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Basics of domain walls

Consider the potential

V = − μ2v2 + λv4

v

V

There are two minima with the same value



 V = − μ2v2 + λv4

X X

A solution to the equation of motion is obviously when we solve the Euler Lagrange 
equations

∂μ∂μv =
dV
dv

We have the usual boring solutions  v = ± μ2

2λ
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We have the usual boring solutions  v = ± μ2

2λ

We also have a solution which continuously goes from one vacuum to another

∂2v
dt2

=
∂2v
dx2

=
∂2v
dy2

= 0

v =
μ tanh[zμ]

2λ

Three of the derivative terms in the Euler Langrange equations vanish

This leaves just
∂2v
dz2

=
∂V
∂v

Subbing in our Tanh solution we find both sides equals −
2μ3sech[zμ]2tanh[zμ]

λ
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So what is this weird Tanh solution?

When we put it into the Lagrangian it gives a localized energy distribution

∫ dzL = ∫ dz [ 1
2 ( dv

dz ) + V]

v =
μ tanh[zμ]

2λ
→ ∫ dzL = ∫ dz

m4(−1 + 2sech[zu]4)
4λ

The energy is clumpy! It looks like a wall 
of energy in space 

This is why we call it a domain wall

Basics of domain walls



Contribution to energy density from strings and domain walls 

EDW = σR2 → ρDW = σR2/R3 = σ/R = ρDW initial
ainitial

a1

The energy density of radiation dilutes as  , so the fraction of the total energy density 
of the Universe will grow as the Universe expands 

If domain walls have no way of annihilating they will dominate the Universe!

a−4
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Making domain walls metastable 

1) Local discrete symmetry - need to be eaten by strings 
2) Global discrete symmetry - need to be annihilated
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Making domain walls metastable 

1) Local discrete symmetry - need to be eaten by strings 
2) Global discrete symmetry - need to be annihilated

v

V

V = − μ2v2 + λv4+
1
Λ

v5

ΔVbias
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Gravitational waves, let’s do some scaling relations

dρGW

dt
= − ndwPGW, ΩGW = f

dρGW/df
ρc

PGW,dw ∼ GσMDW

Start with the power

PGW,dw ∼ Gσ2R2,

M = σR2
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Gravitational waves, let’s do some scaling relations

dρGW

dt
= −ndwPGW, ΩGW = f

dρGW/df
ρc

Next the number density PGW,dw ∼ Gσ2R2,

ndw = R−3 →
dρGW

dt
∼ R−3Gσ2R2 ∼ H
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Gravitational waves, let’s do some scaling relations

dρGW

dt
= − ndwPGW, ΩGW = f

dρGW/df
ρc

Now put it together dρGW

dt
∼ H

1
ρrad

dρ
dt

∼ H−2H ∼ H−1
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Gravitational waves

dρGW

dt
= − ndefectPGW, ΩGW = f

dρGW/df
ρc

Finally convert from time to frequency  
dρ/dt
ρrad

∼
1
H

For radiation domination  a ∼ t1/2, f ∼ a−1, H ∼ a2
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Gravitational waves

dρGW

dt
= − ndefectPGW, ΩGW = f

dρGW/df
ρc

Finally convert from time to frequency  
dρ/dt
ρrad

∼
1
H

ΩGW( f ) = Ωmax Θ( f − fpeak)[ f
fpeak ]

−1

+ Θ( fpeak − f )[ f
fpeak ]

3

For radiation domination  a ∼ t1/2, f ∼ a−1, H ∼ a2

Using chain rule 1
ρrad

dρGW

df
=

1
ρrad

dρGW

dt ( df
dt )

−1

∼ a−2a3 ∼ a ∼ f −1

And this is exactly what we find in simulations

This implies  
df
dt

∼ t−3/2 ∼ a−3
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Tann ∼ 3.41 × 10−2GeV ( σ
TeV3 )

−1/2

( Vbias

MeV4 )
1/2

σ ∼ v3, Vbias ∼
v5

Λ
→ Tann ∼ 109 v

Λ

If you just wanted to get rid of them just set   you already have an unnatural 
scale separation 

Tann = v

Λ ∼ 1018GeV

If we to do something fun with domain walls, we need them to last long enough 
to contribute nontrivially to the energy density which means an effective beyond 
the Planck scale

V = − mu2ϕ2 + λϕ4 +
1
Λ

ϕ5

Why I hated global domain walls

How small is the bias?
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Are other operators better?

Vbias =
1
Λ

v2
hϕ3 → Λ ∼

1
ϕ2ϵ2

1022 (GeV)

Vbias =
1
Λ

v4
hϕ → Λ ∼

1027

ϕ4ϵ2
(GeV)

Vbias =
1
Λ

ϕ5 → Λ ∼
1
ϵ2

1017 (GeV)

Tann = ϵϕFor

If you want interesting pheno you want to be close to domain wall domination, which 
occurs at 

Tdom ∼
ϕ3

Mpl
Vbias =

1
Λ

ϕ5 → Λ ∼
Mpl

ϕ
1018 (GeV)
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1
Λ

ϕ3v2
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Mpl
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Part 2: Quantum Gravity to the rescue….



SBH =
Area
4G

Evidence for quantum gravity spoiling global charge

(the above is violated if you are allowed to have a continuous global charge) 

2) Empirically true of every discrete global symmetry in specific string theory 
compactifications 

3) Can be proven in the case of AdS/CFT for both discrete and continuous 
symmetries

1)  True if blackhole thermodynamics 
is correct



Note that the violation of a global symmetry is non-perturbative

Since it is a QG effect one might naively 

 think  
1

ΛQG
𝒪sym br ↔ ΛQG = Mpl

However, since in specific cases in string theory, the global 
symmetry is violated by a non-perturbative process such as a 
gravitational instanton (wormhole!) 

ΛQG = eSwhMPl

Where   is the action evaluated for 
a wormhole solution

Swh
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What scale do visible domain walls like the scale of QG to be?

ΛQG = MpleSwh with 23 ≲ Swh ≲ 35This corresponds to

let 102 (GeV) < v < Mpl



ΛQG = MpleSwh with 23 ≲ Swh ≲ 35

This is pretty darn plausible 

1) Unlike Peccei Quinn, which requires  , my stringy 
collaborator tells me this is a pretty plausible range 

2) If string theory is true -> zillions of “moduli”. Approximate discrete 
symmetries common enough 

S ≳ 100



ΛQG = MpleSwh with 23 ≲ Swh ≲ 35

This is pretty darn plausible 

1) Unlike Peccei Quinn, which requires  , my stringy 
collaborator tells me this is a pretty plausible range 

2) If string theory is true -> zillions of “moduli”. Approximate discrete 
symmetries common enough 

S ≳ 100

This is at least on par with other GW sources 

Phase transitions -> require a very strong transition to be visible 
Cosmic strings -> debate over field theoretic treatments perhaps not settled 
SIGWs -> requires a period of matter domination to last long enough and end 
abruptly enough



So what can we do with Domain walls

1) test quantum gravity (qualitatively) 
2) Producing dark matter 
3) Explain NANOGrav
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a. Finding DWs with a bias scale well above the Planck scale proves a 
qualitative feature of quantum gravity 

b. We measure the effective scale and therefore the wormhole action 
c. Might be able to get an independent measure of  ΛQG
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For scalar dark matter 

1
ΛQG

SDMH4 → → ΓDM→SM = sin2 θΓh(mDM) ∝
1

Λ2
QG

SKA can also be sensitive to radio waves produced in DM rich clusters/
galaxies and can probe the range  ΓDM→SM ≲ 1030s



arXiv:2308.03724
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So what can we do with Domain walls
1) test quantum gravity (qualitatively) 
2) Producing dark matter 

• Domain walls can induce production of primordial black holes 
• Superhorizon size domain walls must grow as R~a due to 

causality 
• Their schwarzchild radius can exceed their radius at annihilation 

forming a pbh 



Summary and conclusion

Quantum gravity makes domain walls a compelling source of gravitational waves 
in the early Universe 
This is because the relevant QG process is non-perturbative and effective 
opperators are suppressed by a scale above the Planck scale 
Can use GWs to qualitatively test QG 
Can cross check the scale (assuming 1 QG scale!) 
Domain walls can explain NANOGrav and DM


