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Question

ۧ|𝜓(𝑡) = 𝑒−𝑖 𝐻 𝑡− 𝜋Γ 𝑡 ۧ|𝜓(0)
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Question

ۧ|𝜓(𝑡) = 𝑒−𝑖 𝐻 𝑡− 𝜋Γ 𝑡 ۧ|𝜓(0)

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ
Decay rate
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Non-Hermitian Hamiltonian

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ

➢ 1930: Victor Weisskopf, Eugene Wigner
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Non-Hermitian Hamiltonian

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ

➢ 1930: Victor Weisskopf, Eugene Wigner

…
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Question

ۧ|𝜓(𝑡) = 𝑒−𝑖 𝐻 𝑡− 𝜋Γ 𝑡 ۧ|𝜓(0)

ൿ𝑒𝑖 𝐻 𝑡+ 𝜋Γ 𝑡|𝜓(𝑡) = ۧ|𝜓(0)
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Question

ۧ|𝜓(𝑡) = 𝑒−𝑖 𝐻 𝑡− 𝜋Γ 𝑡 ۧ|𝜓(0)

ൿ𝑒𝑖 𝐻 𝑡+ 𝜋Γ 𝑡|𝜓(𝑡) = ۧ|𝜓(0)

Reversible…

But decaying is irreversible…

➢ 1930: Victor Weisskopf, Eugene Wigner
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Question
➢ 1970: Schulman proposed to use semi-group to 

implement irreversibility. 
➢ 1971: Williams
➢ 1971: Horwitz et.al
➢ 1972: Sinha

➢ 1976 May: Gorini Kossakowski Sudarshan N-level
➢ 1976: Lindblad derived general form of equation solved 

by semi-group
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Reminder

ۧ|𝜓(𝑡)

ۧ𝜌(𝑡) = |𝜓(𝑡) |𝜓(𝑡)ۦ
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Reminder

ۧ|𝜓(𝑡)

ۧ𝜌(𝑡) = |𝜓(𝑡) |𝜓(𝑡)ۦ

𝜌 𝑡 =෍

𝑛

𝑝𝑛𝑚(𝑡) ۧ|𝑛 |𝑚ۦ
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Non-Hermitian Hamiltonian

➢ 1930: Victor Weisskopf, Eugene Wigner

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad
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Non-Hermitian Hamiltonian

➢ 1930: Victor Weisskopf, Eugene Wigner

𝑑𝜌(𝑡)

𝑑𝑡
= −𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓

†

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad
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𝑑𝜌(𝑡)

𝑑𝑡
= −𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓

†
+2𝛾෍

𝑛

𝐿𝑛𝜌 𝑡 𝐿𝑛
†
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Non-Hermitian Hamiltonian

➢ 1930: Victor Weisskopf, Eugene Wigner

𝑑𝜌(𝑡)

𝑑𝑡
= −𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓

†

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad

𝑑𝜌(𝑡)

𝑑𝑡
= −𝑖 ℒ[𝜌(𝑡)]

Non-Hermitian
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Non-Hermitian Hamiltonian

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ

➢ 1930: Victor Weisskopf, Eugene Wigner

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad

−𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓
† + 2𝛾෍

𝑛

𝐿𝑛𝜌 𝑡 𝐿𝑛
†ℒ[𝜌] =

𝑁 ×𝑁

𝑁2 ×𝑁2
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Non-Hermitian Hamiltonian

𝐻𝑒𝑓𝑓 = 𝐻 − 𝑖𝜋 Γ

➢ 1930: Victor Weisskopf, Eugene Wigner

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad

−𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓
† + 2𝛾෍

𝑛

𝐿𝑛𝜌 𝑡 𝐿𝑛
†ℒ[𝜌] =

𝑁 ×𝑁

𝑁2 ×𝑁2

Assumption
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Non-Hermitian Hamiltonian

➢ 1930: Victor Weisskopf, Eugene Wigner

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad

Markovian approximation
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Non-Hermitian Hamiltonian

➢ 1930: Victor Weisskopf, Eugene Wigner

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad

Markovian approximation

➢ 2024: Taira, Hatano, Nishino Non-Hermitian and non-
linear Hamiltonian with Feshbach formalism. 
https://arxiv.org/abs/2406.17436 
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Set up

➢ 1976: Gorini, Kossakowski, Sudarshan and Lindblad

−𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓
† + 2𝛾෍

𝑛

𝐿𝑛𝜌 𝑡 𝐿𝑛
†ℒ[𝜌] =

𝐻𝑆 𝐻𝐵

𝐿𝑛
†𝐿𝑛

𝐻𝑒𝑓𝑓 = 𝐻𝑆 − 𝑖෍
𝑛
𝐿𝑛
† 𝐿𝑛
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Set up

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

−𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓
† + 2𝛾෍

𝑛

𝐿𝑛𝜌 𝑡 𝐿𝑛
†ℒ[𝜌] =

𝐻𝐵𝐶𝑆 𝐻𝐵

Cooper pair
Large bath with 
temperature T

Classical magnetic field
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Model

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.
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Method

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

𝐻Tot 𝑐𝑖 , 𝑐𝑖
† = 𝐻Tot 𝑐𝑖 , 𝑐𝑖

† †

−𝑖 𝐻𝑒𝑓𝑓𝜌 𝑡 − 𝜌 𝑡 𝐻𝑒𝑓𝑓
† + 2𝛾෍

𝑛

𝐿𝑛𝜌 𝑡 𝐿𝑛
†ℒ[𝜌] =

𝐻𝑒𝑓𝑓 = 𝐻𝑆 − 𝑖෍
𝑛
𝐿𝑛
† 𝐿𝑛 Jump term

i.e. Only decay
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Method

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

𝐻Tot 𝑐𝑖 , 𝑐𝑖
† = 𝐻Tot 𝑐𝑖 , 𝑐𝑖

† †

𝐻𝑒𝑓𝑓 = 𝐻𝑆 − 𝑖෍
𝑛
𝐿𝑛
† 𝐿𝑛

Cooper pair
𝐿𝑛 = 𝑐𝑛↓𝑐𝑛↑
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Method

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

𝑆eff[𝜓𝑖 , 𝜓𝑖
†]

𝑐𝑛 ۧ|𝜓𝑛 = 𝜓𝑛 ۧ|𝜓𝑛

𝐻eff 𝑐𝑖 , 𝑐𝑖
† ≠ 𝐻eff 𝑐𝑖 , 𝑐𝑖

† †
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Method

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

𝑆𝑒𝑓𝑓[𝜓𝑖 , 𝜓𝑖
†]

ሚ𝑆[𝜓𝑖 , 𝜓𝑖
†Δ𝑖 , ഥΔ𝑖]

?Mean field theory
Non-Hermitian

See appendix 17
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Method

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

ሚ𝑆[𝜓𝑖 , 𝜓𝑖
†Δ𝑖 , ഥΔ𝑖]

𝑆eff[Δ𝑖 ,
ഥΔ𝑖]

Integrate out in 
partition function
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Complex field-theoretic action

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix 19
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Complex field-theoretic action

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

Δ1, Δ2, Δ1
†, Δ2

Δ ≔
Δ1
Δ2

ഥΔ ≔
Δ1
†

Δ2
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Complex field-theoretic action

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

Δ1, Δ2, Δ1
†, Δ2 Δ ≔

Δ1
Δ2

ഥΔ ≔
Δ1
†

Δ2

𝑆𝑒𝑓𝑓 = න𝑑3𝑟 ∇ − 𝑒 Ԧ𝐴 ഥΔ ∇ − 𝑒 Ԧ𝐴 Δ

+ഥΔ𝑀Δ − 𝑢1 Δ1
†Δ1

2
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Complex field-theoretic action

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

Δ1, Δ2, Δ1
†, Δ2 Δ ≔

Δ1
Δ2

ഥΔ ≔
Δ1
†

Δ2

𝑆𝑒𝑓𝑓 = න𝑑3𝑟 ∇ − 𝑒 Ԧ𝐴 ഥΔ ∇ − 𝑒 Ԧ𝐴 Δ

+ഥΔ𝑀Δ − 𝑢1 Δ1
†Δ1

2
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Complex field-theoretic action

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

Δ1, Δ2, Δ1
†, Δ2 Δ ≔

Δ1
Δ2

ഥΔ ≔
Δ1
†

Δ2

𝑆𝑒𝑓𝑓 = න𝑑3𝑟 ∇ − 𝑒 Ԧ𝐴 ഥΔ ∇ − 𝑒 Ԧ𝐴 Δ

+ഥΔ𝑀Δ − 𝑢1 Δ1
†Δ1

2
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Complex field-theoretic action

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝑆𝑒𝑓𝑓 = න𝑑3𝑟 ∇ − 𝑒 Ԧ𝐴 ഥΔ ∇ − 𝑒 Ԧ𝐴 Δ

+ഥΔ𝑀𝑒𝑓𝑓Δ +⋯

Non-Hermitian mass matrix
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Meissner effect

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix 26
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Meissner effect

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

ቤ
𝛿𝑆𝑒𝑓𝑓
𝛿𝐴𝑖 𝐴=𝐴0

= 0∇ × ∇ × 𝐵 = Δ𝑣𝑎𝑐Δ𝑣𝑎𝑐𝐵

𝐵 =
𝐵𝑥
0
0
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Meissner effect

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝐵𝑥 = 𝑒− Δ𝑣𝑎𝑐Δ𝑣𝑎𝑐 𝑥
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Meissner effect

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝐵𝑥 = 𝑒− Δ𝑣𝑎𝑐Δ𝑣𝑎𝑐 𝑥

𝑥

𝐵𝑥

BCS
material

No
Meissner effect
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Meissner effect

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝐵𝑥 = 𝑒− Δ𝑣𝑎𝑐Δ𝑣𝑎𝑐 𝑥

𝑥

𝐵𝑥

BCS
material

𝑥

𝐵𝑥

BCS
material

Meissner effect
No
Meissner effect
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Meissner effect

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝑆𝑒𝑓𝑓 = න𝑑3𝑟 ∇ − 𝑒 Ԧ𝐴 ഥΔ ∇ − 𝑒 Ԧ𝐴 Δ

+ഥΔ𝑀𝑒𝑓𝑓Δ +⋯

Non-Hermitian mass matrix
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Set up

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝛿𝑆𝑒𝑓𝑓
𝛿Δ

= 0 𝑀𝑒𝑓𝑓Δ𝑣𝑎𝑐 = 0

𝛿𝑆𝑒𝑓𝑓

𝛿ഥΔ
= 0 Δ𝑣𝑎𝑐𝑀𝑒𝑓𝑓 = 0

Right eigenvector

Left eigenvector

Δ𝑣𝑎𝑐Δ𝑣𝑎𝑐 = 0 at the exceptional point!!
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Set up

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

𝐵𝑥 = 𝑒− Δ𝑣𝑎𝑐Δ𝑣𝑎𝑐 𝑥

𝑥

𝐵𝑥

BCS
material

𝑥

𝐵𝑥

BCS
material

Meissner effect
No
Meissner effect
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Extra
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Extra
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Extra
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Future prospect

▪ Can same argument hold with jump term?

▪ What about non-Markovian case?

▪ Application to increase the critical temperature of 

superconductor? 
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Thank you

Takano TairaA

University of TokyoA Kyusyu UniversityA

taira.takano.292@m.kyusyu-u.ac.jp

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.
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Extra

➢ 2023: Taira, T. (2024). J. Phys. A 57(5), 055001.

See appendix

∇ × 𝐴 ≡ 𝐵

𝜆𝐿(𝑇)

𝐵𝑥 = 𝑒− 𝜆𝐿𝑥

55



PTQFT

Method

Δ1
† ≠ ഥΔ1, Δ2

† ≠ ഥΔ2: Auxiliary fields in MFT

𝛿

𝛿ഥΔ1
= 0

ሚ𝑆[𝜓𝑖 , 𝜓𝑖
†Δ𝑖 , ഥΔ𝑖]

56
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Method

𝛿𝑆eff
𝛿ഥΔ𝑖

= 0

Gap equations

Want to expand 
trace log in Δ𝑖 , ഥΔ𝑖

57
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Method

Δ𝜖 ≡ Δ1 − 𝑖𝜖Δ2
Δ𝛿 ≡ Δ2 + 𝛿Δ1

Gap equations

𝜖 =
𝜇

𝛾
, 𝛿 =

𝜇

𝑔

Non-
Hermitian 

theory

Hermitian 
BCS theory 

𝜇
𝛾g

Dropping 𝒪 𝜖3

from gap eq

|Δ𝜖|

(ഥΔ𝛿Δ𝛿)
Τ1 2

58
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