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Parametrizing B-functions

Most general 4D renormalizable theory (ignoring relevant couplings):
L=+ 10" — iAT )2 + ip[a*(8,w — IALT )’
— 2aunFAFBR — 3 (vo ' + Hc) §a — A abca®aBodeda
Parametrize RG functions with monomials of the couplings, e.g.,

dyaij

ﬁau dr

By = Zy“’ Y(a, v, A Ty, Todlai

real-valued coefficients
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Parametrization of 1-loop Yukawa B-functions:
B = vyl T4 aasT S 1oa + V5 vl Th ans T 1 + ¥ vuy5 v + ¥ yoyiya + ¥§ v Tr Gy
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General B-functions in 4D QFTs

m General formulas for B-functions are long known to order 3-2-2 (MS).

lacachek, Vaughn '83,'84; Jack, Osborn '84; Pickering, Gracey, Jones [hep-ph/0104247]

m Computer packages with implementation of the general formulas:
SARAH 4, PyR@TE 3, ARGES, and RGBeta.

m Recent results for the general 4-3-3 B-functions
Bednyakov, Pikelner[2105.09918]; Davies, Herren, AET [2110.05496]; Steudtner, AET [arXiv:2408.05267

— Loops are hard!
— rys-related ambiguity when using NDR
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General B-functions in 4D QFTs

m General formulas for B-functions are long known to order 3-2-2 (MS).

m Computer packages with implementation of the general formulas:
SARAH 4, PyR@TE 3, ARGES, and RGBeta.

m Recent results for the general 4-3-3 B-functions
AET AET

— Loops are hard!

— rys-related ambiguity when using NDR
— Flavor becomes non-trivial at 3-loop order

Flavor is present when multiple matter fields have the same quantum numbers;
it manifests as a continuous symmetry Gg
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General B-functions in 4D QFTs

m General formulas for B-functions are long known to order 3-2-2 (MS).

m Computer packages with implementation of the general formulas:
SARAH 4, PyR@TE 3, ARGES, and RGBeta.

m Recent results for the general 4-3-3 B-functions
AET AET

Loops are hard!

7vs-related ambiguity when using NDR

— Flavor becomes non-trivial at 3-loop order

— Some calculations have resulted in seemingly nonsensical divergent RG
functions, e.g.,
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CFTs: a showcase that flavor matters

Fixed Points

. {

S

-

Traditionally CFTs were understood to
be RG fixed points:

[TH] =610 =0
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CFTs: a showcase that flavor matters

Fixed Points Limit Cycles

\\ \i g
7
\< unphysical flavor
rotation

—

Traditionally CFTs were understood to  Limit cycles can be (are?) CFTs

A~ N

be RG fixed points; e e e
trg=6ret—=-o [T#u] = B[O =0
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CFTs: a showcase that flavor matters

Fixed Points Limit Cycles

\\ \i g
7
\< unphysical flavor
rotation

—

Traditionally CFTs were understood to  Limit cycles can be (are?) CFTs
be RG fixed points: ignores JE Fortin, Grinstein, Stergiou [1206.2921] [1208.3674]

it L gt o [T = Bi[0'] = 0

A~ N

B; = Br — (v g)1 is a more physical 3-function
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Four-dimensional QFT

Most general renormalizable theory in 4D (ignoring relevant couplings):
£ =+3(Dut)a(D*)a + 1[0 (Du)' + Lon+ Lot
13,_415FA FBW/ -3 ( a/ﬂp 1// +H.c )¢a - ikabcdqbad)bd)cd)d

The vacuum functional .
all field sources

(
M) = / Do) 51971 5= 5 (0] + / dx (9/0"(x) + Ju®?)
(

. . set of all marginal couplings
generates all the connected n-point functions

GF is the largest continuous symmetry group of Siin

For instance, in the SM G = U(3)g x U(3)y X U(3)g x U(3)g x U(3)e
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Weyl symmetry

The local renormalization group introduces new sources:

Shore '87; Osborn 89'; Jack, Osborn '90; Osborn '91; Fortin, Grinstein, Stergiou [1208.3674]; Jack, Osborn [1312.0428]; Baume et al. [1401.5983]
7}4.1/ o MNuw — ’Yul/(X) o' g — 9i1(x) )Jﬁ : Dy— D, — au(x)

stress-energy tensor flavor current; JE € gF
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stress-energy tensor flavor current; Jfé € gF

The generator of Weyl symmetry—Ilocal scale invariance:

infinitesimal parameter

[ O
wo_ [4d v
A 7/d X(ZJ’y“ Gy
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[ O 4
— d uy o s
/d X(ZU’Y Syhv U/ﬁ/ 59,

B-function
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— l . —
+[5‘u0"< GDuglf\)] 52

RG functions of the G current; v, p! € gF
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Weyl symmetry

The local renormalization group introduces new sources:
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7}1.1/ o MNuw — ’Yul/(X) o' g — 9i1(x) )Jﬁ : Dy— D, — au(x)

stress-energy tensor flavor current; Jfé € gF

The generator of Weyl symmetry—Ilocal scale invariance:

infinitesimal parameter field anomalous dimension
[ 0 ] ]
A = [a (2 w o _op 2 d = 8e) 0 = Vu] s
o / X\ <07 Sy 0/'13/59/ +U\75[( a)0q =y a]éja
B-function 5
+[8uov—0Dugip'] —
& | o

W . RG functions of the G current; v, p! € gF
A7 generates the the trace anomaly equation (modulo anomaly)

[THu] = B[O + v - 8, [JH] (FS)CC)

Flat-space constant-coupling limit:
Vur(X) = Tuwr 91(x) = g1, 3y =0
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RG symmetry

Accounting identity for mass dimension:

MW =0, N = ui + /ddx (27“"

0
811, +(d_Aa)ja6a)

oy N/
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RG symmetry

Accounting identity for mass dimension:

MW=0, M=pl /ddx (27“"

0

oy N/

The RG is a symmetry of the theory generated by A% = A* — A%_. | which gives
rise to the Callan—-Symanzik equation:

__ ARG _ Q / d B i
0= AW = (at+5,a +/d x Tay awﬂ)w (FSCC)

v _ 0.

Exactly what we would get from “

0 0
. . (n) _
(atJrﬁg@ngnw)G {p})=0
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Flavor symmetry

GF is a symmetry of S with generator

1 1] ]
F_ [4a , _ _
A, f/d X (Duw oo (wg)lég/ (wj)aéja) , W E gr
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Flavor symmetry

GF is a symmetry of S with generator

0 0 0
N, = [dx [ Dyw - — — — - — . €
o= fatx (- o~ @y | wer
There is a class of equivalent Weyl symmetries:
Ny =08 + 05, alg) €gr,
Ambiguity in RG functions defined by the Weyl transformation:
Bi=6+(ag)y, vV=vta, o =p-0a Fp=9%-a%

The RG flow has a flavor ambiguity
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Ambiguity in the RG

Flavor-improved RG functions are invariant w.r.t. the flavor ambiguity:
— (o) s =7 +v%. Pl =p+0"
We can choose a ‘gauge’ where v = 0:
AW =AY 4 A, = /dd x(207 ° o8
0Yuw el

+0Js[(d — 8a)6Po —TPo] - — 0 Dug P 5%
W

4
0T

Anders Eller Thomsen (U. Bern) The structure of the RG HEFT 2024 8



Ambiguity in the RG

Flavor-improved RG functions are invariant w.r.t. the flavor ambiguity:
— (o) s =7 +v%. Pl =p+0"

We can choose a ‘gauge’ where v = 0:
AY = AV 4+ pF —/dd (20’)'“” 0 —oB,i
v 6 Yuv 69/

+0Js[(d — 8a)6Po —TPo] - — 0 Dug P 5%
W

4
0T

m 3; and B, appear in two equally valid versions of the Weyl symmetry and the
CS equation

m B = O indicates that the theory isa CFT

m 3 =— ! whereas B, # —t the coupling counterterms determines 3, rather
than B/
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v-pole at 3-loop order

Renormalization condition for 2-point functions:

> (n)
zt Z < finite,  Z=1+ >
s n=1

Determines Z7 Z

The field anomalous dimension

yoz1d Z ()

Anders Eller Thomsen (U. Bern)

loop-counting

/ operator

= ==Y (=kgd
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d =4 —2¢)

> (n)
zt Z = finite,  Z=1+ >
s n=1

Determines Z7 Z

The field anomalous dimension .
loop-counting

) N o / operator
Bt = 4O =_®) ¢ =kigd

In the SM v(1) =£ 0 at 3-loop order for ZT = Z:

Bednyakov, Pikelner, Velizhanin [1406.7171] Herren, Mihaila, Steinhauser [1712.06614]

2
g 1
(4m)°y§) = Sz [yuvd, yayd] + 35 uydyuyd, vayl] + 35 [ydydydyd yuyi]

T

1
(471')6751) =—ZYu

- [vayld, vuyi]ve
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d =4 —2¢)

> (n)
zt Z < finite,  Z=1+ >
s n=1

Determines Z7 Z

The field anomalous dimension

loop-counting

/ operator

(n)
V= Z_ Z x = 4O =0, ¢ = kg

In the SM v(1) =£ 0 at 3-loop order for ZT = Z:

nyakov, Pikelner, Velizhanin

AV A OF = [0, 0] for 2=z

~v(12) can be made to vanish by choosing a non-Hermitian Z
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:

0=ARCW = (z?t + 80" + /ddxjmﬁa&‘;)w (FSCQ)
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:
0

o 1) | /)4l d ()8
(61’+(€Bl +,B/ )a +/d Xjﬁ'y QE W

=1 5
__N 2 (gmg d me 9
;E”( | 0 +/d x Iy aéja)w

finite
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:
0

o 1) | /)4l d ()8
(61’+(€Bl +,B/ )a +/d Xjﬁ'y QE W

=1 )
_ N L amg d (me__9
;e”(ﬁ' 8+/d x Iy aéja)w

finite

The Ward identity for the flavor symmetry group Gg (FSCC):

0= A’ZW = ((wg),@’ — /ddxjﬁwﬁaéf;)w, W E gr
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:

8 1), A d ©op 9
(61’+(€Bl +,B/ )a +/d Xjﬁ'y O‘E W

finite

_ n) ol d (nB
n§:1 - (ﬁ, 5] +/d x Jo7 oz | W

The Ward identity for the flavor symmetry group Gg (FSCC):

0= AE,W = ((wg),@’ — /ddxjﬁwﬁaéf;)w, W E gr

The RG flow is finite due to

RG Finiteness (theorem)
¥ egr and BV =—(+"g),, n>1
Herren, AET [2104.07037]

Anders Eller Thomsen (U. Bern) The structure of the RG HEFT 2024
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RG finiteness in the SM

3—|oop RG divergences in the SM: using counterterms from Herren, Mihaila, Steinhauser [1712.06614]
9 1 1
(4m)°y§ = St [y, vayi] + 55 Lavlyuyl, yayi]+ ﬁ[ydyf,ydyj,. yuyl]
1
(4m)PyD = 16y3[ydyf,, Yuy§1vu
g 1
(am)5pf) = — 9é [vuvd, vayilve — 3 vy, Yay Ve

1
—yuyiyayh vayilve

1
—=[vaylvayh, yuyu]yu + %

32

k k
(W)/u)/] = wq/k)/u J — Yu' Wy J +UJM/L/1J

E) = —(vWy,), 6(3) = —(v®@y,), etc. in the SM

SM RG functions are RG finite at 3-loop order
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Renormalization ambiguity

W is invariant under flavor rotations R € Gr:  eg., yu — RyyuR), in the SM

Why, g, J. al =Wy, Rg, RT, af] =
Wolv, 9o, Jo. @] = Walv, Rgo, RJo, a§l. (R a0)i = 90.4(R 9)
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Renormalization ambiguity

W is invariant under flavor rotations R € Gr:  eg., yu — RyyuR), in the SM

Why, g, J. al =Wy, Rg, RT, af] =
Wolv, 9o, Jo. @] = Walv, Rgo, RJo, a§l. (R a0)i = 90.4(R 9)

Take instead a divergent rotation of Wj:
— 1,0 (n)
U=exp| =) —u"(g)|. v ege

en
n=1

W, g9, 7, al = Wolv, 90, Jo, a] = Wolv, Ugo, U, a§]

Leads to change of counterterms w/o change in g;: ambiguity in taking VZ7Z

Jack, Osborn '90; Fortin et al. [1208.3674

(UJo)a = JopUPe = Jp(Z7HUNPy = ZY25 = U, 27
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!
Herren, AET [2104.07037]
Ay=rY —y=-BUd'U" € gr
NG =87 =B =—(Ay9)

U

Av=v’ —v=—-Ay

Anders Eller Thomsen (U. Bern) The structure of the RG HEFT 2024 13
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=AY —y=—pUd'U" € gr
AB =B — B =—(Avg)

Av=vY —v=—-Ay

i) By choosing U, one can engineer any Ay = a(g) € gr
— The ct. ambiguity reproduces the ambiguity in defining the Weyl symmetry:

A A+ A,

Anders Eller Thomsen (U. Bern) The structure of the RG HEFT 2024 13
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Dy=qY—y=-BUd'U" € g¢
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
ii) RG-finiteness is conserved ﬁf’” =—(v"g),, ¥ egr, Vn>1

— Either all or none of the RG functions are RG finite

Anders Eller Thomsen (U. Bern) The structure of the RG HEFT 2024 13
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=aY —y=—-BUd'U" € gr
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
i) RG-finiteness is conserved BN = —(vMg),, 4Mege, Vn>1

iii) If (B, ) are RG finite, U can be chosen to make them finite

Anders Eller Thomsen (U. Bern) The structure of the RG HEFT 2024 13


https://arxiv.org/abs/2104.07037

Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=4Y —y=-pgUd'U" € g¢
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
i) RG-finiteness is conserved BN = —(vMg),, 4Mege, Vn>1

iii) If (B, ) are RG finite, U can be chosen to make them finite

iv) One can choose counterterms such that the RG functions coincide with the
flavor-improved (B, ') = (8; — (vg);, v +v)
— Choosing Ay = v, (B, vY) = (B, TN
— (By, ') are invariant under the renormalization ambiguity
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=4Y —y=-pgUd'U" € g¢
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
i) RG-finiteness is conserved BN = —(vMg),, 4Mege, Vn>1

iii) If (B, ) are RG finite, U can be chosen to make them finite

iv) One can choose counterterms such that the RG functions coincide with the
flavor-improved (B, ') = (8) — (vg);. v +v)

v) Finiteness of (B, ') ensures RG-finiteness of (3;, y)
— Their finiteness follows from the trace (scale) anomaly
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i) The occurrence of certain € poles in the RG functions is consistent with the
Callan—-Symanzik equation

ii) The flavor symmetry causes an ambiguity in the choice of renormalization
constants

iii) Using the ambiguity, it is always possible to recover finite RG functions

B, v)

iv) The flavor-improved RG functions (B, I") are unambiguous, finite, and more
physical: they are the preferred RG functions
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https://github.com/aethomsen/RGBeta

i) The occurrence of certain € poles in the RG functions is consistent with the
Callan—-Symanzik equation

ii) The flavor symmetry causes an ambiguity in the choice of renormalization
constants

iii) Using the ambiguity, it is always possible to recover finite RG functions

B, v)

iv) The flavor-improved RG functions (B, I") are unambiguous, finite, and more
physical: they are the preferred RG functions

The general 4-3-3 B-functions are implemented in

RGBeta ...

https://github.com/aethomsen/RGBeta
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Why flavor becomes important at 3-loop order

m Elements of gr are anti-Hermitian
m v(g) € gF is a flavor-covariant polynomial in the couplings

m It is not possible to construct 2-loop anti-Hermitian contractions of the
marginal couplings

The leading 1PI contributions to v are 3-loop order:
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