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Talk based on: 1) Chern-Simons Gravity and P7 Symmetry with N E Mavromatos, Phys.
Rev. D 110 045 2) Phases of scalar fields and PT symmetry with L. Chen, arXiv 2409.05439
[quant-ph]

1. Heuristics of PT symmetry

2. Emergent PT symmetry

3. String inspired gravity and P7T symmetry

4. Consequences of nonperturbative renormalisation
5

. Chern-Simons Gravity
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Simple models with P77 symmetry: global to local QFTs [1, 2]

¢ pseudo-scalar (i(/ﬁ)‘S ®?, & a real parameter, § — 2 upside down potential
ieﬂy“wAu, A, is an axial vector, e gauge charge
Above changes sign of electric force: PT QED

Axion electrodynamics: ig z7¢a(x) Fag (x) FoB (x); a(x) is a pseudoscalar, coupling g
real; FP (x) = 2ePVE 5(x) [3]

Axion term is PT symmetric since FF and ia are both PT symmetric
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Renormalisation and P77 symmetry

Lee model [4, 5] : PT appears from nowhere

Toy model “fermionic” particles N and V/, and bosonic particle ¢; renormalisation exact
The interactions with coupling g in the model allow

W

and so gow;r/w,va and also the reverse process
N+6— V. (2)

N — V +0 is not allowed

No crossing symmetry:

Coupling constant renormalisation: g2 > M?, then the bare coupling can become

imaginary: Hamiltonian is P77 -symmetric
2

g-e/(1-5;) ®




Renormalisation group flows

A non-toy relative of the Lee model:

Chiral Yukawa model [6, 7]

L= 30,00"6 — 3MP62 + 7 (i8 - m) ¥ — ighasi — 1" (4)

u > 0 Hermitian; u < 0 has a PT phase (conventionally unbounded); g,ig

Spacetime dimension D =4 —¢, ¢ >0

Unitarity in PT

1. u<0is lims_ |u] (ip)° ¢? so not
self-adjoint with Dlrac inner product
(i.p.); real eigenvalues

2. PT Hamiltonian H self-adjoint
w.r.t. different i.p.; real eigenvalues

3. Formally Hilbert space has a new
inner product 1 (hard to find)

Schwinger construction [9, 10]

2] = [ Doexp (iS [6] - (x) 6 (x))
Z[j] = (0T (exp [— [ dxj (x) ¢ (x)]) 0)
Zlj = Z1j] = 2

Schwinger-Dyson equations are the same using
either Z;

Z; [j] — T[¢] the effective action of Wetterich
[11] and the functional RG
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Renormalisation group [6, 8] |

Using a general purpose Mathematica program RGBeta [8] , in terms of t = log i and h = g2
the renormalisation group beta functions are

dh du
Ezﬂh(h,u) andazﬁu(h,u) (5)
where
1, 1 57,5 .. 1,
h,u) = — ch 10h L Y
Bulhou) = = eh+ 108 4 o (-5 ut ght) o
1 339 . 3, 6lo, 1 95
+ Gy ([ - +222C(3)}h + 7200+ 2 H 8hu>
and
1 » 2 1 3 2 2> 17 5
fulh ) = —eut s (748h +8hu + 3u ) + G (384/1 +28h°u — 12hs” — u ) @)
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Renormalisation group [6, 8] Il

1 AN S

Figure: Global flow for ¢ = 0.01. There are a group of four fixed points that are close to the origin, and one
high-u fixed point that we ignore from concerns over its validity in perturbation theory. 4 nontrivial fixed points,
1 trivial fixed point. Flow from infrared Hermitian fixed point to nonHermitian UV fixed point
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Renormalisation group [6, 8] Il

Finite RG flows

1)No flows from positive to negative h and vice versa
2) Flows from positive u to negative u, i.e. Hermitian to P7T-symmetric .

Fixed points are O(e) Flows where pertubation theory valid.

One-loop 3 function of g as € — 0
i( 2) A
dt &)= 872

where d/dt = pd/du, and p is a transmutation mass scale. The solution with et < 0 is

2)2 - 6g27

where C is an integration constant.
Hermitian couplings, C < 0, g° increases, g° pole at finite t = t, = 87°|C|/5 [13]

t>t, g°<0

PT symmetric, asymptotically free
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Renormalisation group [6, 8] IV

Conjecture to avoid pole [14, 15, 16]

Conjecture in higher D
InZpr (g) =Re[InZ (A =—g+i0")]

based on weak coupling, zero temperature, quartic scalar interactions.

In other situations, the conjecture, as expressed in the above form, will not be expected to hold [17].

Something similar may be valid though.
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Gravitational multiplet in string theory |

Compactification to 4 space-time dimensions:

the bosonic ground state closed-string sector [18]

consists of massless fields in the so-called gravitational multiplet, which contains
® spin-0 (scalar) dilaton ®(x)
® g,..(x), (3+1)-dimensional graviton
® spin-1 antisymmetric tensor gauge Kalb-Ramond field B, (x) = —By,.(x)

e field strength H,..,(x) = OBy (x) + Auwp from Green-Schwarz mechanism (cancels gauge and gravity
anomalies)

® A, leads to Chern-Simons gravity [19], since Bianchi identity

vpo o DUy po Ty

; (10)
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Gravitational multiplet in string theory |l

® |n 3+ 1 dimensions KR axion field b is the dual of the KR field strength . ,:

O b X eapvpH*"? ‘ (11)

® Euclidean effective string action:

396k

e 1 1 v 2 ! DY po ="
L / d4x\/jg[2—m2R+gH,\,wHA“ - \[ Y b(x) (R“,,,,{, RMP _E,, F¥ ) +]
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Gravitational multiplet in string theory Il

Ambiguity: emergence of PT symmetry [20]

From (11) we need to evaluate €,,,, €"“?? which can be done
before or after continuing to Minkowski space from Euclidean space:

E vpo (E o
EEH/)p)\ err & =+6 6)\ ) (13)
and
Epvp e"P? = _66i ) (14)

So L Hau HM = £10,b0" b
Minus choice leads to ghost b field: b(x) — ib(x) canonical kinetic term

BUT

2 o — —
'\E 5 bO) (R 7 = Fu B

which is PT symmetric.
Simplification:
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Gravitational multiplet in string theory [V

® Reduce gauge sector to U(1) in flat space

Yang-Mills contribution topological and so not depenendet on metric

leads to Hermitian or P77 symmetric axion electrodynamics

® axion gravitodynamics part ignored: comes from anomaly cancellation (which arises through a one loop
calculation); maybe not affected by renormalisation

Above needs further justification: gravitons could affect axion self energy
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Axion electrodynamics [3]

RG flows axion electrodynamics

Euclidean Lagrangian Lg

1 1 1 1 ~
L& = 7 FuwFu + 50,b0,b+ 5mEb + 2igR b Fiu Fru (15)

[gr] = —1is —1
Theory is not perturbatively renormalisable.
Functional RG —  0:g2 = (2 +27F +7,) g2, 0:m? = (v2 — 2) m?

2
where (scheme dependent,g, m dimensionless,m? = % 9%k?)

2

Ya = 6(2)2 (2 - 7{) ) (16)

2 2_1a — JF
= any <((1 T m42))2 e ni2)) (1)
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Wetterich equation [11]

Derived from Wetterich equation (which can treat nonrenormalisable theories)
Effective action functional 'y with smoothly suppressed infrared modes

1

r(2) Rk 81’ Rk

Ol [¢] = (18)

where Ff) is a second functional derivative and Ry is a smoothing function.
Ansatz for [x:

Ze 6o+ D 0,600+ by
oy 4(#,/()) 2 (0ub (X)) + £ b (x)
) Fu

+ZF/d4X LGaugeFix
v (%) Fuv (x)

+i55b (x
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Fixed points and singularities

Massless case (relevant for Kalb-Ramond axion and Chern-Simons gravity):

13g* — 8064 m2g? — 1474567*

2 2

=2 1
08" =28 o 384n2g7 — 1474567 (19)
Singularity of B, occurs for gung : (£ 48.3728/, +£78.2689). (20)

PT symmetric singularity, Hermitian singularity gs%-ng = (—2339.93,6126.02)
Nontrivial fixed points denoted by g* are:
g* = (+13.2389 i, +79.3174) = g2 = (—175.268,6291.25). (21)

PT symmetric fixed point, Hermitian fixed point
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Beta function 1a
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Figure: The beta function 3, = 9:g> of the Hermitian theory

Exhibits the proximity of a singular behavior at a finite running coupling
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Beta function 1b

Fixed point behavior (B¢ (g)|

P 0), characterised by the existence of a trivial infra-red fixed point at zero

coupling, and a non-trivial infra-red fixed point at strong coupling, gf > 1.
Be
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Figure: Nonperturbative RG beta function for non-Hermitian case as a function of g2, is qualitatively different from the
Hermitian beta function. Non-pole singular behaviour at finite coupling.

Scale k = ksing corresponding to singularity by solving RG equation. g(k) has infinte sheeted Riemann sheet

structure near singularity (not a pole) 1826



Beta function 1c

Figure: Zoomed-in Nonperturbative RG beta function for non-Hermitian case
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Connection to running gravity

Axion coupling and Newton's constant

1 Mg g(k) 1 1 k2
2 __ 2 PLR D)
= Kk =— ——— k= —— —. 22
Ms: UV cutoff in the effective low-energy theory, t = log (MLS)
Gy is (3+1)-dimensional gravitational (Newton's) coupling,
Gn = Gy M2 its dimensionless counterpart.

d 2 & 2 &

— log (g GN) —2 = gGy=Dexp <2t) : (23)
where © is a positive integration constant to be fixed by the boundary conditions
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Connection to running gravity 2

Infrared (IR) region corresponds to k — 0, or, some times, for practical purposes
k — ko = mir <€ Ms, with mig an infrared mass cutoff.

Gn(t — —o00) = lim MGN(t:O)ezt:O, (24)

t——o00 é;*Q

indicating that the gravitational constant at the singularity goes to zero (using P7 axion
electrodynamics with g*2 the non-trivial UV fixed point).

The finite value éN(t = 0) can be identified with the Newton's constant in the UV regime
(short distances)
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Conclusions

The inclusion of axion graviton interactions
Is one next step to see the robustness of the
findings, but P77 and axion physics is an

interesting area in terms of repulsive gravity.
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