|\ Facp—ay  for v=-3

The QCs and the energy solutions are continuously connected as

¢

DpT if v=20

DV =1+ A1+ B) ¥ x { Dpcasny i v=+3,

; — 1
| Dac—a) if v=—3

656R [@Vﬂ] _ @UU—I—L’ '



* Reformulation of the ABS conjecture

The modified ABS conjecture for w>0 15 20241

' arg(A)=+m | S rharg(A)=+m

: Exc ! . EzG

' qarg(A)=+7 ' ~Sarg(A)=+m

D T =0 n 0% DN =0
:“u;-: So,, gJ
; ' 1 o~ -
£ S | G X o | B o)
i % : '50_ p o)
i . 2
1 O, . " = 0
' % i o=l Epr [ Smed EpTr Sr=1 &+ 5
1 1 H
B ' — () e |
= i Opy = 0 Dpr =0 E
E E E 80+ Q.
: :?: E S | (S X S | IS4 g‘
'I‘"': __________________ S[)_ E

E Ezlg()\)__?r E Smed Eilg()‘):_ﬁ

E arg(A\)=—m ' ~afe— ~ are(\)——

::‘DAC( ) — 0 -i ﬁ,—r)u[)_l_ @;rcg( ) T — O

So., ... Borel resummation

1/2 : .
Smed = Sp.. © 63: / ... Median resummation

Sy ek One-parameter Stokes automorphism

éSER ... Pushout of &4~



Summary

 Verification of the ABS conjecture for QM.
. The original ABS conjecture is not satisfied.
= Violated by the higher NP orders in the massive case.
= The modified ABS conjecture is formulated in the massive case.
= No alternative form exists in the massless case.

* Does the modified conjecture work in field theories, D>1???
(The ABS conjecture for D=0 can be reproduced by this method.)

P: x— —u, T: x—x, i — —i,

P @ ZorE )=+ ZorEN)==n @ P
&Y= i1/2\ ,C’V +1/2

ZpT

O rT




Backup slides



¢ BorEI resummation [J. Ecalle, D. Sauzin, O. Costin,

E. Delabaere... ]

Reconstruction of an analytic function
from a formal power series

B[] = '?(;c;
Asymptotic form * Borel transform
Z(h) ~ ) arh* €R[[A] B[Z](€) = Y _bi&* € R[]
k=0 k=0

Asymptotic limit ‘ , L[F|(h) := fx’ F(&)e s/ dg
0<hk1 :

Borel resummation

Z(h) = L o B[Z](h)



* Properties of the operations

Borel resummation ... homomorphism

Solfr+ fo] = Solfr] +Solfa],  Selfifol = Selfr] - Solfal.
Stokes automorphism ... homomorphism

Solf1 + fo] = Golfi]l + Golfe],  Golfife] = Golfi]- Golfa]

Alien derivative ... additive and Leibniz rule

/&w[fl + fo] = Aw[fl] + Aw[fQ]: Aw[flfz] = Aw[fl] cfo 4 f1 Aw[fz]-



- Example 1: fr Y cali, cn=AS""n! with S € R
neN

Borel transform
AS A set of singular points along 6 =0
fB :=B|f] =

(s—¢? @ T'(6=0)={S}

Laplace integral
ASe=w [ (S |
So. [f] = Lo, [f5] = == [El (—) :I:m] '

h h

ASe~n
TN AST I £ ;’;’ -

neN
Alien derivative and Stokes automorphism

_ ¢ ASe %
Rslfl=— ¢ __deetpnte) =2m ™

S5lr) = 1 +2mi L

(Ag)™>'[f] = 0.




- Example 1: fr Y cali, cn=AS""n! with S € R
neN

Median resummation

ASe— 7 ASe™
Shlf] = f+2mi——— W [0+ =& 7] = f F i -
- ASe~n (S
_ O+71 _ 3 B
[ =80, lf] = == El(h) A
ﬁ_:?Jr E AS "R ‘ Returns the original f

neN

Generalized (push-out) Stokes automorphism

SN ASe~ %
&[] = F + 2mvi="—,




* Example 2: 0 dim PT symmetric model (w.v. aiet. al. 2022]

ZpT = / dx exp [—x2 + gmﬂ : g € R,
TPT

vp7 1= set1'0(—s) + se” T'0(+s),
Im 2

V(z) = a* + gx°(ix)*

A

s € R,

® : Pert. saddle at 0

1
® : Nonpert. saddles at - ——
V29




* Example 2: 0 dim PT symmetric model (w.v. aiet. al. 2022]

l 3
Zp ~ ZpT =T Y () ()”(49)”’ as g — 04,
ncNy

(a)n, :=T'(a+n)/I'(a) : Pochhammer symbol

Borel transform

2K (5657)
2v/€+1
jO,B L= 3[\70] = ; (jo L= QZ”PT)
VTV 2VE + 1
K(m) . Elliptic integral A set of singular points along 6 = 0 from K(1)
F(é’ = 0) = {i}
Laplace integral
1
e 89,/g 1 1 V2 1
S = I 1| — I, 1 |—|+£1—K1 | —
i = 1 () o () =7 ()
— \?0 + j:l:a
= sy (]
Jg =+ 4 Ki (@) Modified Bessel function of the 2™ kind



* Example 2: 0 dim PT symmetric model (w.v. aiet. al. 2022]

Alien derivative and Stokes automorphism

. +oo+120 .
(Ai)[j()] = / d§ 6_%;70,8(5) ~Jy —J-, (Ai)n>1[j0] = 0,

“+oo—+120_
(Ag—o)"N[Tx] = 0, (J+J-=0 and J, —J =+27:.)
SolT]l = To +v(Ty — T-), S| Tx] = T+,
&4 J0) = Jo+v(Tr — T-),  GY[Tx] = Tx.

Median resummation

T+ = &I 7 = To F (:@ T)=To—Tr =00+ T
SOi[ OOi] — Smed,O[jO] — jO-



* Example 2: 0 dim PT symmetric model (w.v. aiet. al. 2022]

~ Foo 5 4 e3x 1
ZH::/ dxexp[—x _)\x]ZQ\/XKi o) A € Ry,

— 00

‘ By taking A\ = eT™'g with g € R

ar)\:I:ﬂ' arg(A)==4m
(T8 g() ._Zg() )

jarg()\) iﬁ—jo—kap—jozlz (j+—j)a

% 1 1 > 1
jarg()\) +m _ e \/§ I. na 1 ~ ) = ZiKl L
4 4 89 3¢g T 1\ 8¢

~~

—jo+j¢—jozlz (j+—j)

6?1/2[&70] L jrcg()\):IFﬂ" i1/2[ arg()\):iﬂ'] j 6:|:1 [jarg()\) :|:7T] L lz.rcg()\):$ﬂ'j
:|:1/2[j] jarg()\) Fr j:l/Q[ arg()\) :I:Tl'] j Gil [jarg()\) :I:Tl'] jarg()\) Fr
o] =

? ?

arg()\) Fr Soi[ Iircg()\):j:ﬂ'] :%

?

SO:I:[

The 0 dim ABS conjecture is reproduced. _ - .
[W.-Y. Ai, et. al., 2022] Zp1(9) = Re[Zy (A= —g +104)]




* Example 2: 0 dim PT symmetric model (w.v. aiet. al. 2022]

(Lefschetz thimble picture)

® : Pert. saddle at 0

1
® : Nonpert. saddles at + ——
V29

Ima
A

® ® > Rex

TPT



* Example 2: 0 dim PT symmetric model (w.v. aiet. al. 2022]

(Lefschetz thimble picture)

® : Pert. saddle at 0

1
® : Nonpert. saddles at -——
V29

Im x

arg(A)=+m arg()\)_—ﬁ
Tac EA #

:|:1/2 arg()\)ziF?r B B
o] = Smed,0 := So, © 6;__1/2 =8y o 6;_+1/2

SU [j(]] _ arg()\) +m

+ The same procedure to adding complex saddles
S [ arg()\) :I:7r] to reproduce the original integration path.

0+



* Resolving degeneracy

When degeneracy between Stokes lines occur, the wavefunction
becomes Borel nonsummable for any complex x.

‘ Introduce an infinitesimal phase

- +
Borel nonsummable
- +
‘ arg(h) =0 ‘ arg(h) =0 — arg(h) # 0
- + - +
Borel summable
- + - +

arg(h) =04 arg(h) = 0_



* Massless case (outline)

The hbar-expansion does not work because the energy is a
monomial in terms of hbar.

E =c(B)(MNHY3, c(k) € Rso,

Indeed, Sod has the following form:

B o /\1/45
dz Soa(x,h) = @-1(2)n " + Pyal)n™ + .-y 0=

But, c(k) can be determined by the large k-expansion using EWKB.

E3/4
Nt = N D ek YD etk as koo,
nENg LeEN neENg

1
HZ!‘%(]{?):W(]C+§), g:i=e ", k € Ny, elf) € R.



* Massless case (outline)

(0) . 4/: : -
B [ B 2OBVEL () ()(m—4}] ~ EAc can be obtained
(AR1)L/3 (K (—1)]*/3  33/3[K(-1)]'/°T (-3/4) - from EH because itis a
g 1ot (3/4)1/3 Qlﬁf’-’i\/ﬁf (7/4) monomial of A.
(i) oK (=073 T 3SA[K(—1)]AT (=3/4)

1\/_(2‘”’ 6—m)+2Y30 (7/4) T (— 3f‘1))ﬂ_2_|_0(ﬁ,—3} Eac(g) yx; By (M)
33K (—1)]Y/3[T (=3/4))2 " ’ -

(gh*)1/3 (\R4)1/3
By _ 2 [_[(3/4)”-'* 128/ K (~1)|T (7/4) — 9T (=3/4) _,

(AR4)L/3 K(-1)J43  3.65/3[K(— ]wr( 3/4)
+21“f’-’*,/% (V2m(9 — 2m) + 3T (7/4) T (=3/4))

BBIK (1) AT (—8/4)F

K24 O(H_H}] :



* Massless case (outline)

The PT case Vpr(x) = —gx

E’PT _ HI4/3 [ 34/3 B 8\/EF (7/4) R_Q + O(H_/jl)]
(ght)'/® AK (=D 3PK(=1)]'/T (=3/4) |

E;) :,u;eu:a[ (3/0)Y3 219870 (7/4) j2 +O(h:_4}] Eaclg) _ agi BN
R [K(=D)/3 3¥/5[K(-1)]'/°T (=3/4) B D AR P O

> EPT contains only the pert. part.
> Not only the nonpert. part, the pert. part does not match with EAC.

» The ABS conjecture is violated. No alternative form exists.




